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A mathematical theory is not to be considered complete
until you have made it so clear that you can explain it to
the first man whom you meet on the street.

Davip HILBERT, SEE [86, PG. 438]
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The approach turns out to be fruitful and successful, and leads to
the effective construction as well as the theoretical understanding
of an abundance of what we call symplectic difference scheme,
or symplectic algorithms, or simply Hamiltonian algorithms,
since they present the proper way, i.e., the Hamiltonian way for
computing Hamiltonian dynamics.

KanNG FeNg, sek [74, rG. 18]

|
Chapter

INTRODUCTION

In this habilitation thesis we present our recent contributions to the ongoing devel-
opment of the theory of square summable solutions of discrete symplectic systems. It
is based on results, which were achieved by the author and his scientific collaborators
(S. Clark and R. Simon Hilscher) during his postdoctoral research in the period 2011-2016.
The major part of them was published in papers [A13,A15,A17,A18,A21] and in a more
general setting also in papers [A16, A19, A20].

Systematic research in this area began in 2010, when M. Bohner and S. Sun in [26] and
independently (and more extensively) S. Clark and the author in [A4] investigated square
summable solutions of discrete symplectic systems with a special linear dependence on
the spectral parameter, see the beginning of Chapter 2 for more details. In the present work
we collect our results for discrete symplectic systems with general linear dependence on
the spectral parameter as well as with a polynomial or analytic dependence. However,
we emphasize that these results do not only improve the type of the dependence on
the spectral parameter, but they significantly generalize and extend the results of [26]
and [A4]. We also lay foundations of the “operator theory” for discrete symplectic
systems, which is intimately connected with the topic of square summable solutions. The
thesis consists of seven chapters and an appendix.

» In the next sections of this introductory chapter we summarize the used notation
and some important results from linear algebra, define discrete symplectic systems,
and show some of their special cases.

» In Chapter 2 we develop the limit point and limit circle classification for discrete
symplectic systems, which depend linearly on the spectral parameter. In particular,
we investigate the associated eigenvalue problem with separated boundary con-
ditions, the Weyl disks and Weyl circles, their limiting behavior, and properties of
square summable solutions including the precise analysis of the number of linearly
independent square summable solutions as well as some criteria for the limit point
and limit circle cases. This chapter is based on [A15].

» Since the theory of Chapter 2 is based on separated boundary conditions, we focus in
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Chapter 1. Introduction

Chapter 3 on the spectral theory for discrete symplectic systems with general jointly
varying endpoints. We characterize the eigenvalues, construct the M(A)-function
and Weyl disks, their matrix radii and centers, and discuss the number of linearly
independent square summable solutions. These results include several particular
cases, such as the periodic and antiperiodic endpoints. The method utilizes a new
transformation to separated endpoints, which is simpler and more transparent than
the one in the known literature. This chapter is based on [A13].

» In Chapter 4 we extend the invariance of the limit circle case to two linear discrete
systems depending linearly on spectral parameter. The main result is a discrete
analogue of the corresponding continuous time statement, which was derived by
Walker for a pair of non-hermitian linear Hamiltonian differential systems in [168].
This chapter is based on [A19].

» In Chapter 5 we consider discrete symplectic systems with polynomial and analytic
dependence on the spectral parameter. We derive fundamental properties of these
systems (including the Lagrange identity) and discuss their connection with sys-
tems known in the literature. In analogy with the results of Chapter 2, we present
a construction of the Weyl disks and determine the number of linearly independent
square summable solutions. In addition, we prove the invariance of the limit circle
case for a special quadratic dependence on the spectral parameter and its extension
to the case of two (generally non-symplectic) discrete systems. We also provide sev-
eral illustrative examples, one of which contradicts the invariance of the limit circle
case for symplectic systems depending truly analytically (i.e., nonpolynomially) on
the spectral parameter. This chapter is based on [A17].

» In Chapter 6 we study the definiteness of the discrete symplectic system, pay an atten-
tion to a nonhomogeneous discrete symplectic system, and introduce the minimal
and maximal linear relations associated with these systems. We also show some
fundamental properties of the corresponding deficiency indices, including a rela-
tionship between the number of square summable solutions and the dimension
of the defect subspace. Moreover, we give a sufficient condition for the existence
of a densely defined operator associated with a discrete symplectic system. This
chapter is based on [A18].

» In Chapter 7 we characterize all self-adjoint extensions of the minimal linear relation.
Especially for the scalar case on a finite discrete interval we present some equivalent
forms, discuss their uniqueness, and describe the Krein-von Neumann extension. In
addition, we establish a limit point criterion, which partially generalizes a classical
limit point criterion for the second order Sturm-Liouville difference equations. This
chapter is based on [A21].

» Inorder to make the thesis self-contained we conclude this work by a short overview
of basic definitions and some important results from the theory of linear relations,
which is utilized in Chapters 6 and 7.

We close each chapter by a section concerning bibliographical notes, in which we mention
some open problems and possible directions for our future research. For readers’ conve-
nience, we provide also a list of symbols, which are used throughout the thesis. Finally,
we include an overview of author’s publications.

For completeness, we point out that the results of Chapters 2-5 were further extended
to symplectic systems on time scales in [A16,A19, A20]. This generalization enables us to
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1.1. Notation and auxiliary results

unify and compare the corresponding results for linear Hamiltonian differential systems
and discrete symplectic systems. Moreover, since some of the studied problems were
not considered for linear Hamiltonian differential systems (such as the jointly varying
endpoints or the analytic dependence on the spectral parameter), it yields even new
results for these systems.

1.1 Notation and auxiliary results

In this section we summarize the notation used through this thesis and recall several
known facts from linear algebra (see also the list of symbols on page 141).

The sets of natural numbers, integers, real and complex numbers are, respectively, denoted
by N, Z, R, and C. Moreover, Ny := N U {0}. For any A € C the symbols A, re(A), im(A),
and 6(A) represent, respectively, the complex conjugate of A, the real and imaginary parts of
A, and the sign of the imaginary part of A i.e., 6(A) := sgn(im(A)). We also use the symbols
C,4 and C_ for the upper and lower complex half-planes, i.e., we put C; :={A € C | 6(A) = 1}
and C_ :={A e C|06(A) = -1}.

Typically, all vectors and matrices are written by small and capital letters, respectively.
All matrices are considered over the field of complex numbers C. For r € N we denote
the r X r identity and zero matrices by I, and 0,. If the dimension is clear from the context,
we write only I and 0 (for simplicity, the zero vector will also be denoted by 0). For

abbreviated as C". If My,...,M,, € C™, then diag{My, ..., My} represéﬁts the block
diagonal matrix M € C"™™"" with the matrices My, ..., M,, on the main diagonal. For
a given matrix M € C™ we indicate by M, M, M*, rank M, tr M, detM, M > 0, M > 0,
M Ker M, Ran M, dim Ran M, sprad M, im(M) := (M—-M")/(2i), and re(M) := (M+M")/2,
respectively, its transpose, conjugate, conjugate transpose, rank, trace, determinant, positive
definiteness, positive semidefiniteness, adjugate (or adjoint) matrix, kernel, range (or image, i.e.,
the space spanned by the columns of M), the dimension of Ran M, spectral radius, and
Hermitian components (or real and imaginary parts, see [102, pg. 170] or [16, Fact 3.7.29]).
In addition, by M,,; we mean the submatrix of M € C™ consisting of the first p < r rows
and of the first 4 < s columns of the matrix M and we write only M, in thecasep =g, ie,
for the p-th leading principal submatrix of M. We recall that two Hermitian and positive
semidefinite matrices L, M € C"™" with L < M satisfy

RanL C RanM and rankL < rank},, (1.1)

where the equalities occur simultaneously, i.e., it holds RanL = RanM if and only if
rankL = rankM, see e.g. [16, Fact 8.10.2]. Furthermore, for any matrices L € C™,
M e C™P,P e C™,and Q € C™" we have

rank L = rank LL* = rank L’L, (1.2)
rank L + rank M — s < rank LM < min{rank L, rank M},
rank(L, P) + dim[Ran L N Ran P] = rank L + rank P, (1.4)
I-Q)'= Z QF, when spradQ <1, (1.5)
k=0

see e.g. [16, Corollaries 2.5.1, 2.5.3, 2.5.10 and Facts 2.11.9, 4.10.5]. In the following
statements we show two important properties of unitary matrices. The first proposition
can be found in [102, Lemma 2.1.8] and the second statement is from [108, Theorem 5.3].

—3-



Chapter 1. Introduction

Proposition 1.1.1. Let ¥ € Nand Uy, Uy, - - - € C™ be a given sequence of unitary matrices. Then
there exists a subsequence Uy, Uy,, . .. such that all of the entries of Uy, converge (as a sequences
of complex numbers) to the entries of a unitary matrix U as j — oo.

Proposition 1.1.2. Let r € N and the matrices L, M € C™" be such that rankL = ¢ and
rank M = m. Then sup{rank LUM | U € C™" is unitary} = min{¢, m}.

We also point out, see e.g. [A4, Remark 2.6], that im(M) > 0 or im(M) < 0 implies the

invertibility of the matrix M. Moreover, we write only M1 instead of (M*)™! or (M‘l)*
and similarly for parameter dependent matrices

M'(A) := M), M7 (1) :=[MD)]™, and M7(A):= [M'(D)] T = M)

Finally, if we denote by the symbol S* the orthogonal complement of a subspace S of an
inner product space, then the codimension of S is defined as codim S := dim S+ and it holds
Sll 2 SZl for any subspaces S; C S;. Moreover, for any M € C™° we have

RanM = (Ker M*)*, (1.6)
see [16, Theorem 2.4.3].

.....

and spectral norm, respectively, as

T T
M|y := Z Z Im;;| and [M], := max{\/ﬁ | u is an eigenvalue of M*M},
i=1 j=1

see [102, Section 5.6] or [16, Chapter 9]. These norms satisfy the estimates

IMlly <M}y < r Vrank M X | M5, (1.7)

see [16, Fact 9.8.12 (v)], and possess the submultiplicative and self-adjoint properties, i.e.,
IML], < [IMll, x ILll, and [|M*|l, = [IM|l,, where a = 1 or a = ¢. The spectral norm
is also unitarily invariant, i.e., |[UMV|, = |[M]|, for any unitary matrices U,V € C"™,
which implies that ||L||, < [|M]|, for any Hermitian matrices L, M € C™" such that L < M,
see [16, Fact 9.9.5]. Moreover, the spectral norm is the matrix norm induced by the
Euclidean vector norm on C’, i.e., by the norm |v], := (v*v)172 for any v € C’, see [16,

Proposition 9.49]. In other words, the inequality
Mol < [[MlislIvll (1.8)

holds true for any M € C™" and v € C".

A matrix M € C™ is said to be nilpotent provided there exists m € N such that M"* = 0.
The following proposition can be found in [16, Fact 3.17.9].

Proposition 1.1.3. Let L, M € C™ be such that the matrix L is nilpotent and the matrices
commute, i.e., LM = ML. Then det(L + M) = det M.

Following [16, Chapter 4], for A € C we define the polynomial matrix M(A) as
M(A) == A" M, + A" Mg + -+ + AMy + My,

where My, ..., My € C™. The matrix-valued function M(A) is called singular if det M(A) is
zero for all A € C, otherwise M(A) is called nonsingular. Moreover, M(A) is called unimodu-
lar if det M(A) is a nonzero constant. The latter condition is equivalent to the fact that M(A)
is nonsingular and that M1(A)isalso a polynomial matrix, see [16, Proposition 4.3.7].
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1.2. Discrete symplectic systems

For M € C™" we also define the matrix exponential exp(M) as

exp(M) = Z %Mf.
j=0 7"

Then for L, M, P, Q € C™" with L being nonsingular and PQ = QP we have

det[exp(M)] = ™, Lexp(M)L™! = exp(LML™), (1.9)
exp(P) exp(Q) = exp(Q) exp(P) = exp(P + Q), (1.10)

see [16, Corollary 11.2.4, Proposition 11.2.8(v), Corollary 11.1.6] .

If 7 is an interval in R, then the associated discrete interval Z, is the set of integers in Z,
ie., I, :=ZNZ. Inparticular, N = [1, 00),. With N € NU {0, co} we will be interested in the
discrete intervals, which are bounded or unbounded above, i.e., Z, := [0, N + 1),. Then we
define Z} := [0, N + 1], with the understanding that Z; = Z, when N = co. If N is finite
we write rather [0, N]; instead of [0, N + 1),.

By C(Z,)™* we denote the space of sequences, defined on Z,, of complex r X s matrices,
where typically r € {n,2n}and 1 < s < 2n. Especially, we write only C(Z,)" in the case s = 1.
If M € C(Z,)™, then M(k) := My for k € Z,; if M(A) € C(Z,)"™®, then M(A, k) := My(A) for
k € Z,. When M € C(Z,)* and L € C(Z,)**1, then ML € C(Z,)", where (ML) := MLy for
all k € Z,. The set Co(Z,)"™ represents the subspace of C(Z,)™* consisting of all sequences
compactly supported in the discrete interval Z,.

The symbol A means the forward difference operator acting on C(Z,)”*, i.e., we put
(AZ)g := Az = Zpy1 — zx. Moreover, we let zk|; = Zy — Zny

Finally, the next result follows directly from [9, Theorem IV.1.1] and it concerns a suf-
ficient condition for the boundedness of any fundamental matrix of a recurrence relation.

Proposition 1.1.4. Let M € C([0, c0),)™" be such that ¥} |My — I|l; < co. Then all solutions
of the recurrence relation

U1 = Myug, k€ [0,00)z, (1.11)

converge as k — oo, i.e., for any fundamental matrix U € C([0, 00),)™" of system (1.11) there
exists k > 0 such that |Uklly < x for all k € [0,00),. In addition, if My is invertible for all
k € [0, 00);, then limy_, uy # 0 for any nontrivial solution u € C([0, o0),)" of system (1.11).

1.2 Discrete symplectic systems

Let us define the real 2n X 2n skew-symmetric matrix

0 I
J:= (—In 0). (1.12)

Then detdJ = 1 and J can be seen as a matrix analogue of the complex unit 7, because
g% = —I1. Moreover, J7TJ =Tand J' = -J = J7. A matrix M € C¥™*?" is called Hamiltonian
if the matrix JM is Hermitian, i.e.,

MJ+IM =0,



Chapter 1. Introduction

and it is said to be symplectic''?> whenever
MM = J. (1.13)

The simplest examples of symplectic matrices are I, and J. From (1.13) one easily
observes that every symplectic matrix is invertible and satisfies | det M| = 1 (in the case of
a real symplectic matrix we have even detM =1, see e.g. [117, pg. 3] or [115, Appendix 3,
Theorem 5]). In addition, M is symplectic if and only if M~! = —JM*J. Therefore the set
of 2n X 2n symplectic matrices over C forms a group with respect to the standard matrix
multiplication. We also note that condition (1.13) is equivalent to

MJIM" =3,

i.e., M is symplectic if and only if M* is symplectic.

A discrete symplectic system is the first order system of recurrence relations

Zie1 = Sk Zk, (1.14)
where k belongs to some discrete interval Z, and § € C(Z,)*"*?" with §; being symplectic
matrices for all k € Z,. These systems naturally arise in the discrete calculus of variations
and optimal theory as Jacobi systems obtained from the weak Pontryagin maximum
principle applied to the second variation of a functional, see e.g. [89-92,94,151]. Moreover,
these systems can be found also in numerical integration schemes for Hamiltonian systems
or in the theory of continued fractions, see e.g. [31,47,73-77,140] and [3, Chapter 2],
respectively. The origin of a systematic treatment of discrete symplectic systems goes
back to [3], see also [4,20]. However, some aspects of this theory can be observed
at least 30 years earlier in [9, Section 3]. In the last two decades, the theory of discrete
symplectic systems has been developed in various directions such as the Reid roundabout
theorem, see e.g. [18,24,53,87,92-94,137,138], trigonometric and hyperbolic systems, see
e.g. [5,21,22,58,59, A3], Sturmian, spectral, and oscillation theory, see e.g. [25,50,54-57,
62-65,67,68,149].

Since the matrices 8 are symplectic on 7, it follows from their invertibility that any
initial value problem associated with system (1.14) and with an initial condition given
at an arbitrary point kg € Z, possesses a unique solution z € C(Z; y?*. Moreover, any
fundamental matrix of system (1.14) is symplectic on Z, if and only if it is symplectic
at some index k € Z,. The same property has also any fundamental matrix of the linear
Hamiltonian differential system

Z'(t) = H(t)z(¢), (1.15)

where t belongs to some interval Z and H(t) is a piecewise continuous Hamiltonian matrix
on Z, see e.g. [115, Appendix 3, Theorem 3]. Therefore system (1.14) can be regarded as

'The term symplectic in this context was suggested by the German mathematician Hermann Klaus Hugo
Weyl (1885-1955) in his book [173, pg. 165]: The name “complex group” formerly advocated by me in allusion
to line complexes, as these are defined by the vanishing of antisymmetric bilinear forms, has become more and more
embarrassing through collision with the word “complex” in the connotation of complex number. I therefore propose to
replace it by the corresponding Greek adjective “symplectic”. Dickson calls the group the “Abelian linear group” in
homage to Abel who first studied it.

2A matrix M € C*?" gsatisfying equality (1.13) is also referred as conjugate symplectic. Moreover, if
condition (1.13) is replaced by MTJM = J and applied to matrices M € C>**" or M € R?™?", then it is called
complex or real symplectic, respectively, see e.g. [117]. Nevertheless, we suppress the adjective “conjugate”,
because we will consider only complex matrices and identity (1.13) throughout this thesis.

—6—



1.2. Discrete symplectic systems

the proper discrete counterpart of system (1.15), see also [52] and Remark 1.2.1(iv) below.
We note that the Hamiltonian property of the matrix H(t) implies the block structure
H(t) = (‘égg _i(f()t)) for some piecewise continuous n X n matrix-valued functions A(t), B(t),
and C(t) such that B(t) = B*(t) and C(t) = C*(t) on Z. Moreover, system (1.15) can be
equivalently written as

- 32/ (H) = H(b)z(b), (1.16)
where H(t) is Hermitian on Z. For completeness we remark that some authors deal rather
with a matrix J instead of J given in (1.12), where J = ( 1?, _I(’j) = —J or more generally

J is any nonsingular 2n X 21 matrix satisfying J° = -, see e.g. [101] or [9, Chapter 9].
Mo1fzover, itis al~so possib~1e to replace g by a 2n X 2n matrix-valued function J(t) such that
detd(t) # 0and g (t) = —4(t) for all t € Z, see e.g. [116].

Remark 1.2.1. In order to emphasize the importance and generality of system (1.14) we
show now that it includes several equations or systems, which have been intensively
studied in the literature. Therefore we fix the numbers n € N, N € Ny and, for simplicity,
divide the vector z; into two blocks of the same size and the coefficient matrix 8 of
system (1.14) into four blocks of the same size as

A, B
Zk = k) and Sk = kTR
U Gk Dk

Then the symplecticity of the matrices 8 and 8, is equivalent with the conditions

A Dy = C B =1= A Dy — Br € (1.17)
and the matrices A Cr, B Dr, AxBi, CD, are Hermitian. (1.18)

Let us also note that although in parts (i)—(iii) below we consider only finite discrete
intervals, the discussed equivalences remain valid (with appropriate modifications) for
any type of an unbounded discrete interval.

(i) Let the number m € N be fixed and P € C([0, N],)™", PM € C([0,N + 1],)"™", ...,
P e C([0,N + m],)"™" be sequences of complex-valued n X n Hermitian matrices
with det Pk[’”] # 0 for all k € [0,N + m],. Then the n-vector-valued Sturm—Liouville
difference equation of order 2m, i.e.,

m

Z(—l)SAs (5 & yri1s) = 0, (1.19)
s=0

is equivalent to a discrete symplectic system of a special form. More specifically, if
y € C([1-m,N+m+1],)" solves equation (1.19) on [0, N],, then z € C([0, N + 1],)%m"
with the components

Yk ;n:1 (-Ay! (Pk[s] i yk+1—s)
o= A o, |, we= Yo (=AY (Pk[sl N yk+1—s) (1.20)
Am_lykﬂ—m Pk[m] AN"Yier1-m
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solves symplectic system (1.14) on [0, N],, where 8 € C([0, N],)Zmmx2mn with the
mn X mn blocks

I
I
0
0
'Bk =
0

I 0
-1 1
» De=10 -1
0
o (pm)”
0 (r)”

R

R

-1 I+P"" (Pk["’])_l

(01
Pk

(1
Pk

[r.n*l]
0 P

. (1.21)

(1.22)

On the other hand, let z € C([0,N + 1],)*"" solve system (1.14) on [0, N], with &
having the same block structure as in (1.21)—(1.22) and denote the first n components
of xi as yi for all k € [0, N + 1],. Then according to the transformation in (1.20) we
can extend the definition of yj to the interval [1 —m, N + m + 1],. In particular, the
relation between the components of x; and yx applied at k = 0 yields y_1,..., y1-m,
while the relation between the components of 1y and y, applied atk = N+1, together
with the invertibility of Pk["’] on [N + 1,N + m],, yields yn+2,..., YN+m+1. Then we
have y € C([1 —m,N + m + 1],)", which satisfies equation (1.19) on [0, N];.

(ii) From the previous part it follows that any symplectic system (1.14) with Ay = I
and det B, # 0 on the discrete interval [0, N], can be reduced to the second order
Sturm-Liouville difference equation

—A (Pk“] A yk) + Py = 0.

(1.23)

Indeed, if N > 1 and we put y; := xi for all k € [0, N + 1],, then equality (1.23) is
satisfied on [0, N — 1], with P! := Blzl and P := €. Moreover, equation (1.23) is
a special case of the Jacobi equation

- A(PkAyk + R;ykﬂ) + Qk Y1 + R Ay = 0,

where k € [0,N],, PR € C([0,N + 1],)"" with matrices Py being Hermitian on
[0O,N + 1]; and Py + R} invertible for all k € [0,N + 1], and Q € C([0, N],)"™" with
Qx being Hermitian on [0, N],. But also equation (1.24) can be written as a discrete
symplectic system and, under an additional assumption, vice versa. More precisely,
if y € C([0, N +2],)" solves equation (1.24), then the pair x; := yi, k € [0, N +2],, and
uy := Py Ay + R Yk+1, k € [0,N + 1], solves system (1.14) on [0, N], where

(1.24)

A= Pr+R) P, Di:=(Pe+R; +Re + Q) (P + R) ™,

B =P+ R, €= Qu(Pe+ R Py — R (P + R) 'Ry

On the other hand, if N > 1 and z € C([0,N + 1],)*" solves system (1.14) with
det By # 0 on [0, N],, then yi := xi, k € [0, N + 1],, satisfies equation (1.24) for all

k € [0, N — 1], with the coefficient matrices (observe that Pj + R; = B

k

)

Pe= B A, Re= (= A)B, Qo= (De= DB+ (A - DB



1.2. Discrete symplectic systems

(iii)

(iv)

Upon expanding the difference operators in (1.23) or in (1.24), we obtain special
cases of the symmetric three-term recurrence relation, i.e.,

Sks1 Y2 — Tre1 Va1 + Spyk =0, (1.25)

where we have k € [0,N],, S € C([0,N + 1],)"" with detS; # 0 on [0,N + 1],, and
T € C([1,N + 1],)"" with T, =Ty on [1,N +1],. In particular, equation (1.24) leads
to (1.25) with Sg = Py + Ry and Ty = P+ Px_q + R_; + Rg—1 + Qk-1. Equation (1.25) is
also equivalent to a special discrete symplectic system. Indeed, if y € C([0, N +2],)"
solves equation (1.25) and we put x; := y; for k € [0, N + 2], and uy := Sgxyyq for
k € [0,N + 1], then z; solves system (1.14) on [0, N], with the n X n blocks

Ae:=0, Br:=S', C:=-S, Dp=TS " (1.26)

On the other hand, if N > 1 and z € C([0,N + 1],)*" solves system (1.14) with
det By # 0 on [0, N],, then yi := xx, k € [0,N + 1],, satisfies equation (1.25) for all
k € [0, N — 1], with the coefficient matrices

Sk = B;l, Tk = 31:1 .Ak + ®k—l B]:_ll

This follows immediately from the previous part and the relation between equa-
tions (1.24) and (1.25).

Another extremely important example of system (1.14) is provided by the linear
Hamiltonian difference system

Axyp = AgXig1 + Brug,  Aug = Crxpyr — Ap g, (1.27)

where k belongs to a discrete interval Z,, z € C(Z; Y?", and A, B,C € C(Z,)™" with
the matrices By and Ci being Hermitian on 7, and the matrix I — A invertible for all
k € Z,. If we denote by the superscript ¥/ the partial shift in the first component of

[s] ._
k

Zk, 1.e., 2, (xf,;l ), then system (1.27) can be written as

Az = HkZIES] or equivalently —JAz, = szl[(s],

where H € C(Z,)*™?" with the matrices Hy = (é’; _f"i) being Hamiltonian for all

k € Z,, while H € C(Z,)*>?" with H; = (_Z g}’}) being Hermitian on Z,, compare
with systems (1.15) and (1.16). This system was introduced in [69,70] as a discrete
analogue of (1.15), however the invertibility of I — Ay guarantees that system (1.27)

can be written as symplectic system (1.14) with the coefficient matrix

( (I-Ap~ (I - Ap)™" By )
Sk = .

Cr(I- Ak)_1 I- A;; + Cp(I - Ak)_lBk (1.28)

On the other hand, system (1.14) can be written as (1.27) only if Ay is invertible for
all k € Z,, in which case

Ap=1-A7, Be=A'B, Cpi=CA L (1.29)

—9—
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1.3 Bibliographical notes

The equivalence described in Remark 1.2.1(i) is motivated by [4, Section 3.5], [20, Re-
mark 2], and [111, Lemma 3]. We note that, analogously to [139, Chapter 3], it seems to
be possible to write equation (1.19) as system (1.14) also without the regularity assump-
tion for the coefficient matrix P". A solution of this problem will appear soon. The
relation between system (1.14) and equations (1.24) and (1.25) from Remark 1.2.1(ii)—(iii)
was discussed in [150]. In [4, Section 3.6] similar transformation of equation (1.24) into
system (1.14) was derived as a consequence of a relation between equation (1.24) and sys-
tem (1.27), which requires the additional assumption det P # 0. The connection between
systems (1.14) and (1.27) was shown in [2, Theorem 3], see also [4, Section 3.4].
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A modern mathematical proof is not very different from
a modern machine, or a modern test setup: the simple
fundamental principles are hidden and almost invisible
under a mass of technical details.

HerMANN WEYL, SEE [174, rG. 453]

IChap’cer 2

WEYL-TITCHMARSH THEORY FOR
GENERAL LINEAR DEPENDENCE ON
SPECTRAL PARAMETER

In this chapter we present the theory of square summable solutions of discrete sym-
plectic systems in the form

Zk1(A) = Sk(A)zk(A) - with $x(A) := S + AV, (Sa)
where A € Cis the spectral parameter and 8y and V; are complex 21X 2n matrices satisfying
8,08k =43, 8,dVk isHermitian, V. gV, =0, and W :=7gV;J8.J=0. (2.1)

Here J stands for the matrix defined in (1.12) but it is also possible to use its generalization
as discussed at the end of the paragraph preceding Remark 1.2.1, see also Section 3.3. The
indices k belong to a bounded or unbounded discrete interval as will be specified later.
The dependence on A in (§,) is linear, but other than that quite general. The properties
in (2.1) imply that the matrix § is symplectic and that the coefficient matrix $(A) of (S))
satisfies the symplectic-type identity

$(1)J%K(A) =7 forall AeC. (2.2)

The Hermitian matrix Wy will play a role of a weight for the associated semi-inner product,
see (2.26) and (2.54). Throughout this thesis we also use the standard convention that by
(8,) we refer to the system as in (S,) with A replaced by v.

Identity (2.2) shows that the matrix $(A) satisfies properties, which are similar to those
of symplectic matrices, see Section 1.2. This fact also motivates the above terminology
“symplectic system”, although system (S,) corresponds to the discrete symplectic system
as introduced in Section 1.2 only when A € R, such as for A = 0. On the other hand,
system (8,) can be viewed as a perturbation of the original symplectic system zj,1 = 8z,

—11-



Chapter 2. Weyl-Titchmarsh theory for general linear dependence on spectral parameter

i.e., system (8y), for which the fundamental properties of symplectic systems are satisfied
with appropriate (but natural) modifications. Such properties of system (S, ) are derived in
Section 2.1. Wenote that system (5,) with A € R was already investigated in [9, Sections 3.1
and 3.3], where the weight matrix ¥ is also obtained for this special case. We remark that
W and J correspond to C, and —] in [9, Formula (3.3.10)]. Particularly, in [9, Section 3.3]
it was observed that

Si(A) = 8k + AV, = (I + AJ W) 8. (2.3)

Hence, system (8, ) is reduced to the equivalent form
Zk+1(A) = (I + AH\I/k) Skzk(/l) with ‘-IJZ =W, and ¥, J¥; =0, (24)

which is more convenient in some applications, e.g., when calculating the determinant
|detSi(A)] = det(Il + AJWy) = 1, see Lemma 2.1.3. Note that in the scalar case n = 1
the properties of Wy in (2.4) imply that W is a real 2 X 2 matrix. Therefore, the present
chapter extends this special form of W from the scalar (and hence real) case to any
even-dimensional complex case, cf. again [9, Section 3.3].

The origin of the theory of square integrable or summable solutions goes back to the
paper of H. Weyl [172], where the second-order Sturm-Liouville differential equation
was considered and the famous Weyl alternative was proven by using a geometrical
approach®. Weyl's results were re-proved (by using more analytical methods) and further
extended by Titchmarsh in the series of papers summarized in [165,166]. In honor of the
pioneers, this theory is usually referred as the Weyl-Titchmarsh theory. Of course, it
has been developed in many directions during the last hundred years and we do not
attempt to delineate all details of its long history and a considerable literature, see an
outstanding overview given in [71]. Rather than that we now discuss only some crucial
moments, which are closely related to the topic of this thesis. As a natural generalization
of the theory for Sturm-Liouville differential equations, Atkinson initiated the study of
the Weyl-Titchmarsh theory for the linear Hamiltonian differential system

Z(t) = [H(t) + AW(B)]z(t) or equivalently —gz'(t) = [H(t) + AW(t)]2(t) (2.5)

where H(-) and W(:) are suitable Hamiltonian matrix-valued functions with —J W(t) being
positive semidefinite, see [9] and also e.g. [30,34,35,39,97-101,108-110,123,141]. As far as
we know, the first related results devoted to the second-order difference equations were
independently given in [85,125], see also the references mentioned in connection with
equations (2.8)—(2.10) below. However the discrete Weyl-Titchmarsh theory appears to
be substantially underdeveloped in contrast to the continuous time case. Surprisingly, its
extension to discrete systems had not attracted almost any attention (except [9, Chapter 3])
until 2004, when the Weyl-Titchmarsh theory for the linear Hamiltonian difference system

X\ _ X1 _ [Ax Bk _[Ex  Fk
A (Mk) = (Hy + )\Wk)( 1y ), Hj = (Ck —A;)’ Wy = (Gk —E,*( (2.6)

was established in [36] as an answer to a remark of Professor Allan Krall, see [36, pg. 152].
In (2.6) the coefficient matrices By, Cy and Fy, Gy are Hermitian, i.e., Hy and Wy are Hamil-
tonian. Furthermore, Wy is such that —JW; > 0, and the matrix Ay(A) := (I — Ay — AE)~!

%Yes, it is the same Hermann Weyl as in Section 1.2, see the first footnote on page 6. Hence the topic of this
thesis can be seen as a connection of two (originally unrelated) concepts, which were significantly influenced
by H. Weyl.
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exists for all k and A € C, which guarantees the existence of a solution of any initial value
problem associated with (2.6) in the backward time. A special case of system (2.6) with
Ex = 0 (which implies that A(A) = Ay is constant in 1) was independently and more
intensively studied in [142], see also e.g. [10,122,133,158].

As already mentioned at the beginning of Chapter 1, the study of the Weyl-Titchmarsh
theory for discrete symplectic systems was initiated in [26] and [A4], where system (S))
was considered in the special case when its first equation does not depend on A. In this
case the matrices 8y, Vi, and ¥y have necessarily the form

(A By (o0 0 (w0
Sk‘(ek @k)' vk_(—WkAk —wkzak)' Y ‘(o o) 27)

with Wy € C™" being Hermitian and positive semidefinite for all k, see also [23, Re-
mark 3(iii)]. The theory of discrete symplectic systems (5 ,) with (2.7) has been developed
in several directions. For example, the results in [25,54,56,65,66] cover the oscillation the-
orems, Sturmian theory, properties of finite eigenvalues, and the Rayleigh principle. Let
us note that the form of Vj in (2.7) follows from the perturbation of the second equation in
system (Sp) by the term A Wy xy1. This approach is naturally motivated by the connection
between discrete symplectic systems and any even order vector-valued Sturm-Liouville
difference equation, Jacobi equation, and symmetric three-term recurrence relation dis-
cussed in Remark 1.2.1(i)-(iii). More specifically, system (S,) with the coefficients of
the form (2.7) includes equations (1.19), (1.24), and (1.25) with the term A Wy yy,1 on the
right-hand side, i.e., the equations

m
YD (B o) = AW, (28)

s=0
—A(PeA Yk + Ry Yir ) + Qe Yot + Re Ay = AW, (2.9)
Sks1Yk+2 = Trr1 Va1 + Sp vk = A Wi Yie1, (2.10)

which were studied e.g. in [9,11,12,15,32,33,96,103,121,147,156,157,164,170] and [105,
Chapter 7], see also [39-41]. In particular, for equation (2.8) we get system (§,) with the
matrix 8 as in Remark 1.2.1(i) and

-1
Wi - Wy 0 --- 0 Wk(Pk["”)
0 0 o --- 0 0 --- 0 0
W:%Wvﬁ’w:z : 51W=53 : T
o - 0 0 --- 0 0

which yields W, = diag{W,0...,0} € C™>" Similarly, for equation (2.8) with m =1
and equations (2.9), (2.10) we obtain system (5,) with W, = diag{Wy, 0}. The aim of this
chapter is to present a generalization and extension of the results in [9,26] and [A4] to the
discrete symplectic systems of the form (8,). Moreover, it turns out that theses results are
more general than those in [26] and [A4] theoretically and also practically. We show (see
Example 2.5.2) that the present theory applies to certain system (S,) with (2.7), to which
the results in [26] and [A4] cannot be used.

It is easy to see that there is (almost) no restriction on matrices W(t) and Wi in sys-
tems (2.5) and (2.6), respectively, while the form of Vj in (2.7) is very special. This
inconsistency represents one of our motivations for a thorough study of the discrete sym-
plectic systems with general linear dependence on A and their Weyl-Titchmarsh theory
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Chapter 2. Weyl-Titchmarsh theory for general linear dependence on spectral parameter

as presented in this chapter. However even for system (8, ) there remains one remarkable
difference, which follows immediately from the third condition in (2.1): the matrix Vj
has to be singular for all k. Moreover, it is worth noticing that there is an interesting
overlap between system (2.6) with Ex = 0 and system (S,), see also Remark 1.2.1(iv).
More precisely, system (S,) can be written as a linear Hamiltonian difference system
only if the n X n left-upper block of $,(A) is invertible for all A € C. However, in this
instance the dependence on A may be nonlinear and the matrix E; may be nonzero. On
the other hand, system (2.6) can be written as system (S,) only if Gy (I — Ay)"'Fx = 0,
see also [142, Formula (2.3)]. Without this additional assumption we obtain a discrete
symplectic system with a special quadratic dependence on A. This observation motivates
our study of discrete symplectic systems with polynomial and analytic dependence on
A and their Weyl-Titchmarsh theory in Chapter 5. If, in addition, also Fy = 0 in (2.6)
we get system (§,) with the special linear dependence described in (2.7). For complete-
ness, we note that the study of discrete symplectic systems has also an advantage over
the approach based on the linear difference Hamiltonian systems in an easier unification
with the continuous time theory through the calculus on time scales, see [A7, A16]. Some
problems with a unification of the Weyl-Titchmarsh theory for continuous and discrete
Hamiltonian systems are discussed in [6].

This chapter is organized as follows. In Section 2.1 we present the fundamental prop-
erties of system (8,) and in Section 2.2 we study the spectral theory on a bounded interval.
In the subsequent sections we focus on the Weyl-Titchmarsh theory for system (5,). In
Section 2.3 we introduce the corresponding Weyl disks and Weyl circles both in the reg-
ular and singular cases. In Section 2.4 we consider the space (3, of square summable
sequences with respect to the weight Wy and investigate the limit point and limit circle
cases. Finally, in Section 2.5 we provide several examples illustrating our theory.

2.1 Preliminaries

First, we derive some important “symplectic” properties of the matrix $;(A) defined
in (8,). Observe that (2.2) and (2.3) imply that $;(A) and I + A J ¥ are invertible with

$;1) =-3%,(0)3, I+AJ¥) ' =1-17¥ forallAeC. (2.12)

From the invertibility of $;(1) we obtain the (global) existence and uniqueness of solutions
of any initial value problem associated with system (S,). Formula (2.12) also yields the
following straightforward facts about the coefficients 8y and Vi from (2.1).
Lemma 2.1.1. Let n € N be given. For any k € [0, o), the following conditions are equivalent.
(i) The matrices Sy and V. satisfy the first three conditions in (2.1), i.e., $;d8x = d, 8§,V is
Hermitian, and \77{3 Vi =0.
(ii) The matrix Si(A) in (S,) satisfies (2.2), i.e., $Z(/_\)3$k(/1) ={Jforall A € C.
(iii) The matrices 8y and Vy satisfy 8y d8; = J and Vi dV; = 0, and V38, is Hermitian.
(iv) The matrix $x(A) in (S,) satisfies $k()\)3$;(/_\) ={Jforall A € C.
Condition (iii) in Lemma 2.1.1 implies that the matrix ¥ is indeed Hermitian, as
required in the main assumption (2.1). This shows that if §; and Vj are any given matrices
satisfying the first three properties in (2.1), then the matrix W := JV,J8; J is Hermitian

and, moreover, W, J W, = 0. The latter equality in fact characterizes the matrices Vi for
which Wy has this property, i.e., the matrices V; and W) determine each other. More
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precisely, if Wy is any 2n X 2n Hermitian matrix such that W, J ¥ = 0, then following (2.4)
we define Vi := J W 8. It is easy to see that the second and third properties in (2.1) are in
this case satisfied.

For convenience, we summarize the notation employed throughout this chapter.

Notation 2.1.2. The numbers n € N and N € [0, o), are fixed and 8,V, ¥ € C([0, 00),)>?"
are such that (2.1) is satisfied for all k € [0, 00),.

Now we focus on the determinant of the matrix $;(A1). Let us recall that the absolute
value of the determinant of any symplectic matrix is equal to 1 as a simple consequence
of the formula (1.13).

Lemma 2.1.3. For every A € C and k € [0, 00), we have | det $x(A)| = | det 8| = 1.

Proof. First, from the expression given in (2.3) we obtain det $x(A) = det(I+AJ W) X det .
Since (AJ¥)? = 0, the matrix AJ ¥y is nilpotent of degree 2. Thus, by Proposition 1.1.3
with L ;= AJW¥, and M := I, we get det(A J W +1) = det(L + M) = det M = 1, which implies
det $x(A) = det 8. Hence the statement follows from the first condition in (2.1), because

|det ()] = |det 8| = detd = 1. -

Remark 2.1.4. In some special cases the result of Lemma 2.1.3 can be also verified directly.
For example, when the dependence on A is special as displayed in (2.7), we have by [66,
pg. 1232] that

Sk(A) = (—/\IWk (I)) 8k, which implies det$x(A) = detS; forall A € C. (2.13)

The following statements are direct consequences of formula (2.2) and they provide
basic properties of solutions of system (S,) on [0, 00),. Nevertheless, it is easy to see that
the results remain valid (with appropriate modifications) for solutions of system (S,) on
any discrete interval Z, C [0, 00),.

Lemma 2.1.5 (Wronskian-type identity). Let A € C and m € N be given. If the sequences
Z(A), Z(A) € C([0, 00),)*™™ solve systems (S,) and (S7) on [0, o), respectively, then

Zi (M) Zi(A) = Zy(A) I Zo(A)  for all k € [0, 00),. (2.14)

Proof. Identity (2.14) follows directly from (8,), (S3), and (2.2), because

Z: /N3 Zka () = Zi D) S (D) IS Zi(A) = Z;(1) I Zk(A)
for any k € [0, 00),. ]
Lemma 2.1.6. Let A € C and ®(A) be a fundamental matrix of system (8 ,) on [0, 00), such that
Dy(A)J Po(A) = 4. (2.15)
Then for any k € [0, 00), we have

;DI =3, ') =-dpN)3, and BNIPN) =3, (216)

Proof. The first identity in (2.16) follows from Lemma 2.1.5 and identity (2.15). The other
two identities in (2.16) follow from the first one, since ®x(A) CIDIZ1 N =I= CI>]:1 A)Dr(A). m
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One easily observes that identity (2.15) is satisfied especially when ®y(A) = @y does
not depend on A and @y is symplectic.

The matrix W plays a key role in the Lagrange identity for system (S,), which is one
of the main tools in the whole Weyl-Titchmarsh theory, see also [9, Formula (3.7.6)].
Theorem 2.1.7 (Lagrange identity). Let A,v € C and m € N be given. If the sequences
Z(A), Z(v) € C([0, 00),)?>™™ solve systems (S,) and (8,) on [0, 0),, respectively, then for any
k € [0, o0), we have

AN IZW)] = A =) Z (1) Wi Zea (), (2.17)
k
Zi s (N3 Zkn (V) = ZyNIZow) + A=) Y Z5 ()W, Zjia (v). (2.18)
j=0

Proof. Let Zx(A) and Zi(v) satisfy (5,) and (S,) on [0, o), respectively. Then

A[ZiMIZ)] = Zi,, (D[T - 57 (N 38 )] Zen (v)
2z, ]9+ 15D IS0 3] Zea ) F A=) Z5,, (D) Wi Zin 1),

which shows identity (2.17). Equality (2.18) then follows from (2.17) by summation. m

2.2 Spectral theory on bounded interval

In this section we study the spectral properties of the corresponding regular eigenvalue
problem with separated boundary conditions. Matrices describing these boundary con-
ditions belong to the set

:={aeC™ |aa’ =1, aja" =0} (2.19)

It is known e.g. in [A4, Remark 2.7] that for any a € I' the 2n X 2n matrix (a*, —Ja”) is
unitary and symplectic and it satisfies

da—-Jdatad =1, Iie, (a* —Ha*)_l = (aag)’ and Kera =RanJa". (2.20)

For a € T' we denote by ®(A, &) € C([0, 00),)?>"*?" the fundamental matrix of system (S )
determined by the initial condition ®o(A, @) = (0(*, —J a*), ie.,

Dpia(A) = S+ AV (D), ke[0,x),, @A) =(a” —Fa’), AeC. (2.21)

Then the initial value ®y(A, ) is unitary, symplectic, does not depend on A, and its inverse
is N 1(A, a) = CDB()\, a). However we usually suppress the dependence on ¢, i.e., we write
only ®(A) instead of ®(A, ). In addition, we need to emphasize the two “halves” of the
fundamental matrix ®(A), hence we put

®(A) = (Z(D) Zx()), (2.22)

where Z(1) = Z(A, a) € C([0,00),)*>" and Z(A) = Z(A,a) € C([0, oo)Z)Z”j” are the 2n x n
solutions of system (8, ) satisfying the initial conditions Zy(A) = a* and Zy(A) = -Ja”.
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Definition 2.2.1. With the fundamental matrix ®(A) and its blocks specified in (2.22), we
define for M € C"™" the Weyl solution® X(A) € C([0, 00),)>™" of system (S,) as

Xe(A) = XA, a, M) := Op(A) (I, M) = Zp(A) + ZxMM,  k € [0, 00),. (2.23)

For the following part (including the beginning of Section 2.3) we restrict our attention
to the finite discrete interval [0, N], with the fixed N € [0, o), as stated in Notation 2.1.2.
Then for a, p € T" we consider the following (regular) eigenvalue problem

(81), ke€[O,Nl., AeC, azo(A)=0, Pznsa(d)=0. (2.24)

Note that when a = (I, 0) = 8, the boundary conditions in (2.24) reduce to the Dirichlet
boundary conditions xop = 0 = xn4+1. On the other hand, the periodic or antiperiodic
boundary conditions zp(A) = +zn41(A) cannot be obtained through any choice of the
matrices o, € I'. These particular cases are special examples of jointly varying end-
points, which are investigated in Chapter 3. We recall that a number A € C is said to
be an eigenvalue of problem (2.24) if, for this particular value A, there exists a nontrivial
solution z(A) € C([0, N + 1],)*" of problem (2.24). In this case, the function z(A) is said
to be the eigenfunction corresponding to the eigenvalue A and the dimension of all these
eigenfunctions corresponding to A is called the geometric multiplicity of A.

Moreover, we introduce the following definiteness assumption, called Atkinson'’s con-
dition, compare with [9, Formula (3.7.10)]. Throughout this chapter we will distinguish
several forms of this definiteness assumption depending on how many solutions of (8,) is
involved. This distinction also serves as an indicator of the minimal assumptions needed
in each result, compare with Hypotheses 2.3.4 and 2.3.7 below.

Hypothesis 2.2.2 (Weak Atkinson condition - finite). For any A € C\R every column
z(A) of the solution Z(A) satisfies

N
Z 2, (M)W 2541 (A) > 0. (2.25)
k=0

Identity (2.18) and Hypothesis 2.2.2 imply the following characterization of the eigen-
values and eigenfunctions of problem (2.24).

Theorem 2.2.3. Let a, € T be given. Then the following statements hold.

(i) Anumber A € Cis an eigenvalue of (2.24) ifand only if det B Zn41(A) = 0. In this case, the
eigenfunctions corresponding to the eigenvalue A have the form z(A) = Z(A)d on [0, N +1],
with nonzero d € Ker BZn+1(A). Moreover, the geometric multiplicity of A is equal to its
algebraic multiplicity, i.e., to dim Ker fZn1(A).

(ii) A number A € C is an eigenvalue of problem (2.24) if and only if det(—Zn41(A), g p) =0.
In this case, the algebraic and geometric multiplicities of the eigenvalue A are equal to the
value of dim Ker(—Zy+1(A), dB7).

(iii) Under Hypothesis 2.2.2, the eigenvalues of (2.24) are real and eigenfunctions corresponding
to different eigenvalues are orthogonal with respect to the semi-inner product

ZZ+1 ‘-IJk Zk_,_] . (226)

N
<Z/Z%MN::

k
4The symbol X stands for the Greek letter Chi (/’ki:/).

0
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Chapter 2. Weyl-Titchmarsh theory for general linear dependence on spectral parameter

Proof. The proof follows standard arguments from linear algebra about eigenvalue prob-
lems for Hermitian matrices or self-adjoint differential or difference equations. Alterna-
tively, see the proofs of [A4, Lemmas 3.1, 2.9 and Theorem 2.11]. [ |

Next we proceed by defining the Weyl-Titchmarsh M(A)-function for problem (2.24).

Definition 2.2.4. Let o, € I". Whenever the matrix Zi(A) is invertible for some value
A€ Candk € [0,N + 1], we define the Weyl-Titchmarsh M(A)-function as the n X n matrix

Mi(A) = Mi(A, @, ) = ~[BZe(AM)] ™' BZi(A). (2.27)

It follows from Theorem 2.2.3 that the M(A)-function is well defined at k = N + 1 for
every A € C\R, when Hypothesis 2.2.2 holds. Now we show the “symmetry” property
of the M(A)-function.

Lemma 2.2.5. Let o, f € T and A € C be given. Ifk € [0, N + 1], is such that My(A) and My(A)
exist, then
M (A) = Mi(A). (2.28)

Moreover, My(-) is an analytic function in its argument A.

Proof. Let k € [0, N + 1],. By the definition of My(A), the partition of ®4(A) in (2.22), and
the third formula in (2.16) we have

M)~ M) = [BZiD] B o) [Ze)]

= [sze)] " pag [pzen] T 2

which proves identity (2.28). The analytic property of M(-) follows from the fact that
Zi(A) and Zi(A), and hence fZ(A) and fZk(A), are polynomials in A. [ |

0,

Remark 2.2.6.

(i) The Weyl solution X (A) from Definition 2.2.1 trivially satisfies the initial boundary
condition a Xo(A) = I. Inaddition, if Zi(A) isinvertible for somek € [0, N+1],, then
BXk(A) = ,BZk(A) [M — Mi(A)]. This shows that for M = My(A) we have g X(A) = 0.
In particular, when k = N +1 and M = Mn1(A), the Weyl solution X (A) satisfies the
second boundary condition in (2.24).

(ii) We also point out that the matrix P := —J Xx(1) € C"™", where the Weyl solution
X(A) is defined by (2.23) with M = Mj(A), is invertible for any g € I' and any given
k € [0,N + 1],, which will be a very useful fact in the proof of the next theorem.
Indeed, the calculation

n= rank( B =rank P

,33) Xr(A) = rank(

)
B Xk(A)

shows that P is invertible.

In the following theorem we specify the dependence of the Weyl-Titchmarsh M(A)-
function on the matrix @ determining the initial boundary condition of the fundamental
matrix ®(A) = ®(A, @) in (2.22). We consider the matrix Mi(A, a, f) defined in (2.27) and
the matrix M(A, y, ) given also by (2.27) but with a replaced by y € T, i.e., Mk(A, ¥, B)
is defined through the 2n X n columns of the fundamental matrix ®(A, y) which satisfies
do(A,y) = (", —dy"). The proofs of the next theorem and its corollary follow the similar

—18-



2.3. Weyl disk and Weyl circle

arguments as the corresponding proofs in [A4, Lemma 3.10 and Corollary 3.11]. Note
that the assumptions of Theorem 2.2.7 and Corollary 2.2.8 below are in particular satisfied
when A € C\R, k = N + 1, and Hypothesis 2.2.2 holds.

Theorem 2.2.7. Let € T and A € C. Assume that for a,y € T and k € [0, N + 1], the matrices
Mi(A, a, B) and My (A, v, B) exist. Then we have

Mi(A,a,p) = [ady" +ay" M4y, p)llay” - ady M4, y, pI 7. (2.29)

Proof. Let X(a) := X(A, a, Mik(A, a, B)) and X(y) := X(A,y, Mi(A, v, B)) be the Weyl solu-
tions as in (2.23) corresponding to M = My(A, a, f) and M = M(A, v, B), respectively. Since
B Xk(a) = 0 = BXk(y) by Remark 2.2.6(i), it follows from the third equality in (2.20) that
there exist matrices P(a), P(y) € C™" such that X(a) = JB"P(a) and Xy(y) = B P(y).
Moreover, the matrices P(a) and P(y) are invertible by Remark 2.2.6(ii), and hence

Xi@P @) = I8 = XeIPLY), de, Xu(@) = Xe()P  with Pi= P7(y) Pla).
By the uniqueness of solutions of system (8,), it follows X(a) = X(y)P on [0,N + 1], i.e.,
Xj(@) = Xi(y)P forallje[0,N +1]. (2.30)

The choice j = 0 then yields

( ! ):cpgl(/\,a)cpom,y)( ! )P:(“V_“WM"(/\'V’ﬁ) P (2.31)

Mi(A, a, B) Mi(A,y,B) ady +ay Mi(A,y,B)
The first row of the latter identity implies P = [ay" — ady " Mi(A,y, ﬁ)]‘l, and then the
second row of (2.31) yields identity (2.29). [ |

As a consequence of (2.30) and Theorem 2.2.7 we get a formula relating the Weyl
solutions corresponding to the matrices M = Mi(A, a,p) and M = Mi(A,y, ) and the
initial conditions with o, € T.

Corollary 2.2.8. Let f € I" and A € C. Assume that for o,y € T" and k € [0, N + 1], the matrices
Mi(A, a, B) and My(A, y, B) exist. Then for all j € [0, N + 1], we have

X (A, & My(A, a, ) = XA, y, M(A, v, p) [ay” = ady" Mi(A, 7, A"

2.3 Weyl disk and Weyl circle

In this section we study the properties of the Weyl disks and the Weyl circles, which are
defined through the following &(M)-function. For a given @ € I" and A € C\R we define
the matrix-valued function &x(M) = Ex(M, A, @) : [0,N + 1], x C"™" — C"™" as

Ex(M) := i5(A) XA, &, M)J Xi (A, @, M). (2.32)

In the abbreviated form we write E(M) = i6(A) X*(A)J X(A). The matrix (M) is Hermi-
tian for any k € [0, N + 1], and M € C"™", which can be seen from the equality (iJ)* = iJ.
Moreover, the Lagrange identity (Theorem 2.1.7) yields that

k-1
£x(M) = —26(1) im(M) + 2]im(A)| Z X1 (D Xjad), kelON+1],  (2.33)
j=0

where for k = 0 the sum is zero by definition.
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Definition 2.3.1. Let « € I" and A € C\R. For all k € [0,N + 1], we define the Weyl! disk
Dy(A) = Di(A, a) and the Weyl circle Ci(A) = Ci(A, av), respectively, by

Dp(A) = {M e C™ | &(M) <0},  Cy(A):={MeC™"|&M) =0}.

A natural question now arises concerning the elements of Dy(A) and Ci(A). For
example, from (2.33) we obtain £o(M) = —26(A) im(M), which implies that the Weyl circle
Co(A) coincides with the set of all n X n Hermitian matrices, while the interior of the Weyl
disk Dy(A) is a proper subset of the set of all invertible n X n matrices. In the following
two theorems we present characterizations of matrices M lying on the Weyl circle and in
the interior of the Weyl disk.

Theorem 2.3.2. Let a € ', A € C\R, k € [0,N + 1], and M € C™". The matrix M belongs
to the Weyl circle Ci(A) if and only if there exists p € T" such that B X(A) = 0. In this case
M = My(A), whenever the matrix My(A) defined in (2.27) exists.

Proof. Assume that M € Cy(A), i.e., (M) = 0. Then for the matrix y := X7(1)J we get
16(A)y Xi(A) = Ex(M) = 0, which implies y Xx(A) = 0 and also yJy~* = 0. Moreover, since
ranky = n, we have y»* > 0. The matrix f := (yy*)""/?y satisfies f Xx(A) = 0, BIp* = 0,
and " = I. Thus g € I as stated in the theorem.

Conversely, assume that for a given matrix M € C™" there exists p € I" such that
BXk(A) = 0. Then Xx(A) = JB°P for P := —fJ Xk(A), see Remark 2.2.6(ii). It follows that
Ex(M) = i6(A)P*BIBP = 0, so that M € Ci(A). Finally, if M(A) exists, then ﬁZk(/\) is
invertible and BZx(A) + BZx(A)M = BXk(A) = 0,i.e., M = M(A). n

Theorem 2.3.3.Let « € I', A € C\R, k € [0,N + 1], and M € C™". The matrix M satisfies
Ex(M) < 0 if and only if there exists B € C™?" such that i5(A)B3p* > 0and p Xx(A) = 0. In this
case we have with such a matrix p that M = My(A), whenever the matrix My(A) exists, and p may
be chosen so that Bf* = I.

Proof. For M € C"™" we consider the Weyl solution X (1) given by (2.23) with n X n blocks
@(A) and P(A), i.e., X;(A) = ((p;(A), lp;(/\))* forall j € [0,N + 1],. Assume first (M) < 0.
Then the matrices @x(A) and x(A) are invertible, since for a vector 4 € C" such that
pr(A)d = 0 or Y(A)d = 0 we have d*E(M)d = i6(A)d" [p}(A) k(L) — P (A) pr(A)]d = 0, so
that £x(M) < 0 impliesd = 0. We put y := (I, —(pk()\)lpzl(/\)) and then we have y Xx(1) =0
and E¢(M) = —10(A) Y, (A)ydy* Yi(A). Since E(M) < 0 and k(A7) is invertible, it follows
that i5(A)ydy* > 0. Finally, the matrix f := (y)*)~"/2y satisfies f Xx(A) = 0, BJp* > 0, and
BB* = I as required in the theorem.

Conversely, assume that for a given matrix M € C"™" there exists = (81, f2) € C"™*"
such that B X(A) = 0 and i6(A)BJp" > 0. Since 2iim(B1f5) = BJB*, we can see that the
condition i6(A)BdB* > 0 is equivalent to im(B1 ;) > 0 for im(4) < 0 and to im(183) < 0
for im(A) > 0. In both cases, the positive or negative definiteness of im(B; ;) implies the
invertibility of 1 83, and consequently the invertibility of f; and f, alone. Hence, from
B Xk(A) = 0 we obtain the equality @r(A) = —ﬁ;l B2Yk(A), and then

Ex(M) = i5(A) [@i(D) Yr(A) — Yi(A) pr(D)] = =16 P (D) BT (BIBI BT (D). (2.34)

If Y4 (A)d = 0 for some d € C", then p(A)d = —ﬁl‘l B2yi(A)d = 0. Since rank X(A) = n, it
follows that d = 0, i.e., Y(A) is invertible. Therefore, identity (2.34) and the assumption
i6(A)BIp" > 0 imply (M) < 0. Finally, the identity M = Mj(A) follows with the same
argument as in the final part of the proof of Theorem 2.3.2. [ |
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The following result shows that the matrix 6(A) im(M) is positive semidefinite when
M belongs to the Weyl disk Di(A). Under an additional Atkinson-type assumption we
also obtain that 6(A) im(M) is positive definite.
Hypothesis 2.3.4. For a given matrix M € C"™" and A € C\R, each column z(A) of the
Weyl solution X (A) satisfies (2.25).

Theorem 2.3.5. Let « € ', A € C\R, and k € [0, N + 1],. For every matrix M € Dy(A) we have
k=1

5(A) im(M) > [im(A)] Z X5 ()W) X 41 (A) > 0. (2.35)
j=0

Moreover, if k = N + 1 and Hypothesis 2.3.4 holds, then 6(A) im(M) > 0 and thus M is invertible.

Proof. For a matrix M € Di(A), inequality (2.35) follows from (2.33) via &x(M) < 0. More-
over, under Hypothesis 2.3.4 we have 6(A) im(M) > 0, which yields that Misinvertible. m

Since the number N € [0, o), was chosen arbitrarily, see Notation 2.1.2, in the remain-
ing part of this section we focus on the Weyl disks when k belongs to the unbounded
interval [0, 0),. The first result shows that the Weyl disks are nested with increasing k.
Theorem 2.3.6. Let a € T and A € C\R. Then we have Di(A) C Dj(A) for every k, j € [0, 00),
such that k > j.

Proof. Let M € Di(A),i.e., Ex(M) < 0. From identity (2.33) used at indices k and j and from
the fact W, > 0 for all £ € [j, k — 1]; we get € (M) < &(M) < 0. Therefore, M € D;(A). [

Our next goal is to identify the center and the matrix radii of the Weyl disks D(A) for
every A € C\R, see Theorem 2.3.8. First we analyze the structure of the (M) function.
From the definition of £x(M) in (2.32) and from (2.23) one easily derives

ExM) = (I M) () (1\1/1) K(A) :zié(A)d)Z(A)gcbk(A):(?}:3; 3%(&)))’ (2.36)

where Fi(A), Gx(A), Hi(A) are the n X n matrices
Fi(A) := i6(A) Zy (M) I Zi(A), Gr(A) = i6(A) Z(D) I Zk(A), Hx(A) = i6(A) Zi(A) T Zi(A).

Since Kx(A) is Hermitian, it follows that 3 (A1) and F(x(A) are also Hermitian. The Lagrange
identity (Theorem 2.1.7) with v = A then implies

k-1
Ki(A) = i0(1)3 + 21im(A)] Y @}, () ¥ @jua(L),
j=0
from which we get the formula
k-1 N -
3e(A) = 21imA)] Y Zja (1) ¥ Zjsa (). (2.37)
j=0

Therefore, the following Atkinson-type condition is used in order to guarantee the invert-
ibility (in fact, the positive definiteness) of H(x(A) for large k; cf. Hypothesis 5.3.2. Note
also that if H,,(A) is invertible for some m € [0, o)., then it is invertible for all k € [m, c0),,
because the sequence of matrices J{;(A) is nondecreasing in k as a consequence of the
fourth condition in (2.1) and identity (2.37).
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Hypothesis 2.3.7 (Weak Atkinson condition - infinite). There exists Ny € [0, ©), such
that each column z(A) of Z(A) satisfies inequality (2.25) with N = Ny for every A € C\R.

Under Hypothesis 2.3.7, the matrices H;(A) are positive definite (and hence invertible)
for all k € [Ny + 1, 00),. For these values of k it is then possible to represent £,(M) as

Ex(M) = Fi(A) = SN FHA) Ge(A) + [G5 () FGHA) + MIFG(A) [FH(A) Se(A) + M,

see also [A4, Identity (4.11)]. By using the third identity in (2.16), it follows that the
matrices Ki(A) defined in (2.36) satisfy the symplectic-type relation

Fr(D) GA) = SN Tr(A)  Fp(D) FH(A) = GLA) G 1 1 =
(9k<A>9k<Z> S IGTD) GG — TG G () T RN ==
This implies that

G I (A) Gk(A) = Fi(A) = H'(A) > 0 forallk € [Ng + 1,0),. (2.38)

In the following theorem we justify the terminology “disk” and “circle” for Dy(A) and
Ck(A), respectively. In the scalar case n = 1, the sets Dx(A) and Ci(A) indeed represent
a disk and a circle in the complex plane similarly as in the original paper of H. Weyl,
see [172]. For this purpose, we introduce the set U of unitary matrices in C"" and the set
V of contractive matrices in C"™", i.e.,

U={Uec™|UU=1} and V:={VeC™|V'V<I (2.39)

Theorem 2.3.8. Let o € I', A € C\R, and suppose that Hypothesis 2.3.7 holds. Then for every
k € [No + 1, 00), the Weyl disk and Weyl circle admit the representations

Di(A) = {Pu(A) + Ry V) VR((D) | V € V), (2.40)
Cr(A) = {Pk(/\) + Ry(MURA) | U € [U}, (2.41)
where the matrices Pr(A) and Ri(A), Rx(A) are defined by
Pe(A) = =3 (V)G and - Ri(A) = 361 2(), Re(D) = 36 2(). (242)
Consequently, the sets Dy(A) are closed and convex for every k € [Ng + 1, 00),.

Proof. Let k € [No + 1, 00); be fixed. Identity (2.37) and Hypothesis 2.3.7 imply that the
matrices H := H(A) and H := Hy(A) are positive definite, so that P := Pi(A), R := Ri(A),
and R := Ri(1) are well defined. For any matrix M € Di(1) we then have

0>&M) =F -G HIG+(GTH L+ M)HEH G+ M)
=-F '+ (G I+ MYH(HIG + M) = —R* + (M* — PYR2(M - P), (2.43)

where the equality from (2.38) was used. Identity (2.43) can be also written as
R'WM -P)R2M-P)R'<I, ie, V'V<I with V:i=RY(M-P)R. (2.44)

Therefore, the above defined matrix V belongs to the set V.and M = P + RVR. Thi~s
calculation can be reversed, i.e., every matrix V € V gives a unique matrix M := P+ RVR,
which then belongs to Di(A). This leads to a bijection (even a homeomorphism) between
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the matrices M € Di(A) and the matrices V € V. Therefore, the Weyl disk Di(A) has the
representation Di(A) = P + RVR, as it is stated in (2.40). In a similar way, the elements of
the Weyl circle Cy(A) are in one-to-one correspondence with the matrices V given in (2.44),
which in this case satisfy the relation V*V = I. This means that the Weyl circle Cy(A)
admits the representation Cy(A) = P+ R UR given in (2.41). Finally, the Weyl disk Di(A) is
closed and convex, because the set V has the same properties. [ ]

The matrix Px(A) in Theorem 2.3.8 is called the center of the Weyl disk or the Weyl circle,
and the matrices Rx(A) and Ri(A) are called the matrix radii of the Weyl disk or the Weyl
circle. Given (2.37), these matrices are well defined whenever Hypothesis 2.3.7 is satisfied.
Moreover, the matrices Hy(A) are nondecreasing for k — oo, so that the matrix radii Rx(A)
and R(A) are nonincreasing as k — co. And since Rx(A) and Ry(A) are Hermitian and
positive definite for k € [Ny + 1, o), their limits

R+(A) = lim Ri(4), R () := Lim Ri(A) (2.45)

exist and satisfy R;(A) > 0 and R;(A) > 0. Now we show that the limit of the center Py(A)
also exists. The proof of this fact relies on properties of the spectral matrix norm |||,
recalled in Section 1.1.

Theorem 2.3.9. Let « € ', A € C\R, and suppose that Hypothesis 2.3.7 holds. Then the center
Py(A) of the Weyl disk Dy(A) converges for k — oo to a limiting matrix P,.(A) € C"™", i.e.,

Pi(A) = klim Pi(A). (2.46)
Proof. The proof utilizes three main tools: the representation of the Weyl disks in Theo-
rem 2.3.8, the convergence of the matrix radii Ri(A) and Ri(A) to R4 (A) and R4 (1), and the
Cauchy criterion for sequences. Let k > j € [Ny + 1, 00),. Then Dy(A) € D;(A) by Theo-

rem 2.3.6. Hence for a matrix M € Di(A) there exist by Theorem 2.3.8 (unique) matrices
Vi, Vj € V such that

M = Pr(A) + Ri(A) ViRe(A) and M = Pj(A) + Rj(A) ViR;(A). (2.47)
By comparing both equalities in (2.47) we can express the matrix V; in terms of Vi as
Vj = Ry (D) [Pr(A) = Pi(A) + Re(A) Vi Re(DIRT (A). (2.48)

The right-hand side of equation (2.48) defines a continuous mapping T : V — V, which
assigns to each matrix V = Vj the matrix T(V) = V. Since the set V is convex and compact,
the Brouwer fixed point theorem implies that the mapping T has a fixed point, i.e., there
exists a matrix V' € V such that T(V) = V. Going back to equation (2.48), we get from
T(V) = V the expression

Pr(A) = Pj(A) = [Rj(A) = Re(MIV Rj(A) + Ri(A) V[R(A) = Re(A)].
The matrices V € V satisfy || V|, < 1, so that from the above equality we obtain
[Pe(A) = Pi(Mlls < IR;(A) = ReM)llo X IR;(M) Iy + IRe(M)lg X IRj(A) = Re(A) [l (2:49)

Since the sequences of the matrix radii R(1),R(1) € C([Np + 1, 0),)™" converge, they
are bounded in the spectral norm, i.e., there exists K > 0 such that [|R;(1)]l, < K and
IR¢(A)]l, < K for all £ € [Ng + 1,0),. Choose now an arbitrary ¢ > 0. The convergence
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of R¢(A) and Ry(A) for £ — oo yields the existence of an index m € [N + 1, ), such that
IRj(v) = Re(W)ll; < €/(2K) for v € {A, A} and for every k > j > m. From inequality (2.49)
we then get [|Pr(A) — Pj(A)ll, < ¢ for all k > j > m. This shows that the sequence
P(A) € C([Np + 1,00),)™" is a Cauchy sequence. Hence the completeness of C"™*" in the
spectral norm implies the result. [

From Theorems 2.3.6 and 2.3.8 it follows that the Weyl disks Dy(A) are closed, convex,
and nested with increasing k € [Ny +1, 00),, where the number Ny is from Hypothesis 2.3.7.
Therefore, the limit of Dy(A) as k — oo exists and it is closed, convex, and nonempty.

Definition 2.3.10. Let « € T" and A € C\R. Under Hypothesis 2.3.7, we define the limiting
Weyl disk as the set

Dy(A)

D+():= lim De(d) = ﬂkE[No+1,°°)z
The matrix P, (1) defined in (2.46) and the matrices R, (1) and R (A) from (2.45) are called

the center and the matrix radii of the limiting Weyl disk D (A).
Based on Theorem 2.3.8, the limiting Weyl disk D (A) has the following representation.
Corollary 2.3.11. Let « € T', A € C\R, and suppose that Hypothesis 2.3.7 holds. Then

D.(A) = {P+(A) + Ry (W) VR.(A) | V € V.

The next corollary shows that the Weyl solutions X (A1) corresponding to matrices
M € D,(A) have finite “norms” with respect to the weight matrices W;. And conversely,
the matrices M for which the corresponding Weyl solution X(A) satisfies the estimate
below belongs necessarily to the limiting Weyl disk D(A). This result illustrates the
significance of the limiting Weyl disk, because it yields a lower bound for the number of
linearly independent square summable solutions in Section 2.4.

Corollary 2.3.12. Let « € T', A € C\R, M € C™", and suppose that Hypothesis 2.3.7 holds.
Then the matrix M belongs to the limiting Weyl disk D (A) if and only if

[0e]

Y X (D) W X1 (D) <
k=0

im(M)
im(A)

Proof. It follows directly from Theorem 2.3.5, whenitis applied ateach k € [No+1,0),. =

Under an additional assumption on the Weyl solution X (1), compare with Hypothe-
sis 2.3.4, we get from Theorem 2.3.5 also an information about the positive definiteness of
the matrix 6(A) im(M).

Hypothesis 2.3.13. There exists N; € [0, ), such that for a given matrix M € C"™" and
A € C\R, each column z(A) of the Weyl solution X (A) satisfies (2.25) with N = Nj.
Corollary 2.3.14. Let « € T, A € C\R, M € D (A), and suppose that Hypotheses 2.3.7 and 2.3.13
hold. Then 5(A) im(M) > 0 and hence M is invertible.

Proof. The result follows from Corollary 2.3.12 and the second part of Theorem 2.3.5,
when it is applied at each k € [Ny + 1, 00), N [N + 1, 00);. [ |

The last result of this section describes the matrices M which lie in the “interior” of
D, (A). This statement requires a strengthened version of Hypothesis 2.3.13. This stronger
assumption guarantees that the Weyl disks are strictly nested, i.e.,

D+(A) & Dy(A) & Di(A)  for all m > k large enough.
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Hypothesis 2.3.15. There exists N> € [0, ), such that for all m > k € [N, o), and for
a given matrix M € C™" and A € C\R, each column z(A) of the Weyl solution X(A)

satisfies the inequality
-1

3

Z; 1(&) lIJ]'Z]q_l(/\) > 0.

+

]
>~

j

Theorem 2.3.16. Let « € ', A € C\R, M € C™", and suppose that Hypotheses 2.3.7 and 2.3.15
hold. Then M € D.(A) if and only if Ex(M) < O for all k € [Ng + 1, 00), N [N2 + 1, 00),.

Proof. Let us start with the condition M € D.(A), which is equivalent to M € Dy(A) for
all k € [Ng + 1, 00), N[N + 1, 00),. With such an index k and with m > k we get from the
representation of £¢(M) and &,,(M) in (2.33) that

m—1
EM) = En(M) = 21im(A)] Y 55,5 (1) W X511 (A).
j=k
The second term on the right-hand side of the latter equality is positive due to Hypothe-

sis 2.3.15, while the first term satisfies ,,(M) < 0. Thus, M € D, (A) is truly equivalent to
Ex(M) < Oforall ke [Ng+1,00), N[Ny +1,00),. n

Remark 2.3.17.

(i) As in [A4, Formula (4.57)], we can define a M. (A)-function corresponding to the
matrices from the limiting Weyl disk D (A). In particular, fora € I', A € C\R and
under Hypothesis 2.3.7 we define M. (A) € D.(A) as the limit of a subsequence of
the matrices Mi(A, a, Br) € Di(A), i.e.,

M. () = lim My (4, B, (2.50)

where i6(A) P, d ﬁ,’;] > 0 and B, [3’]*(] = I, see also Remark 2.4.4 below. The function

M, (A) defined in (2.50) is called a half-line Weyl-Titchmarsh M(A)-function and it
satisfies
M, (A) = My(A)  forall A € C\R.

Moreover, it is analytic on C, and C_ (and consequently it is a Herglotz function) as
a limit of uniformly bounded analytic functions M (1) with A restricted to compact
subsets of the upper and/or lower half-planes of C, see [142, Lemma 2.14].

(ii) In [26, Definition 3.4], the matrices on the limiting Weyl circle were defined as the
elements M € D, (A) for which there exists a sequence {kj}]?“’:1 such that k; — oo as
j = o and limje & (M) = 0. By using Corollary 2.3.12 and Theorem 2.3.2, this

condition is equivalent to
im(M)
im(A)

Y X (A W Xka (A) = (2.51)

k=0
Moreover, with the aid of the Lagrange identity (Theorem 2.1.7) we obtain for every
k € [0, ), that

. k
X:, (A)dXps1(A) = 2iim(A) [% =Y X () X (2.52)
=0
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Hence one easily concludes that the sum on the right-hand side of (2.52) converges
fork — coand (2.51) is satisfied if and only if limy o X, (1) 3 Xg4+1(A) = 0. The latter
statement is a generalization of [26, Theorems 3.8(ii) and 3.9] and [142, Theorem 6.3]
to systems (8,) with a general linear dependence on A.

2.4 Square summable solutions

In this section we extend the classification of system (S,) being in the limit point and
limit circle case from [A4, Section 4] to a general linear dependence on A. In the literature
there are different (but equivalent) approaches to this issue and we essentially follow [36]
and [A4]. Hence we consider the linear space of weighted square summable sequences
(with the weight W) with entries in C2 je.,

€5 = £310,00); = {z € €10, ). | zlly < o0}, (2.53)

where -
lzlo = V(& 2w and (2 B =Yz, WiFio. (254)

k=0

However we point out that {’lzp is never a Hilbert space, because || - ||y is only a semi-norm
and (-, -)v is only a semi-inner product as a consequence of the fourth condition in (2.1),
compare with (6.60). We also denote by N(A) the linear space of all square summable
solutions of system (8,), i.e.,

N(A) = {z € 6\21, | z solves system (8,\)}.

Just for the sake of curiosity, we note that the space of all non-square summable solutions
does not form a linear space. In the next result we show the ¢2-properties of the Weyl
solution X (A1) with respect to the choice of M.

Theorem 2.4.1. Let « € T', A € C\R, and M € C"™". Then the columns of X(A) form a system
of linearly independent solutions of system (S,). If in addition Hypothesis 2.3.7 holds and
M € D (A), then the columns of the Weyl solution X(A) = X(A, a, M) are square summable, i.e.,
they belong to N(A) and so dim N(A) > n.

Proof. Letj € {1,...,n}and denote by zl! := X(1)e; the columns of the Weyl solution X (1),
where ¢; stands for the j-th unit vector of the standard basis in C". If ¢; z}(” +t0y z}("] =0
for some k € [0,00), and ¢y, ..., ¢, € C, then Xx(A)c = 0 with ¢ := (cy1,...,¢,)". Since ®x(A)
is invertible on [0, o), it follows from (2.23) that (I, M*)*c = 0, i.e., ¢ = 0 and the solutions
zZW,...,z" are linearly independent. Under Hypothesis 2.3.7 the limiting Weyl disk D (1)
exists and then for M € D, (1) we have by Corollary 2.3.12 that

0]

12 — [ 0l . im(M) .
“zm”w = ;Z;ﬁﬂ‘l’kzzfu <e¢j O ej<oo foralljell,... n}
Therefore, in this case z/! € N(A) forall j € {1,...,n}. ]

As a consequence of Theorem 2.4.1 we get under Hypothesis 2.3.7 the estimate
n <dimN(A) <2n foreach A € C\R. (2.55)

This fact motivates the following notions, which correspond to the Weyl dichotomy in
the scalar case (i.e., for n = 1 we have either dim N(A) = 1 or dim N(A) = 2).
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Definition 2.4.2. Let A € C. System (8,) is said to be in the limit point case if dim N(A) = n
and to be in the limit circle case if dim N(A) = 2n.

Any other case, ie., n +1 < dimN(A) < 2n — 1, is simply called intermediate. The
special cases introduced in Definition 2.4.2 are singled out because of their sui generis
characteristics. In particular, in the limit point case there exists a unique M € C"™" such
that the corresponding Weyl solution X(A) is square summable, while in the limit circle
case the Weyl solution X(A) is square summable for any M € C"™" and this behavior is
invariant with respect to A, see Theorem 2.4.17.

In the following theorem we show that the Weyl disks Di(A) collapse to a singleton
as k — oo if system (8,) is in the limit point case. In particular, the center P, (1) given
by (2.46) is the only matrix belonging to D.(A). This justifies the above terminology of
being in the limit point case for system (8, ) with dim N(A) = n. For this particular situation
we show in the proof below that the columns of Z(A) do not belong to N(A). This result
is a generalization of [A4, Lemma 4.11].

Theorem 2.4.3. Let a € I', A € C\R, and suppose that Hypothesis 2.3.7 holds. System (S,) is in
the limit point case if and only if the limiting matrix radius Ry(A) = 0. In this case the limiting
Weyl disk satisfies D4 (A) = {P1(A)} and D4 (A) = {P.(A)}.

Proof. Assume that system (S,) is in the limit point case, i.e., dimN(A) = n. Since
the columns of the fundamental matrix ®(A) introduced in (2.22) span all solutions of
system (8,), the definition of X(A) as Z(A) + Z(A\)M with M € D, (A) implies that the
columns of Z(A) and X(A) also form a basis of all solutions of system ($,). Hence, from
dimN(A) = n and Theorem 2.4.1 we conclude that the columns of Z(A) do not belong
to N(A). It then follows from formula (2.37) that the matrix H(A) is nondecreasing for
k € [0, 0), without any upper bound, i.e., its eigenvalues (being real) tend to co. Therefore,
the function R(A) has its limit at co equal to zero, i.e., R4+(A) = 0. This argument can be
reversed, i.e., if R4(A) = 0, then the eigenvalues of };(A) tend to co and formula (2.37)
yields that the columns of Z(1) do not belong to &21,. Since the columns of Z(A) and Z(A)
form a basis of all solutions of (S,), it then follows that dim N(A) < n. But since at the
same time dim N(A) > n by Theorem 2.4.1, we obtain dim N(A) = n and system ($,) is in
the limit point case. Finally, if R;(A) = 0 (or, equivalently, system (8, ) is in the limit point
case), then the equality D, (A) = {P+(A)} follows from Corollary 2.3.11. At the same time
we get from Corollary 2.3.11 that D, (1) = {P,(A)}. [ |

Remark 2.4.4.

(i) In the continuous time setting, i.e., for linear Hamiltonian differential systems or
Sturm-Liouville differential equations, it can happen that the limiting Weyl disk
D.(A) is a singleton consisting, of course, of the limiting center P,(A), but the
corresponding limiting matrix radius Ry(A) is not the zero matrix, i.e, it satisfies
rank R4(A) > 1. Such an example is constructed in [120] for the fourth order Sturm—
Liouville differential equation. Although the same behavior can be expected also
in the discrete case, a specific example is still missing, see also Remark 2.4.21.

(ii) In addition, Theorem 2.4.3 gives a simpler characterization of the half-line Weyl-
Titchmarsh M(A)-function M (A) from (2.50). In particular, in the limit point case the
limit in (2.50) can be taken over all k € [Ny + 1, o0), without going to subsequences
and also with ; = € I'. That is, we have in this case

M+(A) = kh_{?o Mk(A/ a, ﬁ)
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In the next part of this section we extend the result in Theorem 2.4.3 in a way which
includes the precise effect of the matrix radii R+(1) and R.(A) on the number of lin-
early independent square summable solutions of system (5,). Specifically, we study the
relationship between the number

r(A) :=rankR.(A), A€ C\R, (2.56)

and the dimension of N(A). The statements in Theorem 2.4.5-Corollary 2.4.9 extend the
results in [142, Section 4] from special linear Hamiltonian difference systems to discrete
symplectic systems. In addition, these results were established as new even for system (5 )
with the special linear dependence on A in (2.7). At the same time, they can be regarded
as discrete time analogues of the corresponding results for linear Hamiltonian differential
systems in [108, Section 5] and [141].

From the definition of Ry (A1) in (2.45) and from (2.42) one can see that the value of (A1)
dependsalsoona € I', i.e., we should write r(A, @) instead of (1) in (2.56). But, obviously,
the number of linearly independent square summable solutions of system (8,) does not
depend on the choice a € I" and we will see in Theorem 2.4.8 below that also (A, ) is
independent of a, so that the notation in (2.56) is justified.

Theorem 2.4.5. Let « € T', A € C\R, and suppose that Hypothesis 2.3.7 holds. Then system (S )
has at least m := n + min{r(A), r(A)} linearly independent square summable solutions, i.e., we
have dim N(A) > m.

Proof. Consider the Weyl solution X(A) defined through the matrix M = P, (1), i.e.,

X — L Y 5l
Xk(A) = Pr(A) (p+( A)) = (zk soes B ) for all k € [0, ),
where 2! € C([0, 00),)*" for j € {1,...,n}. Then, by Theorem 2.4.1, the sequences 1", . . ., 21"
represent n linearly independent square summable solutions of system (3,). We also
consider the Weyl solution X (1) defined by the matrix M = P.(A) + R+ (A) UR+(A), i.e.,

Xi(A) = P(A) (AI/I) = (25(1], e 25("]) for all k € [0, ).,

where U € U is such that rank R4 (A) UR4(A) = min{r(A), r(A)}, see Proposition 1.1.2. It
follows from Theorem 2.4.1 that 21, ..., 2" are also square summable solutions of (S,),
because by Corollary 2.3.11 the above matrix M belongs to the limiting disk D, (A). If we
put zV! ;= 20l and 2" := 2V for j € {1,...,n}, then

1 2n I [ ! y 0 1
) =00y )= 20y rovtnan)lo 1

for all k € [0, 00),. Since the rank of the middle matrix on the right-hand side above is

equal to m and the other two matrices are invertible, we obtain that rank (z}(”, o, z}f”]) =m

as well, from which the statement follows. []

Before we present a precise relationship between (1) and dim N(A) in Theorem 2.4.8
below, we proceed with some preliminary results. In the following theorem we establish
a connection between the value of r(1) and the asymptotic behavior of the eigenvalues
of the matrix }(A) as k — co. For a given A € C\R we denote by y' < --- < p}"
the eigenvalues of the positive semidefinite matrix JHy(A) arranged in the nondecreasing
order (suppressing the argument A).
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Theorem 2.4.6. Let « € T, A € C\R, and suppose that Hypothesis 2.3.7 holds. Then for
t e{l,...,n} wehave r(A) = € if and only if

O<k1imy;(”=:p”1<oo, 1<j<¢ and hmy”] o, (+1<j<n.

-1/2 -1/2
Moreover, the numbers (p[”) ! ooy (pm) / are the positive eigenvalues of R.(A).

Proof. Letk € [Ng + 1,0),, where Ny is from Hypothesis 2.3.7. Since Hy(A) is Hermitian,
there exists a unitary matrix Uy such that

Uy (A Uy = diag {u), ..., "}, (2.57)
From the definition of Ry(A) in (2.42) we have

U3 Ry Uy = diag {(1) . () 2), (2.58)

m\ 12 ()" 1/2 - . .
so that ([Jk ) PR (yk ) are all the eigenvalues of R(A). Since the set U of unitary

matrices is compact, there exists a subsequence {Uj, }] which converges as j — oo to
a unitary matrix Uy, see also Proposition 1.1.1. Hence, from (2.58) and (2.45) we get

UL R:(M) U, = diag{]li_)m (y}(”) 2 ,}Lw (y}(’”) 1/2}'

This implies that r(A) = ¢ if and only if the limits

lim /,t =pW, ..., lim y}f] =p and lim H[MI = lim y[”] 0,
. . ... -1/2 \—1/2 ...
where p, ..., p!! are finite and positive. Therefore (p“]) e, pm) are the positive
eigenvalues of R. (A1), while the remaining n — £ eigenvalues of R.(A) are zero. [

The following lemma will be utilized in the first part of the proof of the subsequent
Theorem 2.4.8, which is the main result of this section.

Lemma 2.4.7. Let « € ', A € C\R, g € {0,1,...,n}, and suppose that Hypothesis 2.3.7 holds.
System (8 ,) has exactly n + q linearly independent square summable solutions if and only if there
exists an n X q matrix Q with rank Q = g such that the columns of Z(A)Q belong to €2, and
Z(A)n € €% implies 1) € Ran Q.

Proof. Let us assume that system (8,) has n + g linearly independent square summable
solutions z!", ...,z By Theorem 2.4.1, these solutions can be ordered so that the first
n solutions z", ...,z correspond to the columns of the Weyl solution, which is defined
through the center P, (), i.e.,

X — I \_(m [n]
Xi(A) := Dr(M) (P+ ( A)) = (2, ..., 2") forallke [0,00),. (2.59)
Then there exists a constant 2n X g matrix K such that rank K = g and

(20, ..., Z") = @(V)K forallk € [0, ).
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If we write K = (K;, K3)* with n X g blocks Ky, K3, then we obtain for all k € [0, c0), that

I K I K
[ [r+gl) _ 1 1) =
(zk PR ) = Or(A) (P+(A) Kz) and rank (P+(/\) Kz) =n+gq, (2.60)
because ®(A) is invertible on [0, 0),. If we put Q := K, — P4 (1)K; € C™, then
In Kl In —Kl In 0
= ) 2.61
(zw\) Kz)(o Iq) (P+<A> Q) 26D

It now follows from (2.60) that rank Q = g4. In addition, from the first equality in (2.60),
(2.61), and (2.22) we get

s )y 8- 20n0)

which implies that the columns of Z(1)Q belong to {’\ZIJ. Hence (X(A), Zi(A) Q) consists
of n + q linearly independent square summable solutions. Finally, if we have Z(A)n € (2,
for some 1 € C", then by the previous part there exists £ = (&1, &) € C"*1 such that

ZiMn = (X Ze)Q) & 2 Ze) & + ZuM [PV & + Qéal.

Since ®(A) = (Zk(A), Zk(A)), the above equality can be written as

&1
®r() (P+(/\)51 +Qé& - 17) =0

from which we get &1 = 0and P,(A)&1 + Q& —n=0,ie,n = Q& € RanQ as required.

Conversely, assume that there exists a matrix Q € C"*7 with rank Q = g such that the
columns of Z(1)Q belong to {’?IJ and that n € Ran Q whenever Z(/\)n € f\zp. Let X(A) be as
in (2.59). Then the equality

Te(A) = (Xe(d) Zk(A)Q)ﬂ’k(A)(pffA) g)

implies that rank Tx(A) = n + g for all k € [0, 00),. This shows that system (S,) has at least
n + g linearly independent square summable solutions, namely these are the columns of
Tx(A). Let z € N(A) be arbitrary. We show that zj is a linear combination of the columns
of Ti(A), i.e., we prove that z; € Ran Ty (A) for all k € [0, 00),. Since the matrix

— = I 0
(%) Ze() = @e(1) (P+( " 1)
is also a fundamental matrix of system (8,), there exists C = (C;, C;)* € C?" such that

2= (Xk(h) Ze(D) C= XV Ta + ZeN) T forallk € [0, c0)..

This implies that Z(1) (, = z— X(A){; € N(A). Thus, by the current assumption, the vector
Cx» € RanQ, i.e., ( = Qu for some vector v € CY. It then follows that

2z = XD G+ Z()Qu = (X)) Z(D)Q) (%) € RanTy(A) forallk € [0, c0),.

Therefore, system (§,) has exactly n + g linearly independent square summable solutions.
|
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Now we can give an exact relation between the number of linearly independent square
summable solutions of system (§,) and the rank of the limiting matrix radius R4 (A) of the
limiting Weyl disk. The result below extends and makes more precise the statements in
Theorems 2.4.1 and 2.4.5.

Theorem 2.4.8. Let « € T and A € C\R be given, suppose that Hypothesis 2.3.7 holds, and
define r(A) by (2.56). Then system (S,) has exactly n+r(A) linearly independent square summable
solutions, i.e., dim N(A) = n+r(A). Furthermore, the number r(A) is independent of the coefficient
matrix a determining the initial boundary condition in (2.24).

Proof. Since dim N(A), i.e., the number of square summable solutions of system (S ), does
not depend on the choice of a, the number 7(A1) also does not depend on a. Similarly as
in [141,142], the proof is divided into two parts. In the first part we derive the estimate
dim N(A) < n + r(A), while the opposite inequality will be given in the second part of the
proof. We abbreviate r := r(A).

Assume that there exists a number g with r < g < n such that system ($,) has exactly
n + g square summable solutions. By Lemma 2.4.7, there exists a constant n X g matrix Q
with rank Q = g such that the columns of Z(1)Q belong to 05, 2 and n € Ran Q whenever
Z(A)n €y, 2 Using (2.57), for every k € [Ng + 1, 00), there is a umtary matrix Uy such that

He(A) = Uy diag !, ..., p"} ;. (2.62)

By Proposition 1.1.1, there exists a subsequence {kj}]f"’:1 such that kj; — o0 as j — oo
and LIk, — U,, where U, is unitary, see also the proof of Theorem 2.4.6. If we put

Ky :=U; Q= ( K", K[Z]*) € C™ with K[” € C™and K € C=1Xq then

K= (K“]*, Km*) = lim K, = U3 Q  with K" := lim K[11 and K" := lim K[2

]—)00 ]—)oo / ]—)oo ]

It can be easily seen that rank K = g, because U, is unitary and rank Q = gq. Moreover,
since g > r, it follows that rank K" < r and rank K > 1. Hence there exists & € C7 such
that K? & # 0, and then for z; := Zi(4) Q& on [0, ), we have z € €2 by Lemma 2.4.7. On
the other hand, from (2.37), (2.62), and the above definition of K we get

2 lim & Q' () Q¢

=15 —hmsQ(ZZ,H(A)\IJZJH(A))QCE STy 2

(2é2) 1

Tim(D] A lim £ Q" delag{y}:], : ,yZ’]]UZQcE

—1 * 33 7] * 313 r+ n
21 imOn] A< (K“] diag (s, .., | K" + KE" diag {usf ™, ..., "} K )5

By Theorem 2.4.6 (with £ = r) we know that the eigenvalues y;", ..., u;" have finite limits

as k — oo, denoted by p', ..., p, while the eigenvalues [,l[””,.. , y[”] tend to co. This

implies that
ol g 1] M gl £ — o* gt q; (1] 1) gl
jlgg?;’ Kk]_ dlag{yk, . ,yk}Kk_E_gKl d1ag{p1,__.,p }K1£<oo,

lim & K dia { el ["]} KPE = oo
]__mcf A AN kjcf ,
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because KI[(Z] & — K?E& £ 0as j — co. This shows that ||z[|3, = oo, which contradicts z € 2.
]

Thus, system (8,) has at most n + r linearly independent square summable solutions.
Conversely, we will show that dim N(A) > n +r by constructing n + r linearly indepen-
dent solutions of system (S ) from ¢ \21, By Theorem 2.4.1, we know that the columns of the
Weyl solution defined in (2.59) form n linearly independent square summable solutions of
(8)). Fork € [Nyg+1, ), let Uy € C"™" be a unitary matrix such that (2.57) and (2.62) hold.

We put Uy, = (LI,[:], U][f]) with full rank blocks UL! € C™" and U € C™(""), It follows that
the dimension of kernel of ll,[f]* is equal to r. Hence, if &, ..., EZ] is an orthonormal basis
for Ker LII[(Z]*, then the matrix Qy := (é;{”, ..., é;{’]) € C'™ satisfies

Q; Qr=1I and LI}[(Z]* Q= O(n—r)xr forallk e [Ny +1, 00)5, (2.63)
where 0(,_nx means the (n — r) X r zero matrix. By the aid of Proposition 1.1.1 again,
there exist a subsequence such that Uy, — U, and Qx;, — Q, € C™ for j — oo, where
the matrix U, = (LIE], LIE]) is unitary, Ul € C"™" and U € C™"=") and, by (2.63), the
matrix Q, satisfies Q1 Q, = I, rankQ, =r, and U[f]* Q, = 0p—n)xr- If we denote by e, for

1 < m < r the m-th unit vector in C” (similarly as in the proof of Theorem 2.4.1), then

2 (237) 1

1Z) Qs ey, lim €}, Q% (1) Q, en- (2.64)

2[im(A)] k—co
Fix now k € [Ny + 1, 00),. Then for every k; > k we have by the monotonicity of 3{(A) that

* * * * (262) X% * : n *

(263) , . : v *
=", QU dlag{y}:j],..., y;(j}ulklj] Qx, em- (2.65)

Upon taking j — oo in inequality (2.65) we get

€, Q% Hi(V) Qyem < €, Q3 U diag {pt, ..., p UL Qe =: T < o0, (2.66)
where p!", ..., p! are the finite limits of the eigenvalues p;",..., u" as j — oo, see Theo-
] ]

rem 2.4.6. Since the estimate in (2.66) holds for every k € [Ny + 1, o), it follows from
equality (2.64) that

) _ 5 ] . (2.66)
21im(A) x || Z() Q. e[, = lim ¢, Q3 3u()Qsem < T < co.

This shows that the columns of Z(1)Q, belong to ¢2. Consequently, system (S,) has at
least n + r linearly independent square summable solutions, which are generated by the
columns of the matrix

Yo = (Ze) Zku))(Pf(A) 05f)=d>km>(wa %) 2.67)

Since ®x(A) is invertible and rank Q, = 7, it follows that the matrix Y} in (2.67) has n + r
linearly independent columns. Hence, we proved that system (5,) has at least n + r
linearly independent square summable solutions, which completes the proof. [ ]

Combining the results of Theorems 2.4.6 and 2.4.8 we get the following supplement
of Theorem 2.4.8.
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Corollary 2.4.9. Let « € T', A € C\R, and suppose that Hypothesis 2.3.7 holds. Then

0<khm¢kﬂ=:p[ﬂ<oo, 1<j<rQA), and knmyg]=oo, rA)+1<j<n,

-1/2 -1/2 iy .
where the numbers (p[“) ooy (p[’“”) are the positive eigenvalues of R.(A).

Moreover, yet another simple corollary follows from Theorem 2.4.8 as a counterpart
of Theorem 2.4.3.

Corollary 2.4.10. Let « € T, A € C\R, and suppose that Hypothesis 2.3.7 holds. Then sys-
tem (8) is in the limit circle case if and only if the matrix Ry(A) is invertible, i.e., r(A) = n.

In the remaining part of this section we present some characterizations of the two
extreme cases (A1) = 0 (i.e., the limit point case) and r(A) = n (i.e., the limit circle case).
We will utilize the following strengthened Atkinson-type condition, which includes both
Hypotheses 2.3.7 and 2.3.13. An alternative terminology is that system (S,) is definite on
the discrete interval [0, o), see Section 6.2 for more details.

Hypothesis 2.4.11 (Strong Atkinson condition — infinite). There exists N3 € [0, o), such
that each nontrivial solution z(A) of system (S, ) satisfies inequality (2.25) with N = N3 for
every A € C\R.

The following three results represent direct generalizations of [A4, Theorems 4.13, 4.14
and Corollary 4.15] from the special linear dependence on A in (2.7) to the general linear
dependence on A. The proofs of the statements in Theorems 2.4.12 and 2.4.13 follow
exactly the same ideas as in the corresponding proofs in [A4] quoted above, which
are now considered for the general linear dependence on A. The details are therefore
omitted. Note that Theorem 2.4.12 requires the strengthened Atkinson-type condition in
Hypothesis 2.4.11, because it uses in its proof both the limiting Weyl disk D, (A) and the
My (M) functions for large k. On the other hand, in Theorem 2.4.13 we utilize the weaker
condition from Hypothesis 2.3.7, because its proof uses only the limiting Weyl disk D, (7).
Theorem 2.4.12. Let « € I, A,v € C\R, and suppose that Hypothesis 2.4.11 holds. If sys-
tems (S,) and (8,) are both in the limit point or limit circle case, then

klim X (A, a, M1 (A)d Xk (v, a, M+ (v)) = O, (2.68)

where X(A, a, M4 (1)) € C([0,00),)*™" and X(v,a, M+ (v)) € C([0,0),)*™" mean the Weyl
solutions of systems (S,) and (8,) defined as in (2.23) through the matrices M (A) and M.(v),
respectively, which are determined by the limit in (2.50).

Theorem 2.4.13. Let « € T', A € C\R, and suppose that Hypothesis 2.3.7 holds. Systems (S )
and (S3) are in the limit point case if and only if for every square summable solutions z(A) and
Z(A) of (8,) and (83), respectively, we have

Z(N)3%A) =0 forall k € [0, 0),. (2.69)

Corollary 2.4.14. Let « € T" and suppose that Hypothesis 2.4.11 holds. System (S,) is in the
limit point case for all A € C\R if and only if for every A,v € C\R and every square summable
solutions z(A) and Z(v) of systems (S,) and (8,), respectively, we have

lim 2(1)32(v) = 0. (2.70)

Proof. 1f system (8,) is in the limit point case for every A € C\R, then the square summable
solution z(A) must be a constant multiple of the Weyl solution X(A), by Theorem 2.4.1.
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Similarly, the square summable solution z(v) is a constant multiple of X(v). Identity (2.70)
then follows from Theorem 2.4.12. Conversely, let (2.70) be satisfied for every A,v € C\R
and every z(1) € N(A) and 2(v) € N(v). Fix A € C\R and put v := A. Then from
Lemma 2.1.5 we know that the value of z;(1)J Z1(A) is constant on k € [0, o0),. Hence the
limit in (2.70) implies that identity (2.69) is satisfied, and so system (§,) is in the limit
point case by Theorem 2.4.13. [ ]

From Theorems 2.4.12 and 2.1.7 we also get the following statement.

Corollary 2.4.15. Let « € T', A,v € C\R, and suppose that Hypothesis 2.4.11 holds. If sys-
tems (8,) and (8,) are both in the limit point or limit circle case, then

[0e]

(A=-v) Z X1 (A a, Mo (M) Wi X (v, a, M (v)) = ML (A) — M (v), (2.71)
k=0

where the Weyl solutions %(A, &, M4 (A)) € C([0, 00),)*™" and X (v, &, M+ (v)) € C([0, 00),)>"™>"
are the same as in Theorem 2.4.12.

Proof. By Theorem 2.1.7, we get that the left-hand side of (2.71) is equal to the difference

lim “X"Z.'.l (/\/ a, M+ (/\)) 3 xk+l(vl a, M+ (V)) - XB(A, a, M+(A)) 3 X()(V, a, M+ (V))

k— o0

While the limit above is zero by (2.68), the second term gives by the definition of the Weyl
solution in (2.23) the equality X{(A, &, M+(A))d Xo(v, a, M+ (v)) = M1 (v) — M (A). [

Remark 2.4.16. It can be shown under Hypothesis 2.3.7 that if {;, denotes the minimal
eigenvalue of the Hermitian matrix W for k € [0, o0), and if

Z Yy = oo, (2.72)
k=0

then system (§,) is in the limit point case. This fact follows in a similar way as in [154,
Theorem 5.1] by using Theorem 2.4.13. However, system (S,) is such that ¢, = 0 for all
k € [0, o), because the matrices W are singular, see Lemma 2.1.1 and the subsequent
paragraph. Therefore, condition (2.72) can never be fulfilled in the present theory.

We conclude this section by a generalization of one half of the classical Wey! alternative,
see e.g. [171, Theorem 8.27]. More precisely, we show that if system (§,) is in the limit
circle case for some Ag € C (i.e., dim N(Ag) = 2n), then it is in the limit circle case for every
A € C (i.e.,, dimN(A) = 2n). In other words, we derive the invariance of the limit circle case,
which provides a discrete analogue of the result established in [9, Theorem 9.11.2] for
system (2.5). However we emphasize that in contrast to the latter result we do not need to
impose any additional assumptions on the coefficient matrices of system (8 1) in the present
setting. Similar statements for the second order Sturm-Liouville difference equations and
linear Hamiltonian difference systems can be found, respectively, in [9, Theorem 5.6.1]
and [142, Theorem 5.5]. In addition, we skip the proof, because it follows immediately
from more a general result derived in Chapter 4, see Theorem 4.2.2 and Remark 4.2 4.

Theorem 2.4.17. If there exists Ay € C such that system (S,,) is in the limit circle case, then
system (S,) is in the limit circle case for every A € C.
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Remark 2.4.18. From the discussion concerning equations (2.8)—(2.10) in the introduction
of this chapter and from Theorem 2.4.17 we easily deduce the invariance of the limit circle
case (i.e., of the situation when all solutions are square summable with respect to the
weight W) for any even order vector-valued Sturm-Liouville difference equation, Jacobi
equation, and symmetric three term recurrence relation. Indeed, since the corresponding
system (S,) is such that Wy = diag{W,0,...,0} or ¥y = diag{W, 0}, we get immediately
the equality y; | (A) Wi yk+1(A) = z;(A) Uk 211 (A) for all k € [0, e0),. Therefore a solution
y(A) € C([0, 00),)" of equations (2.8) or (2.9) or (2.10) satisfies } 7, Vi M Wi Yrs1(A) < 00
if and only if the corresponding z(1) belongs to {3 with respect to the weight W specified
earlier, see also Remark 4.2.7.

As a direct consequence of Theorem 2.4.17 we obtain the following criterion for the
limit circle case. This result corresponds to [9, Theorem 5.8.1] and [134, Theorem 6.3] for
the second order Sturm-Liouville difference equations and linear Hamiltonian difference
systems. Again we skip the proof, because the statement follows from Corollary 4.2.3 and
Remark 4.2.4. We note that the matrix norm ||-||; used in (2.73) below can be replaced by
any other matrix norm because of their equivalence.

Corollary 2.4.19. Assume that
DSl < oo and Y Wl <. (2.73)
k=0 k=0

Then system (S ,) is in the limit circle case for all A € C.
Upon combining Theorem 2.4.17 and Corollary 2.4.10 we get the following result.

Corollary 2.4.20. Assume that Hypothesis 2.3.7 holds and that Ay € C is such that (S ,,) is in the
limit circle case. Then r(A) = n for all A € C\R.

Remark 2.4.21. Under the assumptions of Corollary 2.4.20 we can deduce that the value of
r(A) is constant and equal to n on C\R. This observation gives rise to two additional and
very natural questions. Are the values of (1) and 7(1) constant on some subsets of C in
general, especially on the upper and lower half-planes C.. and C_? And if 7(A) and r(A) are
constant on C; and C_, do they satisfy (1) = 7(1) on C\R? Of course, these questions can
be formulated also for the numbers dim N(A) and dim N(A). The first answer is positive
as discussed in Remark 6.4.15. The answer to the second question is positive in the limit
circle case under the assumptions stated in Corollary 2.4.20, as well as in the limit point
case under analogous assumptions as in Theorem 7.1.1 from Chapter 7. Moreover, if the
matrices 8 and Vj are real-valued for all k € [0, o0),, then it follows immediately that
z(A) € C([0, 0),)*" solves system (8,) if and only if m solves (87),i.e., zx(A) = zi(A) for all
k € [0, 0),. Thus, in that case we have dim N(A) = dim N(A), i.e., #(A) = r(A). However, in
other situations we conjecture that the answer can be negative similarly as it was shown
in the continuous time case by the example from [120], which was already mentioned
in Remark 2.4.4(i). More specifically, in the latter example the fourth order differential
equation with three and two linearly independent square integrable solutions in C, and
C_, respectively, was constructed.

In the scalar case (i.e., n = 1) the estimate in (2.55) implies that dimN(A) € {1,2}. In
this case we derive from Theorem 2.4.17 its limit point counterpart for A € C\R, i.e., the
second part of the Weyl alternative.

Corollary 2.4.22. Let n = 1 and assume that Hypothesis 2.3.7 holds. If there Ay € C such that
system (S,,) is in the limit point case, then system (S ,) is in the limit point case for any A € C\R.
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Proof. Let system (8,,) be in the limit point case and assume that there exists A; € C\R
such that system (8,,) is not in the limit point case. Then, by n = 1 and the estimate
in (2.55), we know that system ($,,) is in the limit circle case. But from Theorem 2.4.17
(applied with Ag = A1) we obtain that system (S ,) is in the limit circle case for every A € C,
which contradicts the original assumption that system (8,,) is in the limit point case. =

Upon combining Theorems 2.4.17 and 2.4.22 we get the scalar symplectic analogue of
the Weyl alternative for system (S,).

Corollary 2.4.23 (Weyl alternative). Let n = 1 and assume that Hypothesis 2.3.7 holds. Then
system (8, ) is either in the limit circle case for all A € C, or in the limit point case for all A € C\R.

Although in this section we have conducted a thorough analysis of the number of
linearly independent square summable solutions of system (S,), we gave absolutely no
information about dim N(A) if A € R (except for the limit circle case). Fortunately, a basic
estimate of this value is derived in Theorem 6.4.16 by using the theory of linear relations
developed in Chapter 6, see also Remark 6.4.15. Moreover, there exists an intimate
connection between the Weyl solution X (A1) with A € R and the so-called principal (or
recessive) solution of system (S,) in the nonoscillatory case. This connection represents
one of the goals of our current research and it will be new even in the continuous case, i.e.,
for system (2.5). Similar results were established for the second order Sturm-Liouville
differential, difference, and dynamic equations in [37] and [A23].

2.5 Illustrating examples

Now we present several examples which illustrate the results of this chapter. In the whole
section we focus on the special case of system (S,) with n = 1 and §; = § := I, which
can be considered as a discrete analogue of the so-called no potential case known in
the theory of Sturm-Liouville differential equations and linear Hamiltonian differential
systems. That is, we analyze the system

Azi(A) = AViz(A), k€ [0,00),, (2.74)
with two special choices of the matrices V € C([0, c0),)*? satisfying the assumptions
in (2.1). In each example we determine the centers and the radii of the Weyl disk and
of the limiting Weyl disk, as well as we give the corresponding limit point or limit circle
classification. We note that in the limit point case we denote by X (A1) the Weyl solution
defined as in (2.23) with M = P, (A).

Example 2.5.1. Let A € C\R and consider system (2.74) with the constant matrices

Vab  a _ (b ~ab
b -@)' “”‘”"(m ]

where a > 0 and b > 0 are given real numbers. This choice of V is naturally based on the
properties required in (2.1). Note that for ¥ > 0 we need only a > 0, but as we will see,
the crucial Hypothesis 2.3.7 is not satisfied when a = 0. The fundamental matrix ®;(A) of
system (2.74) with @ = (1, 0) has in this case the form

Ve=V= ( ) >0 forallke€[0,0),, (2.75)

1+ kAVab kM\a

_ k _
Pp(A) = (I +AV)" = ( —kAb 1 —kAVab

),keMmM (2.76)
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In view of (2.22), the two solutions Zx(A) and Zi(A) of system (2.74) are equal to the first
and second columns of the matrix ®x(A) in (2.76), respectively. The sum in (2.25) with
N = Nj is then equal to (Ng + 1)a, which shows that Hypothesis 2.3.7 is satisfied for any
Ny € [0, ), and only a > 0. From (2.36) we then get

Fe(A) = 2kblim(A)|,  G(A) = —i8(A) + 2k Vab]im(A)|, H(A) = 2kalim(A)],

which yields through (2.42) that the center and the radius of the Weyl disk Dy(A) for
k €[1,0); are

i 1
Pr(A) = =+b/a+ ——— and Ri(A) = ————.
2kaim(A) 2ka|im(A)]
By taking the limit as k — oo we can see that the center and the radius of the limiting
Weyl disk D,(A) are P (1) = —+/b/a and R, (1) = 0, that is, D,(A) = { - y/b/a}. This
shows that system (2.74) with Vj given in (2.75) is in the limit point case for any A € C\R.
The limiting behavior of the Weyl disks is demonstrated in Figure 2.1 below. The Weyl
solution X7 (1) = (1, - b/tz)T satisfies | X*(A)[ly = 0 and it is the only square summable
solution (up to a nonzero constant multiple). Note that 1Z(A)]ly = o0 and | Z(A) |y = o
for b > 0, while for b = 0 we have Z(A) = X (A).

Aim 2

rez
.

>

Figure 2.1: The Weyl disks Di(A) for k € {1,2, 4, 6,10}, their centers, and

P.(A) = -1 from Example 2.5.1 witha=b=2and A = 0.4 + 0.4i.
A

Although the choice of 2 = 0 was not possible in Example 2.5.1, we show that also in
this case the system from Example 2.5.1 is in the limit points case. This is done by using
a suitable transformation.

Example 2.5.2. Let A € C\R and consider the system from Example 2.5.1 with a = 0 and
b>0,ie.,

Zea (A) = $(A) ze(A), $(A):(_1Ab (1)) np:(g 8)20, k € [0, 00),. (2.77)

The dependence on A in system (2.77) is special as in (2.7) and, as we discussed in
Example 2.5.1, Hypothesis 2.3.7 isnot satisfied in this case. Therefore the theory developed
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in Section 2.3 cannot be applied, neither can be applied the results in [26] and [A4]. On
the other hand, by using the transformation

yi(A) := T 'z(A), where T:= (_ 1C/b _01)

is a constant symplectic matrix with c > 0, we obtain another symplectic system

Vet () = S 1), s“sm):(l e 1_)‘;’\@), ’\17:( i ‘?) ke 0,00,

where §()\) = T-1 S(A)T, see [20, Lemma 6]. Now, since b > 0 and ¢ > 0, the results in
Example 2.5.1 can be used for the above transformed system. In particular, system (2.77)
is in the limit point case for every A € C\R. Depending on the choice of the constant
¢ > 0 in the transformation matrix T, we obtain from the reversed transformation the two
linearly independent solutions Z;(A) = ( — \/c/_b, 1+ k/\\/ﬁ)T and Zi(A) = (-1, kAb)T
of system (2.77). For these solutions we easily calculate that || Z(A)[ly = 0 when ¢ = 0,
IZ(A)|ly = oo when ¢ > 0, and |Z(A)|l¢ = co. The corresponding Weyl solution is
X7 (A) = (0, 1)T, which obviously satisfies | X*(4)[ly = 0. A

Finally, we present a system of the form as in (2.74) with nonconstant Vi, which can
be either in the limit point case or in the limit circle case.

Example 2.5.3. Let A € C\R and v € C([0,>),) be a given sequence such that vy = 0,
Avg > 0 for all k € [0,0),, and vy > 0 for some index £ € [1,0),. Define the matrix

Vi = (8 Aé’k) for all k € [0, o), and consider the system

Zke1(A) = Sp(AV) 2 (L),  Br(A) = ((1) A?Uk), Yy = (8 onk) >0, ke[0,00),. (2.78)

The fundamental matrix of system (2.78) with @ = (1,0) is equal to

@k(A):((l) Alvk), ie., Zk(A)E((l)), Zk(/\):(/\lvk), k € [0, c0),. (2.79)

This implies that Hypothesis 2.3.7 is satisfied for any Ny € [ — 1,0),, since the sum
in (2.25) with N = £ — 1 is equal to vy > 0. From (2.36) we get Fx(A) = 0, k(1) = —i5(A),
and H(A) = 2v;|im(A)|. The assumptions imply that H;(A) > 0 for all k € [£, 00);, so that
the center and the radius of the Weyl disk Dy (A) are well defined and equal to

i 1
Pi(A) = ————— and Ry(A) = ———— forallk € [{, ).
€ = 2o imn KA) 2o [ im()] I, 20)e

If we put Voo := limy_, Uk = SUPje[0,00), {v}, then v, > 0and the center and the radius of the
limiting Weyl disk D, (1) are equal to P (A) = i/[20e im(A)] and R4 (A) = 1/4/20c [im(A)].
From this one can easily conclude that system (2.78) is in the limit point case if and only
if 0o = o0, while it is in the limit circle case if and only if v, < co. In the latter case,
the linearly independent solutions Z(A) and Z(A) are square summable with || Z(A)|ly =0
and [|Z(A)|ly = V7. In addition, the Weyl solution X(A) defined by (2.23) through the
fundamental matrix ®(A) from (2.79) and M = m € C is also square summable with the
corresponding semi-norm || X(A)llg = VU M| < 0. The behavior of the Weyl disks is
demonstrated in Figure 2.2 below.
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Figure 2.2: The Weyl disks Dy(A) for k € {1,2, 3}, their centers, and the
disk D4 () with P,(A) = 5i/2 and R(A) = V5/2 from Example 2.5.3
withoy =1-2%and A = 0.4 + 0.4i.

The results of the previous example are summarized in the following statement.
Corollary 2.54.Let n = 1, A € C\R, v € C([0,),) be such that vy = 0, Avy > 0 for
all k € [0,00),, v¢ > 0 for some index € € [1,00),, and define Voo := limy_,c Vk. If we put
Vi = (8 Ag’k )for all k € [0, 00),, then the following holds.

(i) System (2.74) is in the limit point case if and only if Ve = co. In this case, P.(A) = 0,
R4(A) = 0, and the Weyl solution X, (1) = (1, 0)" is the only (up to a nonzero constant
multiple) square summable solution of system (2.74).

(ii) System (2.74) is in the limit circle case if and only if Ve < co. In this case we have
P.(A) =i/[2000 im(A)] and Ry (A) = 1/4/2000 | im(A)|. The solutions Z,(A) = (1, 0)" and
Zr(A) = (Ao, )T are linearly independent with || Z(A)|ly = 0 and 1ZM) g = Voo

We note that one direction in part (ii) of Corollary 2.5.4 also follows from Corol-
lary 2.4.19, because in this case we have },;7 I8 — Il = 0 and },;7 [ Wkll; = V0 < 0.

2.6 Bibliographical notes

The results of this chapter (including the direct proofs of Theorem 2.4.17 and Corol-
lary 2.4.19) were published in [A15]. Moreover, their generalization to symplectic sys-
tems on time scales was established in [A16]. In our future research we aim to construct
a particular example of system (S,) mentioned in Remarks 2.4.4(i) and 2.4.21, i.e., such
that dim N(A) # dim N(A).
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Perhaps the most surprising thing about mathematics is that it is so
surprising. The rules which we make up at the beginning seem ordi-
nary and inevitable, but it is impossible to foresee their consequences.
These have only been found out by long study, extending over many
centuries. Much of our knowledge is due to a comparatively few great
mathematicians such as Newton, Euler, Gauss, Cauchy, or Riemann;
few careers can have been more satisfying than theirs. They have con-
tributed something to human thought even more lasting than great
literature, since it is independent of language.

EpwarD CHARLES TITCHMARSH, SEE [1, PG. 12]

|
Chapter

]OINTLY VARYING ENDPOINTS

In the previous chapter we started with the eigenvalue problem given in (2.24), which
includes the separated boundary conditions. Then, by using the fundamental matrix ®(A)
determined in (2.21), we developed the theory of Weyl disks and square summable solu-
tions for system (S,). These results were achieved under the weak Atkinson condition, see
Hypothesis 2.3.7, instead of the traditional strong Atkinson condition, see Hypothesis 2.4.11
and [A4], [26,142,154]. This is crucial and absolutely essential in the context of the results
established in this chapter, where we will extend the results of Chapter 2 to problems
with general jointly varying endpoints

20 | _ — 2nx4n * =d 0\ ._
)/(ZN+1)—O, yer.—{yeC lyy —I,)/( 0 3))/ —O}. (3.1)
The boundary conditions in (3.1) include, among others, the periodic endpoints zp = zn+1
or the antiperiodic endpoints zgp = —zy41, which could not be treated by the previous
case in (2.24), see the discussion following (2.24). The method we use is based on the
augmentation of system (§,) into double dimension, which leads to a problem with
separated endpoints having the original boundary conditions from (3.1) as one of its
constraints. This technique is known in the literature in principle (cf. [17,87,88,92,112,
153]), but the transformation to separated endpoints presented in this chapter is much
simpler. At the same time, the transformed symplectic system no longer satisfies the
corresponding strong Atkinson condition, but only its weak form. Thus, the derivation
of the Weyl-Titchmarsh theory in Chapter 2 under the weak Atkinson condition is truly
crucial for its further extension to jointly varying endpoints.

For this general situation, we give a characterization of eigenvalues of the eigenvalue
problem determined by system (§,) together with the boundary conditions in (3.1), we
construct the Weyl disks, their centers and matrix radii, and also focus on properties
of square summable solutions. More precisely, we give an exact connection between
the limit point or limit circle classification of the original system (in dimension 21) and
the augmented system (in dimension 4n). This connection reveals an interesting fact,
namely that the limiting matrix radius of the augmented system has its rank at least
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n (see Theorem 3.1.11), and so it is never zero in the limit point case as one would
expect from Theorem 2.4.3. The results of this chapter (see Theorem 3.1.2) also imply the
existence of multiple eigenvalues for scalar symplectic eigenvalue problems with jointly
varying endpoints. This is known e.g. for the second order discrete Sturm-Liouville
problems with periodic endpoints in [105, Example 7.6] or [170, Theorem 2.2] and here we
extend it to discrete symplectic systems. The transformation of jointly varying endpoints
into separated endpoints will also find applications in the continuous time problems or
time scales problems, see e.g. [153]. Finally, we remark that the results shown in this
chapter were established as new even for special discrete symplectic systems, such as
those with (2.7), the Jacobi equations and symmetric three term recurrence relations, i.e.,
equations (2.9) and (2.10), and also for linear Hamiltonian difference systems.

3.1 Weyl-Titchmarsh theory for jointly varying endpoints

Throughout this chapter we use the same notation as in Chapter 2, see Notation 2.1.2.
Moreover, we emphasize the augmentation by the bold notation. For a given y € [ and
N € [0, ), we consider the eigenvalue problem

8., kelO,Nl,, AeC, (3.1). (3.2)

The eigenvalues of (3.2) are defined as for (2.24). That is, a number A € C is an eigenvalue
of problem (3.2) if, for this particular value A, system ($,) has a nontrivial solution
z(A) € C([0,N + 1],)*" satisfying the boundary conditions in (3.1). In this case, z(A)
is called an eigenfunction for A and the dimension of such eigenfunctions for A is its
geometric multiplicity. As one of the main assumptions we suppose that system (§,)
satisfies the strong Atkinson condition on a finite or infinite interval, see Hypothesis 3.1.1
below and Hypothesis 2.4.11, respectively.

Hypothesis 3.1.1 (Strong Atkinson condition —finite). The inequality in (2.25) is satisfied
for every nontrivial solution z(A) € C([0, N + 1],)*" of system (§,) on the discrete interval
[0,N]; and every A € C\R.

The results of this chapter will be formulated with the aid of a particular fundamental
matrix ®(A) of system (8,) starting with the initial value ®o(A) = -7, which corresponds
to the fundamental matrix ®(A) specified in (2.21) with the choice a = (0, I), i.e.,

Dpa(A) = (S + AV D), ke [0,00),, Po(A)=—g, AeC. (3.3)

Our first result describes the orthogonality of the eigenfunctions and the multiplicity of
the eigenvalues of problem (3.2). It generalizes Theorem 2.2.3 to jointly varying endpoints,
compare also with [19, Theorem 2.2]. The proofs mostly follow by direct calculations in
asimilar way as the corresponding results in Chapter 2. For completeness and comparison
we provide alternative proofs based on the transformation in Section 3.3.

Theorem 3.1.2. Let y € [ be given. Then the following statements hold.
(i) A number A € C is an eigenvalue of problem (3.2) if and only if the matrix

L(A) =y ( ¢N:13( A)) (3.4)

is singular. In this case, the eigenfunctions corresponding to the eigenvalue A have the
form z(A) = ®(A)d on [0, N + 1], with a nonzero d € Ker L(A). Moreover, the geometric
multiplicity of A is equal to its algebraic multiplicity, i.e., to the value of dim Ker L(A).
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(ii) Under Hypothesis 3.1.1, the eigenvalues of problem (3.2) are real and the eigenfunctions
corresponding to different eigenvalues are orthogonal with respect to the semi-inner product
(-, ) w N defined in (2.26).

Proof. The statement follows from Theorem 3.3.5 with (3.29) and Corollary 3.3.3. [

By Theorem 3.1.2, the multiplicities of the eigenvalues of problem (3.2) are at most 2,
compared to the separated endpoints case in Theorem 2.2.3 in which the multiplicities
of the eigenvalues are at most n. It implies that in the scalar case (i.e., for n = 1) there
may exist multiple eigenvalues of problem (3.2). This phenomenon was observed in [105,
Example 7.6] and later justified in [170, Theorem 2.2] for the periodic discrete Sturm-
Liouville eigenvalue problem, see also Example 3.2.4.

Remark 3.1.3. When system (S ) has the special structure shown in (2.7), it can be deduced
from [152, Corollary 4.6] that the total number of eigenvalues of (3.2) is equal to the
dimension of the space of admissible functions for the associated discrete quadratic
functional. In some even more special cases, such as for the second order Sturm-Liouville
difference equations with periodic or antiperiodic endpoints, this exact number of the
eigenvalues of problem (3.2) is derived in [170, Theorem 4.2] or [145, Theorem 4.1]. The
result in [152, Corollary 4.6] is based on the Rayleigh principle for system (8,) with the
boundary condition from (3.1), compare also with [153, Theorem 3.2], and on the fact that
the space of admissible functions is independent of A, which follows from the special
structure in (2.7). As the Rayleigh principle for eigenvalue problems (3.2) is not known
and the space of admissible functions is in this case not constant in A, the question about
the total number of eigenvalues of problem (3.2) remains open for the general linear
dependence on A. On the other hand, the oscillation theorem for discrete symplectic
eigenvalue problems with jointly varying endpoints in [148, Theorem 6.13] yields that the
total number of the eigenvalues of problem (3.2) is less or equal to (N + 3)n.

Next we define the Weyl-Titchmarsh M(A)-function for problem (3.2), compare with
identity (2.27). For k € [0,N + 1], and A € C we set

-1

M0 =7 ()| 7 o) &)

whenever the inverse above exists. In particular, we can see from Theorem 3.1.2 that
M (A) is well defined for every A € C\R and k = N +1, when Hypothesis 3.1.1 holds. The
following statement generalizes Lemma 2.2.5 to jointly varying endpoints.

Theorem 3.1.4.Let y € [, A € C, and k € [0, 0),. If Mi(A) and My(A) exist, then we have
M (A) = My (A). Moreover, M(-) is an analytic function in its argument A.

Proof. This result follows from (3.36) and (3.33) via Lemma 2.2.5. [

For any M € C?™2" we define the Weyl-solution X(A) of (S,) with values in C*™*2" by

_1(a -3\(3
Xp(A) := \/E((Dk(/\) d)k(/\))(M)' (3.6)

It then follows, compare with Remark 2.2.6(i), that y Xi(A) = 0 if and only if the matrix M
equals to Mj(A) defined in (3.5).

—43-



Chapter 3. Jointly varying endpoints

One of the central concepts of this chapter is the &(M)-function with values in C2<2",
through which we later on define the Weyl disks. For M € C2"2" we put

£4(M) 1= i6() X; () (‘03 2) () = (1@) (?:((j)) fc’;‘(ﬁ))) (ﬂ) (37)
3G = LOOUNIBMN -3, G = I +ioDI.  (38)

From (iJ)" = iJ one can easily see that (M), Hy(A), and Gx(A) are Hermitian matrices.
Moreover, we have Hy(A) = 0 and the Lagrange identity in Theorem 2.1.7 implies the
following crucial equalities

k-1
Ex(M) = =25(A) im(M) + [im(A)| (M = 3) | Y ¥, (1) d)m(A)] M+3), (39
j=0
k-1
H(A) = [im(A)] Y @55 (1) W ®141(A), (3.10)
=0

compare with (2.32), (2.36), (2.33), and (2.37), respectively. Since ®(A) represents a funda-
mental matrix of system (§,), equality (3.10) justifies the following result.

Theorem 3.1.5. If Hypothesis 2.4.11 holds, then the matrix 3 (A) is positive definite for every
A € C\R and k € [N3 +1,00)z. In addition, for such k we have (suppressing the arqument A)

EM) = —3(H - GeIG1G) + (M - 3G 3G1) 9G(M + 361Ged).  (3.11)

Proof. The invertibility of Hy(A) for all k € [N3 + 1, 00)7 follows from (3.10) and Hypothe-
sis 2.4.11. Moreover, identity (3.11) is a consequence of (3.37) and (3.39). [ |

For any A € C\R we now define the Weyl! disk Di(A) and the Wey! circle Cx(A) as
Di(A) = {M e C* " | £,(M) <0} and Cy(A) := {M € C*2" | E(M) = 0},

compare with Definition 2.3.1. The following result provides some properties of the
elements in Di(A) and Ci(A). It is a generalization of Theorems 2.3.2 and 2.3.3 to jointly
varying endpoints.

Theorem 3.1.6. Let A € C\R, k € [0, 0),, and M € C*™2", Then the following hold.

(i) The matrix M € Cy(A) if and only if there exists y € I such that y Xy(A) = 0. In this case,
we have with such a matrix y that M = My(A), whenever the matrix My(A) exists.

(ii) The matrix M satisfies Ex(M) < 0 if and only if there exists y € C*4" such that
1'6(/\))/(_0H g)y* > 0 and yXi(A) = 0. In this case, we have with such a matrix y
that M = My(A), whenever the matrix My (A) exists, and y can be chosen so that yy* = I.

(iii) We have Ex(=7) = =206(A)iJ, i.e., —J & Dy(A).

Proof. Statements (i) and (ii) follow by Theorems 2.3.2 and 2.3.3 from the facts that the
sets Dy(A) and Ci(A) coincide respectively with the Weyl disk and Weyl circle in (3.38).
Statement (iii) is verified by direct calculation from (3.7), because the matrix i J is indefinite.

|
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3.1. Weyl-Titchmarsh theory for jointly varying endpoints

The center Pr(A) and the matrix radius Ri(A) of the Weyl disk Dy(A) are defined as the
2n X 2n matrices

Pi(A) = =3 (D) G(N) T = -F + i)' (A) and  Ri(A) = (1), (3.12)

whenever H;(A) is invertible, i.e., whenever H;(A) > 0, compare with (2.42). Note that
from (3.8) and (1.5) we get the series expansion

PeN) = -3+23 ) [~ 9;()d0(N)3],  when sprad #;(1)J®(1)d < 1.
=0

The following theorem provides the most important geometric properties of the Weyl
disks, including their nested property, closedness, and convexity. It is a generalization of
Theorems 2.3.6 and 2.3.8 to the case of jointly varying endpoints. Hence we denote by U
and V the sets of all unitary and contractive 2n X 2n complex matrices, respectively, i.e.,

U:={UeC™> | U'U=1 and V:={VeC" | V'V<I. (3.13)

Theorem 3.1.7. Let A € C\R. Then Di(A) € Dj(A) for every k,j € [0,00); with k > j. In
addition, under Hypothesis 2.4.11 we have for every k € [N3 + 1, 00)7 the representations

Di(A) = {P(A) + Re( W) VR(A) | V €V},
Ci(A) = {Pr(A) + Re()UR(D) | U € U).
Consequently, the Weyl disks Dy(A) are closed and convex for every k € [N3 +1,00)7.
Proof. The result follows from (3.40), (3.41), and (3.42) combined with Corollary 3.3.4. =
The latter theorem implies that the intersection of all Weyl disks Dy(A) over the discrete

interval [N3 + 1, o)z is a nonempty, closed, and convex set. This yields that the limiting
Weyl disk has the form

D,(A) = ﬂke[N3+1,oo)ZDk(A) = {P+(/\) +Ri(A)VRL(A) |V € \/},
where P, (1) and R4 (A) are the 2n X 2n matrices defined by
P.(A):= klim Pi(A), Ri(A) = klim Ri(A) > 0. (3.14)
They are called the center and the matrix radius of the limiting Weyl disk D (1), compare

with Definition 2.3.10. Note that the convergence of Pi(A) and Ri(A) can be seen from
their definitions given in (3.12) and equality (3.10).

Remark 3.1.8. If H('"V(1) denotes the limit of f}C;l (A) ask — oo, which exists by (3.10), then
the formulas in (3.14) for the center and matrix radius of the limiting Weyl disk reduce to

() = - +i6)IE ), R =[er@)] (315)

The next result is a generalization of Corollary 2.3.12 to jointly varying endpoints.
Note that as in Theorem 3.1.6(iii) we have —J ¢ D (A).
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Chapter 3. Jointly varying endpoints

Theorem 3.1.9. Let A € C\R, M € C*™?", and suppose that Hypothesis 2.4.11 holds. Then M
belongs to the limiting Weyl disk D (A) if and only if

2 im(M)
im(A)

(M=)

Z b (A) Wi ¢k+1(/\)] (M+3) <

k=0

Proof. This statement follows from (3.9), or alternatively by Corollary 2.3.12 from (3.43)
and the definition of the Weyl solution in (3.36) and (3.33). [

Remark 3.1.10. The limiting Weyl circle C+(A) can be introduced as the boundary of the
limiting Weyl disk D,(A). Then M € C.(A) if and only if any of the following two
equivalent conditions hold, compare with Remark 2.3.17(ii),

2 im(M)
im(A)

(M- 7) M+7) =

Y 0 (A) Wb (A)
k=0

. . -J 0
gﬂlxiow(o ny“A)zo'

Finally, let us discuss some properties of square summable solutions of system (§,).
The following result is quite surprising in the sense that one would expect to have
R, (A) = 0in the limit point case, see Theorem 2.4.3. To the contrary, due to the augmented
structure of the matrix R (1), which has dimension 2n, it is the rank of R (1) alone which
determines the number of linearly independent square summable solutions of system (S ),
compare with Theorem 2.4.8. In the result below we show that rank R, (A1) > n, so that the
equality rank R, (A) = n must necessarily hold in the limit point case. This fact is stated
in Corollary 3.1.12 below and also illustrated in Example 3.2.6.

Theorem 3.1.11. Let A € C\R and suppose that Hypothesis 2.4.11 holds. Then system (S,) has
exactly rank R (A) linearly independent square summable solutions, i.e.,

n < dimN(A) = rank R4 (A) < 2n. (3.16)
Proof. The statement in (3.16) is proven in Theorem 3.3.6 and (3.44). [ ]

The meaning of Theorem 3.1.11 can be explained also directly from (3.10) and Re-
mark 3.1.8. In particular, by (3.15), the rank of R4 (A) is equal to the number of positive
eigenvalues of the matrix V(1) from Remark 3.1.8 and this number is the same as
the number of the eigenvalues of JHy(A), which tend to a finite limit as k — co. Con-
sequently, equality (3.10) shows that it is equal to the number of linearly independent
square summable solutions of system (S,).

Corollary 3.1.12. Let A € C\R and suppose that Hypothesis 2.4.11 holds. Then system (S,) is
in the limit point case if and only if rank R (A) = n, while (S,) is in the limit circle case if and
only if rank R (1) = 2n.

3.2 Examples
Now we examine several examples which illustrate the theory presented in the previous
section. In particular, we consider the periodic and antiperiodic boundary conditions as

in [153, Remark 6.17] and the corresponding M(A)-function.
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Example 3.2.1. For the periodic endpoints zg = zn4+1 we take y = % (d,-3J) € I'. In this
case, the matrix in (3.4) is
L) = L 3[0ona() + 3]

Then, by Theorem 3.1.2, a number A € C is an eigenvalue of problem (3.2) if and only if
the matrix ®n.1(A) +J is singular, and the number dim Ker[®n.1(A) +J] is its multiplicity.
Moreover, the M(A)-function in (3.5) reduces to

M (A) = —[Dk(A) + 317 [Pr(A) — 1. (3.17)

A
Example 3.2.2. For the antiperiodic endpoints zp = —zn41 we take y = %(3, JHel. In
this case we have

L) = 53[n: (1) - 7]

and, by Theorem 3.1.2, a number A € C is an eigenvalue of problem (3.2) if and only if
the matrix ®n1(A) — J is singular. The multiplicity of A is then dim Ker [®p41(A) — J]. In
addition, the M(A)-function in (3.5) now has the form

M) = —[@(A) - 317 [@(A) + 313. (3.18)

A

The M(A)-functions MZ’](/\) and M;:”](/\) from (3.17) and (3.18) for the periodic and
antiperiodic endpoints are closely related, as we show in the next interesting statement.
Let A, be the set of all eigenvalues of the periodic problem (3.2) with y = y, from
Example 3.2.1. Similarly, let A, be the set of all eigenvalues of the antiperiodic problem
(3.2) with y = y4, from Example 3.2.2. Then by Theorem 3.1.2(ii) we have A, U Az € R
under Hypothesis 3.1.1.

Corollary 3.2.3. Let k € [0, N + 1], and A € C be fixed. The matrices MZ’](/\) and ME:” I(A) given
in (3.17) and (3.18) satisfy the following conditions.
(i) If ®x(A) + J is invertible, then rank M}f](/\) = rank[®x(A) = J]. In particular, this equality
holds at k = N + 1 for every A ¢ Ap.

(ii) If ®x(A)—3J is invertible, then rankMg" (1) = rank[®(A) + ). In particular, this equality
holds at k = N + 1 for every A & Agp.

(iii) If ®x(A) + J and ®k(A) — g are invertible, then MZ’](/\) and MZ” Y(A) are also invertible and
satisfy the equalities

[MV'(2) 3]_1 =M (1) and detM;(A)x detM;"(A) = 1.

In particular, these equalities hold at k = N + 1 for every A & Ap U Agp.

As an addendum to Corollary 3.2.3 we derive the series representations for MZ’](/\) and

M;:’” (). If we expand the inverses in (3.17) and (3.18) by (1.5), then under the condition
sprad ®x(A)d < 1 we obtain

M;;’I(A):za(i[%m)a]")—a and M}:“m):za( y [—cbk(ma]f)—a.
j=0 j=0
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Now, we illustrate our results on the scalar symplectic system

4mmzthlf04m with %Ew:G &, (3.19)

ie., 8 = ((1) %) and V; = (_(1) 9 ) This system corresponds to the second order Sturm-—
Liouville difference equation (2.8) withm =n =1, Pk[” =W, =1,and Pk[oI =0,1ie,

= A(pr AYx) + Gk Yre1 = AWiYke1, where pp=wp =1, g = 0. (3.20)

System (3.19) satisfies the strong Atkinson condition in Hypothesis 3.1.1 or 2.4.11 with
N3 =1, as can be easily verified.

Example 3.2.4. Let us consider the scalar eigenvalue problem with periodic endpoints
(3.19), ke€[0,3]z, zo=2z4, (3.21)

i.e., we look for the solutions of system (3.19) with period 4. This problem corresponds
to the periodic Sturm-Liouville eigenvalue problem (3.20) with k € [0,3], and yo = y4,
Ayg = Ays, which was studied in [105, Example 7.6]. It was shown in the latter reference
that A = 2 is a double eigenvalue of problem (3.21) by finding two linearly independent
eigenfunctions. The results in Theorem 3.1.2 and Example 3.2.1 confirm this conclusion.
The fundamental matrix ®(A) from (3.3) now satisfies

A+2 0 A-1
(1) = (/\2 “3A+1 —A2+ ZA)’ (3.22)
462104 +4  A3-5A2+61-1
®4(A) = ()\4 ST +15A2 100 +1 —A* + 643 —100% + 4/\)' (3.23)

This yields that det[®4(A) + J] = —A(A —4)(A - 2)2. Thus, by Theorem 3.1.2 and Exam-
ple3.2.1, A = 2 is indeed a double eigenvalue of problem (3.21), and the columns of ®(2)
are the two linearly independent eigenfunctions. Note that it holds ®4(2) = =g = ®(2).
The other eigenvalues of problem (3.21) are A = 0 with the eigenfunction ®(0)(0, 1) and
A = 4 with the eigenfunction ¢(4)(2, 1)7. A
Example 3.2.5. Let us consider again system (3.19), but now only on the interval [0,2],
and with the antiperiodic boundary conditions zg = —z>. From equality (3.22) we see that
det[®2(A) — J] = (A — 2)%. Hence, by Theorem 3.1.2 and Example 3.2.2, A = 2 is a double
eigenvalue of this problem with the columns of ®(2) as the two linearly independent
eigenfunctions. Note that it holds ®(2) = J = —®¢(2). This problem then does not have
any other eigenvalues. A

In the last example we calculate the rank of the limiting radius R (A) and compare it
with the corresponding number of linearly independent square summable solutions.
Example 3.2.6. We examine system (3.19) on the discrete interval [0, o), with a particular
choice of 1y € C\R. We show that system (3.19) with A = Ay is in the limit point case, so
that by Corollary 2.4.22 it is in the limit point case for every A € C\R. Let Ay = 2 + 2i V3,
i.e., system (3.19) reduces to the second order difference equation yj, + 2i V3 Yer1 + =0
on [0, 00),. The roots of the corresponding characteristic polynomial are v, := (£2 — \/3) i
so that the fundamental matrix ®(A) of system (3.19) satisfying (3.3) has the form

vk vk -1 -2- \/§+i)

WMFQ%J4)ﬂMEJﬂ mmeT:ﬂi_Q+ﬁ_i (3.24)

—48—



3.3. Augmented symplectic system

By (3.10), we obtain with p. = v, |2 =7 ¥ 4+/3 that

2j+2 = i+1 i+1 i+1
Hi(Ao) = 2V3 T Z( a2 (ev) )T 2V3T Z((’”)] =1y )T

T ]+1 |v_|2]+2 ( 1]+1 (/J )]+1

Since each entry of Hj(Ap) represents a geometric series, it can be evaluated explicitly as

(u) [1 = () 1/ = ps) [(-1)F - 11/2 )T
(-1 -11/2 ()1 = () /(A = o))

Therefore, the matrix JHy(Ap) is indeed invertible (and positive definite) on the discrete
interval [N3 + 1, 00), = [2, 00), and, by Remark 3.1.8, we have

4 2+ V3-i
2+V3+i 2+ 13

4i 2+ \/5)1')
2+ V3)i (2+ V3)i)’

The matrix R, (Ag) can also be calculated explicitly by (3.15), but it is not really important.
We can find the eigenvalues of R, (A¢) as the nonnegative square roots of the eigenvalues
of HM™(Ap). Namely, since the eigenvalues of the matrix H"Y(A¢) are 0 and 6 + V3, we
obtain rank R4 (Ag) = 1 and system (3.19) is in the limit point case, by Corollary 3.1.12.
The square summable solution of (3.19) is then given as the second component of the
columns of the Weyl solution X, (Ag) from (3.6) with M = P,(Ag). That is, the columns
of the matrix ®(Ag) x H"(Ao) are square summable. But since "V (A¢) is singular, it
follows that the square summable solutions of (3.19) are generated by exactly one column
of the matrix ®(10) X H"V(Ag). On the other hand, since |v..| < 1, one can identify the first
column of ®(Ag) x T~! in (3.24) as the square summable solution of (3.19). A

FH(Ao) = 2V3 T(

HY(Ao) = lim H, (o) = (

P.(Ag) = = +iHI™(Ag) = (

3.3 Augmented symplectic system

We will show that problem (3.2) is equivalent to a certain eigenvalue problem in dimension
4n with separated endpoints. At first, let us define the 4n X 4n matrices

I 0 0 0 0 O
Sk = (0 Sk)’ Vk C (0 Vk), lIIk O (0 \pk) > 0/ (325)

J -J (-3 O (0 7
®y(M) = (cbk()\) %(A)) 3._(0 3), fK.—(g o)' (3.26)

where ®(A) is the fundamental matrix of system (S,) specified in (3.3). Then one can
easily verify that J* = -J = J 1K =-K=%"1, and

8,38 =3, 8.3Vy isHermitian, V. JV;=0, W =3V J8 J.
With this setting, we introduce the augmented symplectic system
zk+1(A) = (8 + AVi) z(A). (Sa)
It follows that ®(A) is a fundamental matrix of system (8,), because
(I 0 . n _a1(d -3 _
P (A) = (0 d)k(/\)H) Q with Q:=®y(A) = - (_3 _3) and detQ =1,
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Moreover, by analogy with Lemma 2.1.6 we obtain on [0, ), the identities
P (NI PN) =K, QDK ®(N) =3, and @A) Po(A) = L.

Note that the latter equality means that the matrix ®((A) is unitary. The double size of
system (8,) implies that we consider all vector solutions z(A) of system (8,) in dimension
4n and matrix-valued solutions Z(A) of system (S,) in dimension 4n X 2n. It then follows
that they have the form
d D E
zk(/\) - (Zk(A)) and Zk(/\) - (ZE](A) Z;{Z](/\))' (3-27)

where d € C" and D, E € C*™" are constant, while the sequences z(1) € C([0, ),)*" and
ZW(A), Z2(A) € C([0, 00),)?™" solve system (S,). It turns out that the main properties of
system (8,) and its solutions, such as those in Section 2.1 or [A4, Section 2], are preserved
for the augmented system (8,). In particular, the coefficients of system (S,) satisfy the
following identities

S+ AV IS +AV) =3, S+ AV =-3(8; + AV,

and we have also the Lagrange identity for two 4n X m matrix solutions of systems (8,)
and (8,),i.e., forall A,v € C and k € [0, o), it holds

k
Z; (NI Zj1(v) = ZH(AN) I Zo(v) + (A —v) Z Z (MY Zja(v). (3.28)
=0

Given y € T from (3.1), we define the 2n X 4n matrices o, € T :=T by

= % (—I I) and p:=vy. (3.29)

Since vector solutions of system (S,) can be written as in (3.27), the choice of a in (3.29)
implies that the solutions of (8,) satisfying azp(A) = 0 have necessarily the form

zk(A) = ('2&;) (3.30)

where z(1) € C(]0, 0),)*"* solves system (8,). Conversely, every solution z(A) of sys-
tem (8, ) yields through formula (3.30) a solution z(A) of system (8,) such that azy(A) = 0.
Therefore, the original eigenvalue problem (3.2) is equivalent to the augmented eigen-
value problem with separated endpoints

(81), ke€[O,N];,, A€eC, azp=0, Pzns1=0. (3.31)

In addition, the form of ¥ in (3.25) implies that the semi-norm of any augmented solution
z(A) is the same as the semi-norm of the corresponding solution z(A), because

. = " - - . zZ - Z
Zio1 Wi Zin = Zypg YiZkr1 = (z, Z)wN with z = (Zi)/ 2k = (22) (3.32)

0 k=0

N
(z,2)ynN =

N
k =
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In order to apply the theory from Sections 2.2 and 2.3, we need to find the fundamental
matrix ®(A) of the augmented system (S,) such that ®o(1) = (a*, —Ja*), see (2.21)
and (2.22). That is,

B(A) = (Zk(A), Zk(N)),  Zi(A) ;:%( d>k_i)3)’ Zi(A) ::%( q);(g)\)). (3.33)

with ®(A) being the fundamental matrix of (8,) used in (3.26). The above transformation
then yields the results for the eigenvalue problem (3.31) in terms of ®(1). When translating
these results to the data of the original problem (3.2) we use the fundamental matrix ®(A)
in (3.26). Its relationship with ®(A) is given by the equality

&1 () = d(A)L, where L := (g (I)) (3.34)
From (3.34) we can see that the second column Z(A) of ®(1) and ®(A) is the same. Finally,
the theory also requires the following weak Atkinson-type conditions for system (8,),
compare with Hypotheses 2.2.2 and 2.3.7.

Hypothesis 3.3.1 (Weak augmented Atkinson condition - finite). Forany A € C\R every
column z(A) of the solution Z(A) satisfies

N
zi 1 (M) Wi zrg1(A) > 0. (3.35)
k=0
Hypothesis 3.3.2 (Weak augmented Atkinson condition — infinite). There exists a num-
ber N3 € [0, o), such that each column z(A) of Z(A) satisfies inequality (3.35) with N = N3
for every A € C\R.

When we write the weak Atkinson condition in (3.35) in terms of the data of the
original problem (3.2), we get by (3.25) and (3.33) that

N N
ZZZH(/\) W Zia(A) = Z P71 (A) W Dpyq (A) > 0.
k=0 k=0

This shows that the conditions in Hypotheses 3.1.1 and 3.3.1 are intimately connected as
stated in the following corollary.

Corollary 3.3.3. System (S,) satisfies the strong Atkinson condition on the discrete interval
[0, N], (Hypothesis 3.1.1) if and only if the augmented system (S,) satisfies the corresponding
weak Atkinson condition on [0, N], (Hypothesis 3.3.1).

Similar connection is true also for Hypotheses 2.4.11 and 3.3.2. This fact justifies the
use of the same index N3 in both conditions.

Corollary 3.3.4. System (S,) satisfies the strong Atkinson condition on the discrete interval
[0, 00), (Hypothesis 2.4.11) if and only if the augmented system (S, ) satisfies the corresponding
weak Atkinson condition on [0, 00), (Hypothesis 3.3.2).

In particular, we can see why assuming the weak Atkinson condition in Chapter 2 is
really essential — the transformation of the problem (3.2) with jointly varying endpoints,
which satisfies the strong Atkinson condition, leads to the augmented problem (3.31)
satisfying the corresponding weak Atkinson condition. Therefore, one can simply apply
the previous results on separated endpoints to the augmented problem and then transform
the obtained results back to the data of the original problem (3.2).

The next theorem provides basic properties of problem (3.31).
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Theorem 3.3.5. Let a, € T be given. Then the following statements hold.

(i) A number A € C is an eigenvalue of (3.31) if and only if the matrix L(A) := BZn+1(A) is
singular. In this case, the eigenfunctions of problem (3.31) corresponding to the eigenvalue
A have the form z = Zi(A)d on [0,N + 1], with a nonzero d € Ker L(A). Moreover, the
geometric and algebraic multiplicities of A coincide and are equal to dim Ker L(A).

(ii) Under Hypothesis 3.3.1, the eigenvalues of problem (3.31) are real and the eigenfunctions
corresponding to different eigenvalues are orthogonal with respect to the semi-inner product
(-, Yw N defined in (3.32).

Proof. The statement follows from Theorem 2.2.3, when it is applied to the augmented
eigenvalue problem (3.31). [ ]

Following Definitions 2.2.1 and 2.2.4, we define the Weyl solution for system (8,)
corresponding to M € C?™2" and the M(A)-function associated with problem (3.31) as

(1) 1= B4() (Aﬂ)=¢k<A> (Agd) and M) = -[BZV)] Bz, (336)

where ®(1), Z(A), and Z(A) are given in (3.33). In addition, for M € C¥™*?" we define the
E(M)-function by

£x(M) = i5()X; (N IX,(N) = (AZ) (gjﬁ; féf&))) (154) (337)

where Fi(1), Gx(A), and Hy(A) are the 21 X 2 matrices
Fr(A) = i6(M) Z (V) I Zk (L) = T H (M) 3,
Gk(A) := i6(A) Z (M) I Zi(A) = (M) — i6(A),
Hi(A) = i0(A) Z(N) I Zi(A) = 5i6(A) [P (1) D(A) — 7).
As in Definition 2.3.1, the Weyl disk Dy(1) and the Weyl circle Ci(1) are defined by
Di(A) = {M e C™ " | £,(M) <0},  Cu(d):={MeC™ | gM)=0}.  (3.38)

Note that under Hypothesis 3.3.2 the matrices Hj(A) are positive definite (and hence
invertible) for all k € [N3 + 1, 00)z, because by (3.28) we have

k-1
Hi(A) = 2im(A)] Y Zi 1 (D) ¥ Zja (V). (3.39)
j=0

By Theorem 2.3.8, the Weyl disk and the Weyl circle possess the representations
D(A) = {Pi(A) + Re(V) VR(A) | V € V|, (3.40)
Cil(A) = {Pr(A) + RuMDUR(A) | U € U}, (3.41)

where V and U are, respectively, the sets of all complex contractive and unitary 2n X 2n
matrices introduced in (3.13) and where the center Py(A) and the matrix radius Ry(A) are
defined by

Pr(A) = =3 (D) Gk(A) = —F +i6(V)FA),  Ri(A) =3¢ 2(A). (3.42)
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Therefore, the Weyl disks Di(A) are closed, convex, and nested, which implies that the
limiting Weyl disk

D.(A) = ﬂke[N3+Lw)ZDk(A) ={P.() + R{(VH VR, (1) | V € V} (3.43)

exists and is nonempty, closed, and convex as well. By using Theorem 2.3.9 and the
monotonicity of Hy(A) shown in (3.39), the center and the matrix radius of D,(A) are

Pi(A) = kh_)rg Pr(A) and Ri(A):= 1<h—>r£10 Ri(A) = 0.

The final results of this section are devoted to the square integrable solutions of
the augmented system (S,). Let f&, be the space of all square summable sequences
z € C([0, ),)*" with the corresponding semi-norm defined as

1/2

oo
Izlly < oo, where ||zlly := (ZZZH‘PkaH) = lim (z, D)wN.

k=0

For every A € C we denote the space of all square summable solutions of system (8,) by
N(A) = {z € £ | zsolves (8,)}.

If Hypothesis 3.3.2 is satisfied, we know from Theorem 2.4.1 that the dimension of N(A)
is at least 211, or more precisely

dim N(A) = 2n + rank R, (1), (3.44)

by Theorem 2.4.8. On the other hand, the analysis of the structure of the square summable
solutions of the augmented system (8,) yields the following result.

Theorem 3.3.6. Let A € C\R and suppose that Hypothesis 3.3.2 holds. Then

3n <2n+dimN(A) = dim N(A) < 4n (3.45)
n < dimN(A) = n + rank R;(A) = rank R4 (A) < 2n. (3.46)

Proof. Let e; € C*" be the j-th canonical unit vector for j € {1,...,2n}. Then system (8,)
possesses constant solutions zV := (e;, 0% € C* for all j € {1,...,2n}, which certainly
belong to N(A), because they satisfy ||z/!]ly = 0. In addition, any square summable
solution z € N(A) naturally generates a square summable solution z = (0%, z%)* € N(A),
which is linearly independent with the above defined solutions z'", ..., z®. This yields
that dim N(A) = 2n +dim N(A). Hence identity (3.45) follows from Corollary 3.3.4 and the
inequality dim N(A) > nin Theorem 2.4.1. Identity (3.46) is then only a direct consequence
of equality (3.44). [ ]

Combining Theorem 3.3.6 and Corollaries 3.3.4 and 2.4.20 then yields the next result.
Corollary 3.3.7. Let Ag € C\R and suppose that Hypothesis 2.4.11 is satisfied. Then we have
dim N(Ao) = 3n if and only if system (S,,) is in the limit point case. Similarly, dim N(Ag) = 4n
if and only if system (S),) is in the limit circle case. Moreover, if it holds dim N(A,) = 4n for
some A1 € C, then dimN(A) = 4n forall A € C.
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We can now see that the rank of the limiting matrix radius R4(A) can never be zero,
so that the “limit point” behavior of (8,), i.e., dim N(A) = 3n, should not be determined
by the equality R(A) = 0, as one would expect from the separated endpoints case in
Theorem 2.4.3. However, we can read Theorems 2.4.3, 2.4.8 and Corollary 2.4.10 also in
a different way. Namely, the number of linearly independent solutions of system (5,),
which are not square summable, is equal to dim Ker R, (A). For the augmented system (8,)
we now have exactly the same statement, i.e., the number of linearly independent solu-
tions of system (8,), which are not square summable, is equal to dim Ker R, (A).

Remark 3.3.8. The augmentation of system (8,) into the double dimension is a known
technique for studying the problems with jointly varying endpoints, see e.g. [17,87, 88,
92,112,153]. The transformation introduced in this chapter has the advantage that it uses
the solutions z or Z of system (§,) rather than their components x,u or X, U as in the
above references. This yields a direct connection between the original system (S,) and
the augmented system (8,). For example, the boundary conditions in [153, Section 6] are

of the form
—X0 Uup
P +P =0 3.47
! (XN+1) 2 (MN+1) ( )

with certain 2n X 2n matrices P; and P,. One can see that the approach via (3.1) is
much easier and more transparent. The relationship between the transformation in the
above mentioned references and the transformation, which is utilized in this section, is
determined by the multiplication of the data (from one side or from both sides) by the
following 4n X 4n matrix

-1 000
10 0 I 0| _ 4
T=lo 1 0 0|77
0 0 0 I
In particular, the equality
—X0 X0
TF AN+ _ | Ho :( Z0 )
Up XN+1 ZN+1
UN+1 UN+1

gives a direct connection between the boundary conditions in (3.47) and (3.1).

3.4 Bibliographical notes

The results of this chapter were established in [A13] and their generalization to symplectic
systems on time scales was given in [A16, Section 8]. In addition, Corollary 3.2.3 is
published for the first time in the present setting and it is derived as a special case
of [A16, Corollary 8.5].
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The question of the ultimate foundations and the ultimate
meaning of mathematics remains open; we do not know in
what direction it will find its final solution or even whether
a final objective answer can be expected at all. “Mathema-
tizing” may well be a creative activity of man, like language
or music, of primary originality, whose historical decisions
defy complete objective rationalization.

HerMmanN WEyYL, seE [106, rG. 319]

|
Chapter

INVARIANCE OF LIMIT CIRCLE CASE FOR
TWO DISCRETE SYSTEMS

In this chapter we derive an invariance of the situation, when all solutions are square
summable, i.e., of the limit circle case for system (S,) as it was already stated in Theo-
rem 2.4.17, see Remark 4.2.4. However, instead of system (S,) we consider two discrete
systems of the first order in the form

B (D) = (Se + AVi) 2(1), S

Zea(A) = (Sk+ AVi) 2(0), S

where k € [0, o)z, A € C, and $,V,8,V € C([0,),)¥™ 2", Moreover, the coefficients of
systems (S,) and (8, ) satisfy for every k € [0, o), the relations

8:d8k =3, Vid8+83Vk=0, VIV =0, (4.1)

Wy = V38,320, (4.2)

i.e., the matrix ’117,( is Hermitian and positive semidefinite for all k € [0, ),, compare

with Remark 4.1.4(i). Despite the analogy between the conditions in (4.1), (4.2) and the

assumptions for system (8,) displayed in (2.1), we emphasize that systems (S,) and (5,)

are generally non-symplectic in the sense of the terminology introduced in Chapter 2, see

also Remark 4.1.4(ii).

Our investigation is motivated by Walker’s results in [168], where an analogous prob-

lem was studied for a pair of the non-Hermitian linear Hamiltonian differential systems

2'(t,A) = [H(t) + AW(B)]2(¢, A), (HY)

2/(t,A) = [FH ()3 + AWD]Z(E 1) (HY)

with t € [a,00) and H(t), W(t) being locally integrable 21 X 2n complex matrix-valued
functions such that the matrix W(t) is Hamiltonian and —JW(t) > 0 on [a, o0). More
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specifically, let us denote by L2 the space of all functions z : [a, ) — C*", which are square
integrable with respect to the weight A(t) := -JW(t),i.e., — fu “ () JW(H)z(t)dt < co. Then
it was proven in [168, Theorem 2] that if

f OO| tr W(t)|dt < oo (4.3)

and all solutions of systems (Hi) and (Itli) belong to Li for some Ay € C, then this
property holds for all solutions of systems (HE\Q) and (Itlﬁ{) with an arbitrary A € C.
This statement extends the invariance of the limit circle case for one system (IfIAR) with the
coefficient matrix H(t) being Hamiltonian on [4, 0), i.e., for the situation (HE):(QE):(ZS),
established by Atkinson in [9, Theorem 9.11.2]. Although the main result of this chapter
(Theorem 4.2.2) yields a discrete counterpart of [168, Theorem 2], we point out that,
surprisingly, it does not require any analogue of condition (4.3).

4.1 Preliminaries

In this section we collect some auxiliary results about the coefficients of systems (S1)
and (8,). Similarly as in Chapter 2, let us define

gk(/\) = gk + /\Vk, gk()\) = gk + /\'\7](. (4.4)
Then the identities in (4.1) imply for all k € [0, ), and A € C that
Sr(N)ISk(A) = 3. (4.5)

Thus from the invertibility of J it follows immediately that the matrices $r(A) and ()
are invertible for any k € [0, ), and A € C with

S ') =-95,(0)d, S =-9%,()4. (4.6)

Hence any initial value problem associated with system (8,) or (S,) possesses a unique
solution on [0, ),. Moreover, the fundamental matrices of systems (5,) and (S,) are
invertible on the whole discrete interval [0, o).

In the following lemma we give several conditions which are equivalent to (4.1).
Namely, we show that any variation of the superscripts star, hat, and tilde is possible.

Lemma 4.1.1. Let n € N be given. For any k € [0, o), the following conditions are equivalent.
() The matrices 8(t), S(t), V(t), V(t) satisfy (4.1).
(ii) The matrices Sx(A) and $(A) satisfy (4.5) forall A € C.
(iil) The matrices 8(t), 8(t), V(t), V(t) satisfy
SISy =3, VidSi+83dVy =0, VidV; =0. (4.7)
(iv) The matrices S(A) and Sx(A) satisfy for all A € C that
$1(1)d%(A) = 4. (4.8)

Proof. The equivalence of (i) and (ii), and of (iii) and (iv), follows by direct calculations
with the notation introduced in (4.4). The equivalence of (ii) and (iv) is a consequence of

the relations in (4.6) and of the fact $x(1) S, 1(/\) =1L [ |
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Further conditions which are equivalent to (i)—(iv) in Lemma 4.1.1 can be obtained by
the conjugate transpose of the identities in (4.1), (4.5), (4.7), and (4.8).

Now we focus on the coefficienE of systems (8,) and (8,) with different values of the
spectral parameter. Together with Wy defined in (4.2) we consider also the matrix

Uy =V 38 3. (4.9)

Lemma 4.1.2. Let n € N be fixed and k € [0, o), be such that the conditions in (4.1) hold. Then
the matrices Wy, Wy defined in (4.2) and (4.9), respectively, satisfy

U =W, W Ju, =0, U Ju,=0, (4.10)

and for all A, v € C we have

IS IS ()T = (A - 7) ¥y - 7, (4.11)
ISNIS M = (A -7 W - 3. (4.12)
Proof. The above identities follow by direct calculations. [

Identities (4.11) and (4.12) play a crucial role in the proof of the following generalization
of the Lagrange identity for two systems, compare with Theorem 2.1.7.

Theorem 4.1.3 (Generalized Lagrange identity). Let n,m € N and A,v € C be fixed and
assume that the conditions in (4.1) hold for all k € [0, 00),. If Z(A), Z(v) € C([O, 00),)2™™M solve
systems (S,) and (8,) on [0, 00),, respectively, then for any k € [0, o0), we have
AZiNIZe)] = (A =) Zitn (V) Wi Zia (), (4.13)
A[ZuN3Zk)] = A=) Za () Wi Zi (v). (4.14)

Proof. Identity (4.13) follows from the first equality in (4.6) and from (4.11), because

A[Z(A)aZk(v)] = Zia W [T - 57 V35 1) Zen )
D Za W[+ 15N IS 03] Zia ) 2 (A= 0) Zy () T Zin 0).
Similarly we get identity (4.14) from the second equality in (4.6) and from (4.12). |

Remark 4.1.4.

(i) The results in Theorem 4.1.3 imply that in order to have a single weight matrix
for the semi-inner product and the semi-norm in the associated space of square
summable solutions, we must necessarily assume that U, = W,. This means, in
view of Lemma 4.1.2, that we need to have W, Hermitian. This is, in fact, the
original motivation for our assumption (4.2).

(ii) In the continuous case it is obvious that systems (ﬁ%) and (Ijﬂ?) coincide if and only
if H(t) is Hamiltonian on [a, o). Now we give the answer to the same question for
systems (8,) and (8,). From the first equality in (4.1) (or from (4.6) with A = 0) and
from the first and the second conditions in (4.1) we obtain, respectively,

Sk=-98""9 and V=78V 8 4. (4.15)
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Therefore, $(t) = S(t) in (4.15) if and only if
838k =14,

ie., 8is symplectic for all k € [0, ). In this case, V) = Vi in (4.15) if and only if the
matrix Vk d g,: = Vk d g,: is Hermitian for all k € [0, ), i.e., the matrix @k is Hermitian
on [0, ). In other words, systems (8,) and (8,) satisfying (4.1) and (4.2) coincide
if and only if they represent the discrete symplectic system studied in Chapter 2,
i.e., system (S,) with the coefficient matrices satisfying (2.1).
Finally, we calculate the determinant of the matrices $r(A), $k(A) and of their product.
Let k € [0, o), be such that the conditions in (4.1) hold. From the first equality in (4.1) we
obtain for any A € C that

SV =T+ AJWS and F(A) = I+ AJTp) 8.

Moreover, by the second and third identities in (4.10) the matrices AJW, and A J U, are
nilpotent of degree two, which with the aid of Proposition 1.1.3 yields

det(I+ AJ W) =1 =det(I+AJT)).

Therefore det $;(A) = det 8 and det $ (1) = det 8y, i.e., the determinants do not depend
on A. Consequently from the first condition in (4.1) we get

det 5 (N)I5(A) = det §; 98 =) detg =1, ie, det$;(A)xdetS(1)=1. (4.16)
In addition, from the latter equality and Remark 4.1.4(ii) one concludes that when sys-
tems (8,) and (S,) coincide, then the absolute value of det $x(A) is equal to one, as we
claim in Lemma 2.1.3.

4.2 Main result

In this section we establish the main result of this chapter (Theorem 4.2.2). We also provide
sufficient conditions for the invariance, present an illustrative example, and discuss some
special cases. For convenience, we summarize the used notation.

the conditions in (4.1) and (4.2) are satisfied for all k € [0, o).

It follows from Remark 4.1.4(i) that with Notation 4.2.1 we have just one weight matrix
W, = Uy, which is Hermitian and positive semidefinite on [0, o0),. Therefore, we denote
by {% the space of all sequences defined on [0, >),, which are square summable with
respect to the weight matrix (Il\k, ie.,

£2[0,00), = (2 := {z € C(10,0)," | Y % Wiz < oo}.
k=0

Let us note that the statement in Theorem 4.2.2 below remains the same for other types
of unbounded discrete intervals, such as for (—co,b], or (-0, ), if the corresponding
space f% is defined over that interval.

Theorem 4.2.2. Let us assume that there exists Ag €eC such t@at all solutions of systems (g/\o)
and (8,,) belong to fé. Then all solutions of systems (S,) and (S,) belong to &2\17 forany A € C.
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Proof. Let Ay € C be as stated in the theorem and A € C\{Ap} be fixed. For v € {A, Ao} we
denote by ®(v) and ®i(v) the fundamental matrices of systems (8,) and (S,), respectively,
such that ®o(v) = I = ®g(v). In the first part of the proof we show that all solutions of
system (8,) belong to &2@. Since the matrices ®;(A) and ®(A) are obviously invertible on
[0, 00), it follows that for every k € [0, 00), we have

Dp(A) = Dr(Ao) (4.17)

for some invertible matrix ; € C¥>?" j.e., Qi = CTD,:l(Ao) ®y(A). Hence by straightforward
calculations with using (4.1), (4.4), (4.6), and (4.17) we get

A2 E S0 [B1) - 510)] Be(h) = (1 = A0) Bk (A0) Ve Be(Ao) i

= (A = A0) D (A0) Vi S (Ao) Brs (A0) R

(4.6) —(A = A0) D, (A0) Vi d 5 (A0)  Brsr (Ao) e
@D —(A = Ap) EI\)k_Jrll (/\o)vkgg;: J Dr1(Ao)
= (A = Ag) By (A0) T W P (Ao) - (4.18)

It means that Q; satisfies the recurrence relation
Qe = [T+ (A = 10) k| @ k€[0,00),, (4.19)
where T € C([0, 0),)*™?" is given by the formula

__ — . _ -1, _
T = By (A0) I Wk B (Ao) = =[B441(10) i1 (A0)| By (Ao) Wk Braa(Ao).  (4:20)

Identity (4.17) implies that for the required conclusion it suffices to prove the boundedness
of || Q]l, on [0, 0),. However equality (4.19) and the submultiplicative property of the
norm ||-|, yield

|9 ll, = |[1+ A = A0 Q| < (1l + 12 = A0 x 1Eels) x |2,

= (112 = Aol < Iell) || 7+ (= A0) Yica | @icn

,

< (112 = Aol X Ikl X (1414 = Ao I i lly) X |6t |,

<< (11 = Aol X Illg) X -+ X (1414 = Aol X 1Yo lly) X || 2
k

<l with o= YT, (4.21)
j=0

where in the last step we used the inequality 1 + x < e* and the fact Qo = I; cf. Proposi-
tion 1.1.4. Therefore we need to show that limy_, ., w; < 0.

Since Wy > 0 on [0,),, we obtain from the Cauchy-Schwarz inequality and the
arithmetic-geometric mean inequality for any &, C € C?" that

ED| < (€9,8) P (CU0) 7 < L(eTe + TUL),

. ~ A 2 . .
which for any Z,Z € {Z; implies

(o]
~>{-A ~ 1 ~>(-A ~ /\)FA o
< z |2 Weze| < 3 z CATEEEATEA R
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Hence inequality (1.7) and the assumption that all solutions of systems (S,,) and (S,,)
belong to &2@, yield

le¢k+l<Ao>wk¢k+l<Ao>|| Z||d>k+1<Ao>wk<1>k+1<Ao>|| <e<oo (422)
k=0 k=0

for some ¢ > 0. Now we put

Qx := Ppy1(A0) T Pt (Ao)

and show that the value of || Q,:l ||(7 is bounded on [0, ),. By the generalized Lagrange
identity in Theorem 4.1.3 we get

Qc =3 -2iim(Ao) ) B},1(A0) ¥; B 1 (Ao),
k=0
and so inequality (4.22) implies that the limit limy_,,, Qk exists and is bounded in the

spectral norm, i.e., | Qll, is bounded on [0, ®),. Therefore also the adjugate matrix Q;dj
is bounded on [0, o), in the spectral norm. Moreover, it holds

det Qi = det @}, (o) x det ®y,1(Ag) = det Py (Ag) X det Br(Ag) X det $;(Ag) X det $;(Ao)

“19 ge t<I>k 1) X det Bi-1(40) xdet$k (o) X detB;_1(Ao)

which yields Q;l = dej and consequently the matrices Q;l are bounded in the spectral

norm, i.e., |[Q7! ||U < « for all k € [0, ), and some x > 0. By combining the submulti-
plicative property of the spectral norm, (4.20), and (4.22) we get

Y0kl < YO, X | @t (o) Wi Braa (R0) |, < e < oo,
k=0 k=0

ie., limj_o wr < oo by (4.21). Thus ||Qk|| < 7 on [0,00);, for some 7 > 0. In turn,
the definition of Qj, the second inequality in (1.7), and the submultiplicativity and self-
adjointness of the spectral norm imply

= . (17) o= — .
@n) 2 Y [ B DT B W], < Y [ D51 (D) T B ()|,
k=0 k=0

4 Z||Qk+1 D11 (o) W Pry1(Ao) Qk+1|| < Z”Q"“” X ||cI>k+1(/\0)\11kq>k+1(A0)||
k=0

<7 Z | ®741(A0) ¥i Bria (o) |, < oo,
=0

because all columns of the fundamental matrix ®(Ag) belong to fé. This shows that all
columns of ®(A) belong to fé and consequently any solution of system (S,) is square
summable with respect to W;. For the proof of the fact that all solutions of system (S;)
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are also in f% we only switch the roles of systems (8,) and (S,). Namely, we define
Q= CTD,:l(Ao) ®p(A) and similarly as in (4.18) we derive

AQ = (A = Ag) D}y (A0) I Wy Bryr (Ao) -

But since we have U = Uy for all k € [0, ®),, the rest of the proof is the same as in the
previous part. u

In the following result we give sufficient conditions in terms of the coefficient matrices,
which guarantee that all solutions of systems (8,) and (S,) belong to f% for any A € C.
Let us note that the matrix norm ||-||; used in (4.23) below can be replaced by any other
matrix norm because of their equivalence.

Corollary 4.2.3. Let us assume that

Y ISe—1ll, <o Y [ISc—1l|, <0, and Y[, < oo, (4.23)
k=0 k=0 k=0

Then all solutions of systems (S,) and (S ) belong to 5% forany A € C.

Proof. It suffices to show that the assumptions of Theorem 4.2.2 are satisfied for Ao = 0.
The equality $;(0) = 8 for all k € [0, ), and the first condition in (4.23) imply by Propo-
sition 1.1.4 that for a fundamental matrix ®(0) € C([0, 0),)*™>?" of system (So) there exists
x > 0 such that || D1 (0) ||1 <k < ooforallk € [0, ),. Hence by the submultiplicativity and
self-adjointness of the matrix norm ||-||; and the third condition in (4.23) we have

Z”CTD;H(O)(II\k(BkH(O)”l < KZZ”@kIh < %,
k=0 k=0

i.e., all solutions of system (8p) belong to 5%. In a similar way we prove that any solution of
system (Sp) also belongs to f%. Thus Theorem 4.2.2 implies that all solutions of systems (S )
and (8,) are in {% forany A € C. [

Remark 4.2.4. In accordance with Remark 4.1.4(ii), if both systems (S 1) and (g,\) coincide,
Theorem 4.2.2 reduces to Theorem 2.4.17 and Corollary 4.2.3 to Corollary 2.4.22. Therefore,
with a slight abuse in the terminology, Theorem 4.2.2 can be interpreted as the invariance
of the limit circle case for systems (g/\) and (g/\), i.e., the situation when all solutions of
systems (8,) and (S,) belong to 5% forany A € C.

Now we provide an illustrative example of the established invariance, i.e., the ap-

plication of Theorem 4.2.2. This example also shows that all solutions of systems (S)
and (S,) may be in 5% for any A € C even when conditions (4.23) in Corollary 4.2.3 are not
satisfied.
Example 4.2.5.Let n = 1 and fix ¢ € R, ¢ > 1. Let {vk};‘;o be a real sequence such that
vr > 0 for all k € [0,00), and ¥ ;2 ey < co. We note that then the series Yoo Uk < 00
and Y7, O/ ek < oo are convergent as well, because 0 < v/ e% < v < €%y Consider
systems (S,) and (8,) with

= = 0 o - - 0 &y — 0 0
S :=1/e)I, Vi:= (0 Ok)’ Sp=¢l, Vi:= (0 0 k), Wy = (O €Uk) (4.24)
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for all k € [0, 00),. Then all the conditions (4.1) and (4.2) are satisfied. The fundamental
matrices ®(0) = (2'(0), 27(0)) and 4(0) = (£/'(0), 2(0)) of systems (Sy) and (So)
with (4.24) satisfying ®¢(0) = I = ®¢(0) are equal to ®(0) = (1/ eI and ®4(0) = X1, so
that 20'(0) = (1/¢X, 0)7, 22(0) = (0, 1/€M)T, 2(0) = (¢¥, 0), and 27(0) = (0, €)™ for all
k € [0, ®),. Then with the notation IIZII%I; = Yoo z;@kzk we have

o0
=0, |2121(0)||2$ = eka/EZk < 0o,
k=0
o0
OB =0 [0l = Yo <o
k=0

i.e., the solutions 21Y(0), 2%(0), 21"(0), 2%(0) belong to Zé. Thus the assumptions of Theo-
rem 4.2.2 are satisfied for Ag = 0, which implies that all solutions of systems (5,) and (§,)
with the coefficients specified in (4.24) belong to f% for any A € C. Indeed, forany A € C
’@e fundamegltal matrices (1) and Pi(A) of systems (S,) and (S,) with (4.24) satisfying
dp(A) =1 = Py(A) are given by

e s L ) B1) = ( ML ]

Dr(A) =

1/¢ek ek

from which we obtain again

2[1]()\)“2@ =0= “2[1](/\)”% and Alz](/\)”% < oo, ”Z[ZI(A)”Z@ < o0

One also easily observe that the first two conditions in (4.23) are not satisfied (since
the corresponding series are divergent), but still all solutions of systems (8,) and (S,)
with (4.24) do belong to f%. In addition, we note that for ¢ = 1 both systems coincide and
reduce to the system investigated in Example 2.5.3, see (2.78). A

Finally, let us consider systems (S,) and (S,), which correspond to the following
n-vector-valued difference equations of order 2m and of the Sturm-Liouville type

m

Y (18 [BYA Giea (V)] = AW (1), (Ex)
s=0
Y (18 [BYA G (V)] = AW T (1), (Ex)

on [0, ),, where P",...,P" P" ... P" W, W € C([0, c0),)™" with detlsklm] # 0 and
det 13,(["'1 # 0 for all k € [0, ),. In particular, if m = n = 1 we obtain the pair of scalar
difference equations

—A (P AGD) + P G (A) = AT G (A),
—A(P AGD) + P T (A) = A G (A),

where p™, pt, p1, p™, w, w € C([0, 0),) with p™ # 0 and p™ # 0 for all k € [0, 0),. Then
equations (E,) and (E,) can be written, respectively, as systems (8,) and (S,) with the
coefficients given similarly as in (1.20)—(1.22) and (2.11), which yield

Uy = diag (W, 0,...,0}, ¥ =diag{Wy,0,...,0}. (4.25)
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The first and second conditions in (4.1) imply 13 W I3 U and Wy = V\?}; forall j=0,.

and k € [0, c0),, while the third condition is satlsfled tr1v1ally Moreover, assumption (4 2)
forces that Wk = Wk > 0 on [0, ), i.e., the weight matrices Wk and W; are Hermitian
matrices and coincide on the interval [0, 0),. With the vectors 2,(A), Zx(A) defined similarly
as in (1.20) and the matrices Wy, Wy from (4.25) we have

2 MWz (A) = 95 MWW ka1 (V)  and 25, (A) WiZka () = T, (A) Wi Fiesr (A).

This shows that the associated space of square summable sequences has the form

&= {y € ©10,2).)" | Y vy ) Wieia () < o0},
k=0

Then from Theorem 4.2.2 we get the following result, which in the scalar case provides
a discrete analogue of [168, Theorem 1].

Corollary 4.2.6. Let the numbers m,n € N be given and P ...,P"™ W e C([0, 0),)™ " be
such that Wy = Wk > 0 on [0,00),. Consider equations (E,) and (E,) with 13k”] = 13k[”* and
Wy := Wy forall j € {0,...,m} and k € [0, 00),. If there exists Ao € C such that all solutions of
equations (E,,) and (E,) belong to {’2 then all solutions of equations (E,) and (E,) belong to the

space é’% for an arbitrary A € C.

Remark 4.2.7. If, in addition, the coefficient matrices P"*,...,P™ are Hermitian, then
from Corollary 4.2.6 one easily concludes the invariance of the limit circle case for any
even order vector-valued Sturm-Liouville difference equation discussed in Remark 2.4.18.
Similarly we can derive also the invariance for pairs of difference/discrete equations of
the type as in (2.9) or (2.10).

4.3 Bibliographical notes

The results of this chapter are a special case of the invariance of the limit circle case for
two differential systems on time scales established in [A19] but without the shift in the
definition of the space fé. The present reformulation and the proof are published for
the first time in the setting of systems (8,) and (8,). The statement of Corollary 4.2.6 is
new in the case n > 1 or m > 1. Moreover, the presence of the shift in the definition of
f% produces less restrictive assumptions on the coefficients of equations (E;) and (E,),
compare Corollary 4.2.6 with m = n = 1 and [A19, Corollary 4.4] with T = Z. Finally,
Example 4.2.5 corresponds to [A19, Example 4.6].
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It can be of no practical use to know that 1 is irrational, but
if we can know, it surely would be intolerable not to know.

Epwarp CHARLES TITCHMARSH, SEE [136, rG. 113]

|
Chapter

POLYNOMIAL AND ANALYTIC
DEPENDENCE ON SPECTRAL PARAMETER

In this chapter we extend some of the previous results to systems with polynomial
or analytic dependence on the spectral parameter. More specifically, we consider the
discrete symplectic system

2k+1(A) = Sk(A) z(A), (S

whose coefficient matrix S(A) € C([0, 0),)*"*?" is analytic (or in a special case only poly-
nomial) in the spectral parameter A € C in a neighborhood of 0, i.e.,

Se(A) = Z A, (5.1)
j=0

and it satisfies the symplectic-type identity
S (M) ISk(A) = 7. (5.2)

System (S,) includes several significant special cases known in the literature. Obvi-
ously, system (8,) from Chapter 2 is a special case of (S,), see (2.2). Furthermore, we will
see that the linear Hamiltonian difference system in (2.6) leads to system (S,) with poly-
nomial dependence on A. Therefore, in order to unify the known theory of systems (2.6)
and (8,), it is necessary to study the systems with polynomial dependence on A. In fact,
our interest in system (S,) is motivated by the latter observation and also by [49], where
system (S;) with 8" = I was investigated.

We discuss an eigenvalue problem associated with system (S ) and develop the theory
of Weyl disks and square summable solutions (including the limit point and limit circle
cases) for system (S,). However, we point out that in this treatment we encounter several
“problems”, which did not appear in Chapters 2—4, i.e., when the dependence on A was
only linear. For example, the weight matrix is no longer constant in A, which implies
that the validity of the crucial weak Atkinson condition may now depend on A, see
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Hypotheses 2.3.7 and 5.3.2. Also the maximal number of linearly independent square
summable solutions (i.e., the limit circle case) is not any more invariant with respect
to A € C, see Theorem 2.4.17 and Example 5.3.9. On the other hand, we prove in
Theorems 5.4.1 and 5.4.5 that for system (S,) with a special quadratic dependence on A
the invariance of the limit circle case holds true as in Chapter 4.

This chapter is organized as follows. In the next section we derive several preliminary
results on system (S,) and its coefficient matrix S(1). We also prove a general form of the
Lagrange identity for system (S,) including the explicit calculation of the corresponding
weight matrix in terms of the coefficients of (S,), see Theorem 5.1.6. As a consequence
we obtain the J-monotonicity of a fundamental matrix of system (S,), which is used
in [49] for proving the Krein traffic rules for the eigenvalues of the fundamental matrix.
In Section 5.2 we discuss in more details some special cases of system (S,), which are
known in the literature. In Section 5.3 we show that under appropriate Atkinson-type
conditions involving the weight matrix, the theory of eigenvalues, Weyl disks, and square
summable solutions developed in Chapter 2 remains valid without any change also for
system (S)). Finally, in Section 5.4 we establish the invariance of the limit circle case
for system (S,) with a special quadratic dependence on the spectral parameter, which
includes also system (2.6) with E; = 0.

5.1 Preliminaries and Lagrange identity

Throughout this chapter we assume that Si(A) has a positive radius of convergence as
a power series with respect to A uniformly in k € [0, 00),. It means that there exists ¢ > 0
such that Sx(A) is absolute convergent for all A € C satisfying |A1| < e and all k € [0, o0),. We
denote this region of convergence as Cg, i.e., we have Cs := {A € C | 1| < ¢}. Moreover,
we say that Si(A) is a polynomial matrix (of degree p) with respect to A, if there exists p € Ny
such that 5(A) = Z?:o A S;{” with SZ’] % 0. Obviously, in the latter case we can take ¢ = oo,

ie., Cg =C. If 8;” # 0 for infinitely many j € Ny, we say that the matrix Si(A) is analytic
with respect to A.

Using the absolute convergence of the matrices Si(A) for all A € Cs, identity (5.2) can
be equivalently written as

m
$gs =7 and Z 838, =0 forallmeN. (5.3)
=0

If Si(A) is a polynomial matrix of degree p in A, then the sum in (5.3) is nontrivial only for
m=0,...,2p. Moreover, identity (5.2) also implies that Sx(A) is invertible with

;') =-3S(Ma=-) Vs, (54)

j=0
The following lemma provides several equivalent formulations of assumption (5.2),
compare with Lemma 2.1.1. The proof follows (again) by direct calculations and from (5.4).
Lemma 5.1.1. Let n € N be given. For any k € [0, o), the following conditions are equivalent.
(i) The matrix Si(A) in (5.1) satisfies identity (5.2) for all A € Cs.

(ii) The matrices 8", 8", ... satisfy the equalities in (5.3).
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(iii) The matrix Sk(A) satisfies

SIS =7 forall A € Cs. (5.5)
(iv) The matrices 8", 8,", ... satisfy
m - -
SIS =3 and ) SIS =0 forallmeN. (5.6)
=0

Given Lemma 5.1.1 we can summarize the basic notation used in this chapter.
Notation 5.1.2. The number 7 € N is fixed and 8, 8, - - - € C([0, =), )??" are such that
(i) the equalities in (5.3) are satisfied for all k € [0, 0), and

(ii) the radius of convergence of Si(A) in A is equal to ¢ > 0 uniformly in k € [0, 00),.

The invertibility of Sx(A) guarantees that system (S, ) is uniquely solvable on [0, o),
for any initial value at any kg € [0, 00),. Moreover, when Si(A) is polynomial of degree p
in A, we obtain an additional information about its determinant, which generalizes the
result in Theorem 2.1.3. However, when Si(A) is analytic and not polynomial in A, then
the following statement may be violated as we will demonstrate in Example 5.2.4.

Theorem 5.1.3. Let k € [0, 00), and A € Cs be such that the matrix Si(A) is polynomial in A.
Then | det Sg(A)] = |det 8| = 1.

Proof. If S¢(A) is polynomial in A, then identity (5.4) implies that S¢(A) is even an unimod-
ular polynomial matrix. Thus, its determinant is constant in A and we have

| det Sk(A)] = | det S5¢(0)| = |det 8| = 1,
because S}f] is a symplectic matrix by the first equality in (5.3). [ ]

Now we return to a general case of the analytic dependence on A. The following
lemma provides an extension of identity (5.5) and it is a main tool for the proof of the
Lagrange identity given below.

Lemma 5.1.4. For all k € [0, 00), and any A,v € Cs we have
Sk 3S(v) =3 + (A =) N(A, D), (5.7)

where the matrix \(A, ) € C([0, 00),)*™?" is defined by

© m j
N, 7) = Y Y ATl Y gt g s (5.8)
j =0

m=0 j=0 =

Moreover, for v = A the matrix Ni(A, A) is Hermitian forall k € [0, 0),.

Remark 5.1.5. If S¢(A) is a polynomial matrix of degree p in A, then the infinite sum in (5.8)
is in fact a finite sum for m = 0,...,2p — 1. Observe also that identity (5.8) reduces to (5.5)
when v = A. Moreover, we point out that the Hermitian property of Ay(A, 1) was already
shown in [49, Proposition 1].
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Proof of Lemma 5.1.4. Letk € [0, 00), and A, v € Cs be fixed. The power series for Sx(A) and
5, (v) converge absolutely, so that the terms in the product 5¢(1) J S, (v) can be re-arranged

to the separate powers of A"=ipi that is,
Sk(M) IS (v) = Z Z Amigi g g i,
m=0 ]:O
By using identity (5.6) for each m € N, we replace the term 7" S}(O] g SE{m]x by
—pm (8;:’138;31* + 8}:’_1] 38}{1]* 4+ 4 S}cl] 58}::—1]*).
Thus, with the aid of the first identity in (5.6), we get
Sk(A)HS V) Z Z(AJ — 1/]) Sm— ]S[]]HS[W[ ]]*
m=1 j=1

Upon factoring A — ¥ out of each term M =9 = -7) Z{,zl A=tpt=1 and collecting the
remaining products with the same powers of A and 7, we obtain

(

SIS (1) =3+ (A~ ) Nttt g st

M i
I 104

3
I
(e
~
I
o
S
I}
o

[ i~

=J+(A-7)

—

j—b o=\ gli*l g glm-jl*
ALt gy g,

—J+ (A v) /\m iyl Z SICgSI = 3+ (1 - D) A(A, 7),
=0 j=

E
4

where we used also the formula Z] 0 Zt’ 04 = Lo Z] ¢aj¢- Finally, for v := A we get
from the fact §* = —J and identities (5.6) that the matrix Ai(A, A) is Hermitian. [ ]

The following theorem represents the main result of this section. Its relationship to
known discrete Lagrange identities in the literature is discussed in Section 5.2.

Theorem 5.1.6 (Lagrange identity). Let the numbers m € N and A,v € Cg be given. If the
sequences Z(A), Z(v) € C([0, 00), )2 solve systems (S,) and (S,) on [0, 00), respectively, then
for any k € [0, c0), we have

AlZiNIZi)] = A=) Z ;W INA, VI Zea (), (5.9)
Z; (N3 Zkn ) = ZyNIZow) + A=) Y Z5 ;NINA,VIZja (). (5.10)
j=0

In particular, for v = A and v = A we have on [0, o), respectively,

Z(MIZ(A) = B(A)HZo(/_\) (5.11)
Zi s (N3 Zenr(N) = Zy(N) 3 Zo(A) - 2i 1m<A>sz NINADIZia@).  (512)
j=0
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Proof. Given that Zx(A) and Z(v) satisty systems (S,) and (S,) for all k € [0, 0),, respec-
tively, we obtain from formula (5.4) and Lemma 5.1.4 that

AlZiNIZW)| = Zi,,D[3 - 57T N IS )] Zka (v)

2z, W[I+ 85N 3518 Zin0) F A=) Z;, (WIMNAMIZi().

Identities (5.9)—(5.12) are only direct consequences of (5.9). [ |

Identity (5.12) indicates that the matrix J/A\(A, 1)J will play an important role in the
study of square summable solutions of system (S,), especially in the definition of the
semi-inner product associated with system (S,), see Section 5.3. Hence we define the
Hermitian 2n X 2n matrix
o m J
W) = AM(A, g = Y Y AT Y s g sy, (5.13)
=0

m=0 j =0

Remark 5.1.7. The expression of the matrix Wi(A) given in (5.13) can be significantly
simplified for real A, i.e., for A € Cs N R. In particular, if we denote by S(A) := % Sk(A)
the derivative of Sx(A) with respect to A, then

00 j
W)=Y Y A Y gsegsg = g5 NS E = -ISNISWI,  (5.14)

m
m=0j=0 (=0

where the last equality follows from the fact W (1) = Wi(A). The matrix J Sk(A)d S,(1)d
was used in [113,149] in the oscillation theory of discrete symplectic systems with general
nonlinear dependence on A € R.

The Lagrange identity established in (5.12) has many applications in the qualitative
theory of difference equations. Apart from the results in the following sections, it yields
for example the J-monotonicity of the fundamental matrix of system (S,). Following the
terminology from [114, pg. 7], a matrix M € C2™2" is called J-nondecreasing if iM*gM > iJ,
and M is J-nonincreasing if iM*JM < iJ. Similarly we define the corresponding notions
of a J-increasing or J-decreasing matrix. These concepts were used in [114] to study the
stability zones for periodic linear Hamiltonian differential systems. In a similar way, such
stability zones were studied in [129,130] for the linear Hamiltonian difference systems
given in (2.6) with Hy = 0 and in [49] for system (S,) with 8" = I.

Corollary 5.1.8. Let A € Cs be fixed, Wx(A) = 0 on [0,00),, and ®(A) € C([0, 00),)*™*" be
a fundamental matrix of system (S,) such that the matrix ®y(A) is symplectic, i.e., it satisfies
& (A)d®0(A) = 3. Then for every k € [0,00); the matrix ®r(A) is J-nondecreasing when
im(A) > 0, or J-nonincreasing when im(A) < 0. If, in addition, there exists N € [0, 00), such
that every nontrivial solution z(A) € C([0, 00),)*" of system (S, ) satisfies

N
Yz M Wea(Hzd) > 0, (5.15)
k=0

then the J-monotonicity of ®,(A) is strict for all k € [N + 1, ), i.e., ®x(A) is J-increasing when
im(A) > 0, or J-decreasing when im(A) < 0.
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Proof. By applying (5.12) to the fundamental matrix ®(1) we get

k-1
i®7(A)J ®k(A) —id = 2 im(A) Z &, (DY) &)1 (A). (5.16)
j=0

Since Wi (A) > 0 for all k € [0, 0),, the sum on the right-hand side of (5.16) is zero for k = 0
and nonnegative for k € [1,),, so that ®;(A) is J-nondecreasing when im(A) > 0, and
it is J-nonincreasing when im(A) < 0. Moreover, the additional assumption concerning
inequality (5.15) guarantees that the sum in (5.16) is positive definite for allk € [N+1, 00),,
so that ®,(A) is J-increasing when im(A) > 0, and it is J-decreasing whenim(1) < 0. =

5.2 Special examples

In this section we show the connection of the generalized Lagrange identity from The-
orem 5.1.6 with several special cases known in the literature. We also demonstrate that
anonsingular weight matrix Wy(A) can be obtained when Si(A) is quadratic in A, compare
with the weight matrix Wy defined in (2.1).

Example 5.2.1. The simplest example of system (S,) provides system (§,) with general
linear dependence on the spectral parameter studied in Chapter 2. Indeed, if the matrix
Sk(A) is linear in A, i.e., Sg(A) = 8 + A8 and 8] := 0 for j = 2,3,..., then Lemma 5.1.1
implies that

Sgsl =g, 8Ugsl+srgsY =0, and 8gS = 0.

In other words, the matrices 8; := 8 and Vy = 8, satisfy the first three conditions in (2.1)
and system (S, ) reduces to (8,) with $x(A) := Si(A). In this case ¢ = o0, i.e.,, Cs = C, and
N, ) = 8138, Hence Wi(A) = 78,38, J, i.e., Wi(A) = Wy as defined in (2.1), which
shows that Theorem 5.1.6 generalizes Theorem 2.1.7 and Lemma 2.1.5. Consequently,
system (S)) includes all special cases of system (S,) mentioned in the introduction of
Chapter 2, see (2.7)—(2.10). A
Example 5.2.2. Now, let the dependence on A in system (S,) be quadratic, i.e., 8;{” =0 for
j=3,4,... and

zir1(A) =[S+ A8 + 2287 z(1), (5.17)

where S}(O] satisfies the first identity in (5.3), the matrices S}(‘”*H S}(” and S}(”*H Sl[fl are Hermitian,
8;{2]*3 S;f] =0, and
O @2l | ellltqelll | el2lqelol _
SIS + S g8 + g8 = 0.
These conditions represent identity (5.3) with m = 0,...,4, while for m = 5,6,... the

sum in identity (5.3) is trivial. In particular, we consider system (5.17) with the special
quadratic dependence on A given by

A B 0 A WH 0 0
o) _ [Tk =k nr — k7 Vi 2 _
Sy (Gk ZDk)/ S, (_W,[{HAk ekW;[f] _ W]I{l] Bk)/ Sy 0 —W,?]ﬂkW,f] ,  (5.18)

where W][:] and W][f] are Hermitian 7 X n matrices, see also system (9, ) in Section 5.4. Note
that the coefficients in (5.18) corresponds to (2.7) when WE] = 0. In this case the matrix
Sk(A) can be factorized as

I 0 I AWH
Sk(A) = (—/\W“] 1) 8 (0 Ik ) (5.19)
k
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compare with (2.13). This shows that | det Sx(A)| = | det S;{O](/\)| =1lon|[0,00), forallA € C
as claimed in Theorem 5.1.3. If we put

0 A

e . R [1] [2]
Te(A) := (—1 &~ WA, and W := diag {W}", W, (5.20)

then by (5.8) we get
NA, ) = S}:IHS}SJ* + )\8}{2]38;(0]* - 178}{0]58;{2” + A8 IS = ~ T Wi T (v).
Therefore by (5.13) we have
We(A) = =MW T'(A)d  and  detWi(A) = | det Ax ? x det W, (5.21)

i.e., the matrix Wi(A) is no longer constant in A and it is invertible if (and only if) the
matrices A, W,", and W are invertible, compare with Wi (1) = Wy in the case of general
linear dependence on A. However, the invertibility of the weight matrix Wi(A) can occur
only when system (5.17) with the coefficients specified in (5.18) corresponds to the linear
Hamiltonian difference system from (2.6) with Ay := I — AI:1' By = A;l B, Cr = Cr AT,
Er =0, Fy = W7, and G = -W,, see Remark 1.2.1(iv) and the identities in (1.29).

In addition, formula (5.4) yields that the multiplication of z,1(A) by ‘J‘k*(/_\) d produces
a backward shift in the second component. More precisely, if zx(A) = (x;(/\), u; (A))" solves
system (5.17) with (5.18), then by using the partially shifted notation

2 = (g, (), 1 (L))" (5.22)
we obtain
T Mdzea(N) = 21 and 7, (VITA) = -[TF DIz )] = 2. (5.23)
Hence identity (5.9) can be written as
Alz (M) 3z)] = A=)z, D ITA) W T (1) 21 (v) = A=) 2T W) Wi ). (5.24)

Since the weight matrix W in (5.24) is independent of A, we can associate with the system
in hand a semi-inner product and a semi-norm, which are independent of A, see (5.41)
below. We note that the latter observation is crucial for the invariance of the limit circle
case derived in Section 5.4. A
In the following example we investigate the connection between the linear Hamilto-
nian difference system from (2.6) and system (S,).
Example 5.2.3. According to Remark 1.2.1(iv), see identity (1.28), system (2.6) can be
written as system (S,) with the coefficient matrix Si(A) = (é:(%) %’;g; ), where
Ar(A) = A(A) = (1= Ap = AER) ™, Bi(A) := Ap(A) (By + AFy),

_ . i — (5.25)
Gk(/\) = (Ck + AGk)Ak(/\), @k(ﬂ) =1- Ak - /\Ek + (Ck + AGk)Ak(/\) (Bk + AFk)}

We claim that the matrix A(A) is polynomial in A, and consequently the corresponding
system (S,) is polynomial in A. Let us fix k € [0, 0),. By the definition of the determinant,
the function d(A) := det(I — Ay — AEy) is a polynomial of degree at most 7. The assumption
on the existence of Ai(A) for all A € C then implies that d(A) # 0 for all A € C. Thus,
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d(A) =d # 0 on C and the matrix I — Ay — AEy is unimodular. This yields that Ar(7) is also

a polynomial matrix in A (of degree at most n — 1) and hence by (5.25), the matrix Si(A) is

in this case polynomial of degree at most n + 1. Although we do not calculate the matrix

A(A,v) explicitly, the corresponding Lagrange identity can be written as in (5.24) with Wy
replaced by —J Wg; cf. [36, Formula (2.55)]. Indeed, one easily observes that

5:(1)JS () = Ar(A) Br(v) = Br(A) A(v)  Ar(A) Di(v) — Bi(A) @Z(V))

k Cr(A) Br(v) = Di(A) Ap(v) - Cr(A) Dp(v) = Di(A) €L (v) )

and similarly as in (5.23) we get

() = -3 Dz (), where Ti(1) = (_01 é,f&)))

Therefore, following the calculation in the proof of Theorem 5.1.6 we obtain

AlzMazw)] = 2T DT DI - SV ISEN T @)z W)
= -(A=-5"N)IWez o). (5.26)

Especially, if E; = 0, then the matrix Ax(A) = Ay does not depend on A and in this case
system (2.6) can be written as system (5.17) with the special quadratic dependence on A
specified in (5.18) with Ay being invertible, see also [142, Formula (2.3) and Lemma2.2]. a

In the last example of this section we consider system (S,) with the truly analytic (i.e.,
nonpolynomial) dependence on A, which was studied in [48,49].

Example 5.2.4. Let S;{ﬂ = (1/ ]')Ei for j =0,1,..., where Ej € C¥»21 js Hamiltonian for
all k € [0,0),, i.e., E;d+ JEr = 0. Then Cs = C and the coefficient matrix S;(A) is of the
exponential type, i.e.,

[s¢]

A
S =Y 715,1 = exp(AEy). (5.27)
=0

Then by (5.8), (1.9)—(1.10), and the Hamiltonian property of E; we obtain
IR o Al L
N, P) = — = J(E), (5.28)

compare with [49, pg. 6] or [48, Section 2]. The Lagrange identity has the same form as
in (5.9) with the corresponding Ay(A, v). Especially, let n = 1 and consider the matrix S(A)

as in (5.27) with
- [ 11
Ex=E:= (_1 i)'

Then by (1.9) we have det S;(1) = e*'F = e2ih = e72im(1) g2ire() for all k € [0, 00), and any
A € C. Thus |det S¢(1)] = e 2™ and it is equal to one if only if A € R, which agrees with
the symplecticity of the matrix S¢(A) on the real line; compare with Theorem 5.1.3 and see
also Example 5.3.9. A
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5.3 Weyl-Titchmarsh theory

In this section we focus on an eigenvalue problem and the Weyl-Titchmarsh theory for
system (S, ) with analytic or polynomial dependence on A. We show that the main results
of Chapter 2 remain valid also for the latter system, when we modify the corresponding
Atkinson-type conditions to this more general setting. The solutions are weighted with
respect to the Hermitian matrix Wi (A1) defined in (5.13), that is,

Izlwgy = A/ Dugy and (& Dy = Y 2zt YD) e (5.29)
k=0
The expression of the bilinear form in (5.29) justifies the restriction of A € Cs to those
values for which Wi (A1) > 0. Since this condition can be violated for some A € Cg, we
denote by Cy and Cy y the subsets of Cs such that

Cy = {A € Cs | W(A) 2 0 for all k € [0,N],},
Cy ={A € Cs | W(A) 2 O forall k € [0, ).},

where N € [0,0),. An example with Cy € Cs can be found in [A20, Example 5.7] for
a continuous analogue of system (S,). Our treatment is based on the Lagrange identity
derived in Theorem 5.1.6 and a construction of the Weyl disks. Nevertheless, the proofs
are basically the same as for the linear dependence on A in Chapter 2 and hence they are
omitted. For brevity, we do not keep the precise identification of the minimal assumptions
as in Chapter 2 and slightly simplify some formulations.

Throughout this section, let & € T" be given, see (2.19), and Z(A), Z(A) € C([0, 00), )21
be the two components of the fundamental matrix ®x(A) = (Zk(/\), Z k(/\)) of system (S,)
satisfying ®o(A) = (a*, —Ja*), i.e., the solutions Z(A) and Z(A) are determined by the initial
conditions Zy(A) = a* and Z¢(A) = —Ja*, compare with (2.22). The fundamental matrix
®(A) then satisfies the identities

®:(1N)Je(\) =g and &(A)J&,(1) =g forallk € [0,00),,

see Theorem 5.1.6 and compare with Lemma 2.1.6.

Now, let us fix N € [0,0), and p € T". If we associate with system (S,) the following
eigenvalue problem

(S/\)/ ke [0/ N]Zr VS CS/ OCZ()(A) = O/ ﬁZN+1(/\) = 0/ (530)

then it follows as in Theorem 2.2.3 that the eigenvalues of problem (5.30) are characterized
by detf Zn+1(A) = 0 and the corresponding eigenfunctions are of the form Z(A)d with
a nonzero d € Ker § Zy41(A). Moreover, we introduce the following hypothesis, compare
with Hypothesis 2.2.2.

Hypothesis 5.3.1 (Weak Atkinson condition - finite). For any A € Cy xy\R every column
z(A) of the solution Z(A) satisfies

N

Y 7 DY)z () > 0.

k=0

Then, under Hypothesis 5.3.1, all eigenvalues of problem (5.30) restricted to the set

Cy  are real and eigenfunctions corresponding to different eigenvalues are orthogonal
with respect to the semi-inner product (-, -)y1) N defined similarly as in (5.29) with the
sum over the finite discrete interval [0, N],.
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The M(A)-function for system (S,) is defined in the same way as in Definition 2.2.4,
i.e., Mi(A) := —[B Zx(A)] !B 2k(A), and it satisfies the properties established in Lemma 2.2.5
and Theorem 2.2.7. In particular, M; (1) = My(A) and Mi(A) is analytic in A.

For the rest of this section we consider system (S,) on [0, ), and study its square
summable solutions. For this purpose we will need the following condition.

Hypothesis 5.3.2 (Weak Atkinson condition - infinite). For A € Cs\R such thatA, 1 € Cy
there exists N4 € [0, ), such that for v € {A, A} we have
Ny

Y 2 W)z () > 0 (531)
k=0

for every column z(v) of the solution Z(v) of system (S,).

We note that the number N4 in Hypothesis 5.3.2 depends in general on the chosen A
(and 7). This is a weaker condition than in Hypothesis 2.3.7, where it was considered for
all A € C. The results of this section are phrased in terms of the following set

Cy = {A € Cs\R | Hypothesis 5.3.2 holds at /\},

which is associated with the above Atkinson-type condition. Then, by definition, we have
A € C4 if and only if A € Cy, i.e., the set C4 is symmetric with respect to the real axis. This
observation is also very important for the development of the present theory.

For M € C"™" we define the Weyl solution X (A, M) € C([0, 0),)?™" of system (S,) by
Xe(A, M) := (M) (L, M),

where ®(A) is the fundamental matrix of system (S),) specified above, cf. (2.23). Moreover,
we utilize the Hermitian matrix-valued function € : [0, ), X C4 X C"™"* — C™" given by

E(A,M) := i6(A) X (A, M) X (A, M),

compare with (2.32). This function is used for the definition of the Weyl disk Dy(A) and
the Weyl circle Ci(7), i.e.,

Di(A) = {M € C™" | §(A, M) <0},  Ci(A) 1= {M € C™" | (A, M) = 0}.
Since for k = 0 we have &(A, M) = —26(A) im(M), it follows from (5.12) that for A € Cy
and k € [1, o), the elements of D(A) are characterized by the inequality
im(M)
im(A)

k-1
Y XL MWD) X (A, M) < (5.32)
j=0

compare with Theorem 2.3.5. Similarly, the elements of Cx(A) are characterized by the
equality in (5.32). The following geometric description of the Weyl disk and the Weyl
circle can be derived as in Section 2.3. If we set

Ge(A) = 16(1) Z{ (V)T Z(N),  Hy(A) = i6(A) Z1(A)d Zx(A), (5.33)
then Hy(A) is Hermitian, Ho(A) = 0, and identity (5.12) yields
k-1
Hr(A) = 21im(A)] ) Z5a (DY) 21 (A) 2 0. (5.34)
=0

This shows that #;(A) is nondecreasing in k € [0, 00),. Moreover, the symmetry of the set
Ca with respect to the real axis and Hypothesis 5.3.2 guarantee that the matrices Hy(A)
and Hy(A) are positive definite for k € [Ny + 1, %0),. We summarize the main properties of
the Weyl disks in the following theorem.

— 74—



5.3. Weyl-Titchmarsh theory

Theorem 5.3.3.Let « € ', A € Cy4, and suppose that Hypothesis 5.3.2 holds. Then for all
k € [Ny + 1, 00), the Weyl disk and the Weyl circle admit the representations

Di(A) = {PelA) + Re(A)VRLA) | V €V}, C(A) = {Pr(d) + R UR(D) | U € U}, (5.35)
where the center Pi(A) and the matrix radii Ri(A), Ry(A) are defined by
Pe(d) = —H DG, Re(A) = H PN, Re(D) =12, (5.36)

and U, V are the sets defined in (2.39). Moreover, the Weyl disk Dy(A) is closed, convex, and
Dy(A) € Dj(A) forall k, j € [Ny + 1, 00), with k > j.

Proof. The proof follows the same arguments as in Theorem 2.3.8. In particular, for the
representations given in (5.35) we utilize the identity

E(A, M) = [H {(A) Ge(A) + MT* He (D) [H; (D) Ge(A) + M] = H H(A) (5.37)

for k € [Ny + 1,00),, which is obtained by completing &(A, M) to a square, see for-
mulas (2.38) and (2.43). Expression (5.37) uses the invertibility of Hy(A) and Hy(A) for
k € [N4 + 1, 00),, which is guaranteed by the assumption A € C4. In fact, the motivation
for the complicated form of Hypothesis 5.3.2 comes from the above symmetry argument
with respect to A and A. [

The latter properties of the Weyl disks imply that the intersection of all Dy(A) for
k € [N4 + 1, ), is nonempty, closed, and convex. Thus we define the limiting Weyl disk

D(M).

D+(A) = kh_{?o De(A) = ﬂke[N4+l,oo)Z

From Theorem 5.3.3 and inequality (5.32) we obtain the following result. It extends
Corollaries 2.3.11 and 2.3.12 to the case of the analytic dependence on A.

Theorem 5.3.4. Let « € ', A € Cy, and suppose that Hypothesis 5.3.2 holds. Then
D.(A) = {P+(1) + R{(MVR4(D) | V €V, (5.38)
where the limiting center Py (M) and the limiting matrix radii R+ (A), R+(A) are given by
Pi(A) = kh—{?o Pr(A), R+(A):= kh_)r?o Re(A) =0, R4(A):= kh_)r?o Ri(A) > 0. (5.39)

In addition, a matrix M € C"™" belongs to the limiting Weyl disk D..(A) if and only if

im(M)

ey (5.40)

Y X (A M) WD) K (A, M) <
k=0

We note that by (5.34) and (5.36) the limit of Ri(A) as k — oo exist and is positive
semidefinite, while the proof of the existence of the limit of the matrices P,(A) is based
on the fixed point argument as in Theorem 2.3.9. The statement of Theorem 5.3.4 follows
from Theorem 5.3.3 and formula (5.32).

Let A € Cy be fixed. We now turn our attention to the number of linearly independent
square summable solutions of system (S,). By 56 ) we denote the space of all sequence
on [0, o)., which are square summable with respect to the weight W(1), i.e.,

22 = |z € (10,902 | I1zllugry < ),
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where the semi-norm ||-[ly(y) is defined in (5.29) and Wi(A) > 0 on [0, ),. The space f&,( "

generally depends on the value of A, but in some special cases it may be independent
of A, see Example 5.2.1 with Wi (1) = ¥;. Furthermore, in view of (5.24) or (5.26) in
Examples 5.2.2 and 5.2.3, i.e., we may consider for system (S,) with the coefficients
specified in (5.18) or (5.25) the space

&= {ze o, | ) AT Weal < oo, (541)
k=0

which does not depend on A, see also Section 5.4.
We are interested in the subspace N(A) C ¢

solutions of system (S,), i.e.,

&,( 1y consisting of all square summable

NQ) := {z € fﬁw | z solves system (S/\)}. (5.42)

If A € C4, thenby inequality (5.40) the columns of the Weyl solution X'(A, M) corresponding
to the matrices M € D, (A) are linearly independent and all belong to NV (1). This means that
n < dimN(A) < 2n for all A € C4, which justifies the classification of system (S,) as being
in the limit point case if dim NV'(A) = n, and as being in the limit circle case if dim N'(A) = 2n.
The remaining cases with n + 1 < dim N'(A) < 2n — 1 are called intermediate. Moreover,
one can verify that the results of Theorem 2.4.1-Corollary 2.4.10 in Section 2.4 hold with
exactly the same proofs also in the case of the analytic dependence on A. Especially, the
following extension of Theorem 2.4.8 to the analytic dependence on A is true.

Theorem 5.3.5. Let o € I', A € Cy, and suppose that Hypothesis 5.3.2 holds. Then system (S))
has exactly n + rank R (A) linearly independent square summable solutions, i.e.,

dim N (A) = n + rank R4 (M),

where R (A) is the matrix radius of the limiting Weyl disk D (A) defined in (5.39).

By combining Theorem 5.3.5 and identity (5.38) we obtain the following limit point
and limit circle classification of system (S,) in terms of the rank of R(A), compare with
Theorem 2.4.3 and Corollary 2.4.10.

Corollary 5.3.6. Let « € T', A € Cu, and Hypothesis 5.3.2 hold. Then system (S,) is

(i) in the limit point case if and only if R+(A) = 0, in which case D,(A) = {P+(A)} and

D (1) = {P+(M)},

(ii) in the limit circle case if and only if R (A) is invertible.
Remark 5.3.7. We note that the results of Chapter 3 regarding the Weyl-Titchmarsh theory
for discrete symplectic systems with jointly varying endpoints hold in the same way for
system with the analytic dependence on A under the appropriate strong Atkinson-type
conditions including all nontrivial solutions, see Hypotheses 3.1.1 and Hypothesis 2.4.11.

Finally, we illustrate the results of the Weyl-Titchmarsh theory for system (S,) by two

interesting examples with the exponential dependence on A discussed in Example 5.2.4.

Example 5.3.8. In this example we show that the discrete symplectic system
Zk41(A) = exp(Ad) z(A). (5.43)

is in the limit point case for every A € C\R and we calculate the unique 2n X n solution

(up to an invertible multiple) of system (5.43) whose columns lie in € % W and form a basis
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of N (1), i.e., the Weyl solution X' (A, P.(A)). System (5.43) corresponds to the system from
Example 5.2.4 with E; := E = §, which satisfies the condition E;H + JEr = 0. Moreover,
we have Si(A) = exp(Ad) = (cos A)I + (sinA)J and Cs = C, see also [16, Example 11.3.4].

For simplicity we perform the calculations below in the scalar case, i.e., for n = 1. The
general case follows with the same arguments upon multiplication by the n X n or 2n X 2n
identity matrices at appropriate places. If we choose a = (1,0), then the fundamental
matrix $;(A) of system (5.43) with (1) = [ is given by

. coskA  sinkA
@ (1) = exp(kAd) = (coskA)I + (sinkA)J = (_ sinkl  cos k)\)’ k € [0,0),,
and so Z;(A) = (sinkA, coskA)T. Since the powers of J repeat in a cycle of length four, we
obtain for any k € [0, %), by (5.28) that A¢(A,A) = —I for all A € R, while for A € C\R we
calculate (with p := im(A) # 0)

TR oGl (—1)*1 2ip)? (=1 @ip)!
AR, A) = ; f Zzpz 2))! J+ zzpz 2j+1)! I
h2p—1.  sinh2 h
_ cosh2p ig— smnh 2p I = sinhp [(sinhp)ig - (COShp)I]/

2p 2p

where we used the well-known identities sinh 2x = 2 sinh x cosh x, cosh 2x = 2sinh? x + 1,
i sinhp = sin(ix), and cosh p = cos(ip). Hence by (5.13) we have

sinhp ( coshp —isinhp
W) =w) =] P
I forall A eR,

J>0 forall A € C\R,

isinhp  coshp (5.44)

see also (5.14). Thus Cy = C. By the definitions of Hy(A) and Gi(A) in (5.33) we get

Hi(A) = i5(A) (sinkA coskA — coskA sinkA) = 6(A) sinh(2k im(A)),
Gie(A) = —i8(A) (sinkA sinkA + coskA coskA) = —i8(A) cosh(2k im(A)).
Note that the same value for Hy(A) is of course obtained from formula (5.34) after some

calculations. This shows that Hypothesis 5.3.2 is satisfied for any A € C\R and any
Ny € [0, 0),,i.e.,, C4 = C\R. The relations in (5.36) yield

Pr(A) =i coth(2kim(A)) and Ri(A) = 1/\/sinh(2k| im(A)]) forallk € [1, ),.
The center and radius of the limiting disk D, (A) are then

Po(A) = lim P(1) = i6(1) and  R.(1) = lim Ry(1) =0,

which shows that system (5.43) is in the limit point case for every A € C\R by Corol-
lary 5.3.6(i). Moreover, the space NV'(A) of square summable solutions of system (5.43)
with A € C\R is generated by the Weyl solution

1 _ COSk/\+l'6(/1) sink/\ _ 1 i6(A) kA
Pr(A)) ~ \=sinkA +i5(7) coskA| ~ {is(n)) €

7

XA, P+ (1)) = €r(A) (
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for which (we again substitute p := im(A)) we have

12 P oy = Y Xy (A, Po ) WD) et (4, Po(1))
k=0

2sinh i
- 2P [coshp + 6(A) sinhp] x Z e 2Pl (k+1)
k=0
_ 2sinhyp o2 1

X [coshp + 0(A) sinh p] X T ol
This shows that | X' (A, P+(A)) lyry = 1/4/[im(A)| < oo, and so indeed X'(A, P+(A)) € t’iw
for every A € C\R. On the other hand, we also have

(5.34) 1

_ 2 > — = .
200y = 2 Zia ¥ ) °=" g fim s

= m kh_)ng> sinh(2k|im(A)[) = oo,
ie., Z(A) ¢ K&,(A). Thus, again we get that dimN'(1) = 1 for any A € C\R, see also the
proof of Theorem 2.4.3. Similarly, in arbitrary dimension n we get that the n columns of
the Weyl solution X (A, P,(A)) are linearly independent and they belong to €L2|J g while
the n columns of Z(A) are linearly independent and they do not belong to ¢ % () Hence,
dim V(1) = n and system (5.43) is in the limit point case for all A € C\R. A
Now we give a counterexample for the invariance of the limit circle case when the
dependence on A is analytic and nonpolynomial.
Example 5.3.9. Let us consider system (S,) with the coefficient matrix Si(A) from Exam-
ple 5.2.4 with E := E =il + J, i.e., the system

zke1(A) = exp(AE)z(A),  exp(AE) = e” [(cos A)I + (sin A)J], (5.45)

see again [16, Example 11.3.4]. Then Cs = C and the fundamental matrix $;(1) of
system (5.45) corresponding to the choice a = (1,0) is given by

®1(A) = exp(kAE) = e [(cos kA)I + (sinkA)d], k€ [0, 0),.

Since (E*)) = —(=2i)/"'E for j > 1, it follows by (5.28) that for any k € [0, %), we have
Ne(A,A) = iEif A € R and A(A,A) = fp(e‘”’ —1)E if A € C\R with p := im(A). Hence
identity (5.13) yields

i(e4im()\) -1

_e™r -1)
W) = W(L) = Zim(D E forall A € C\R, (5.46)

—iE forall A € R.

Moreover, iE < 0, which yields through (5.46) that (1) > 0 for all A € C, i.e,, Cy = C.
Note that in this case W(A) is singular for all A € C, compare with (5.44).
The left-hand side of (5.31) with zx(1) = Z(A) = e} (sinkA, coskA)T has the form

N 1 — e~4(Na+1) im(A)

Y WY zea ) ={ 4im(A)
k=0 Ny+1, AeR.

A € C\R,
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Therefore the inequality in (5.31) is satisfied for all A € C and any Ny € [0, o0),, which
implies C4 = C\R. By (5.33), (5.34), and (5.36) we get

Hi(A) = 6(A) (1 - e mMD) /2, G(A) = —i5(A)e > ™ cosh(2k im (7)),
2

. . 201y —
Pi(A) = icoth(2k im(A)), R(A) = 6(/\)(1 ok im(A))'

Thus by (5.39) we have P, (A) = i5(A) for every A € C4 and R+(A) = V2 for A € C,, while
R+(A) = 0for A € C_. This shows by Corollary 5.3.6 that system (5.45) is in the limit circle
case for A € C; and in the limit point case for A € C_. The space N/(A) is then generated
by the columns of the fundamental matrix ®(1) when A € C,, and by the Weyl solution
XA, P+(A) = (1,-0) T with | X(A, —i)|ly(xy = 0 when A € C_. For completeness we note
that system (5.45) is in the limit point case also for all A € R with X'(A, —i) being the unique
square summable solution (up to a constant multiple). A

5.4 Special quadratic dependence and limit circle case

In Example 5.3.9 it was shown that the dimension of N (1) may vary with respect to A,
even when Hypothesis 5.3.2 is satisfied. In particular, system (5,) can be in the limit circle
case for some value A and in the limit point case for another one. This situation is not
possible when the dependence on A is only linear as we derived in Chapter 4 and stated
in Theorem 2.4.17. In this section we prove a similar invariance of the limit circle case for
system (S, ) with the special quadratic dependence on A from Example 5.2.2. In this case
we can choose the associated space of square summable solutions to be independent of A,
which is a key ingredient for this result. Note that this property was trivially satisfied
also in the previous chapters.

5.4.1 Results for one system

Let us consider system (5.17) with the coefficients specified in (5.18) or equivalently
(suppressing the argument A)

Xke1 = ApXg + (31( + AAWEI)% Uy = Crxg + (Dk + ACk W,izl)uk ~ AW 1, (Qa)

where A, B, C, D, W Wkl € C([0, 00),)™" are such that the matrix S;{O] in (5.18) satisfies
the first equality in (5.3), WE] and W][f] are Hermitian, and

W = diag (W, W} 2 0 forall k € [0, ). (5.47)

Recalling the notation from (5.22), we associate with system (Q,) the space of all square
summable sequences with respect to the weight matrix Wj defined in (5.41), ie., £3,,.

Since from (5.21) and (5.24) one infers that 2., (1) Wx())zka1(A) = 2P (D) WizlPl(A) for
all solutions of system (Q,), the space of all solutions being in K)Z/V is the same as the
corresponding space N (1) defined in (5.42). This means that we have

NQ) = {z € €3, | z solves system (Q/\)}

and system (Q,) is in the limit point case when dim N (1) = n and in the limit circle case
when dim NV/(A) = 2n.
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The following result concerning the invariance of the limit circle case for system (9,)
generalizes [142, Theorem 5.5] for system (2.6) with E; = 0, which corresponds to sys-
tem (Q,) with Ay being invertible on [0, o). The proof is given in Subsection 5.4.2 below,
where we establish a more general statement (Theorem 5.4.5) for two systems of the
form (Q,) as in Chapter 4.

Theorem 5.4.1. Let (5.47) hold. If there exists Ay € C such that system (Q,,) is in the limit circle
case, then system (Q,) is in the limit circle case for every A € C.

From Theorem 5.4.1 we obtain the following simple criterion for the limit circle case
in terms of the norms of the coefficients S;(O] and W; cf. Corollary 2.4.19. It extends the
statement in [134, Theorem 6.3] for system (2.6) with E; = 0.

Corollary 5.4.2. Let (5.47) hold and assume that

DS~ T < oo and ) IWil < oo, (5:48)
k=0 k=0

Then system (Q,) is in the limit circle case for all A € C.

Proof. The conditions in (5.48) imply that system (Qp) is in the limit circle case. Therefore
the result follows from Theorem 5.4.1. Alternatively, this statement can be derived as
a special case of Corollary 5.4.6 below regarding two systems. [ ]

In the scalar case we get from Theorems 5.4.1 and 5.3.5 the following limit point
criterion for system (Q,).

Theorem 5.4.3. Let n = 1 and assume that condition (5.47) and Hypothesis 5.3.2 hold. If there
exists Ag € C such that system (Q,,) is in the limit point case, then system (Q,) is in the limit
point case for every A € Ca.

Proof. Assume that for some A € C4 system (Q,,) is not in the limit point case. Then by
n =1 and Theorem 5.3.5 we know that (9,,) is in the limit circle case. Consequently, by
Theorem 5.4.1, system (Q,) is in the limit circle case for all A € C, which contradicts the
original assumption that system (Q,,) is in the limit point case. [

By combining Theorems 5.4.1 and 5.4.3 we obtain the following extension of the Weyl
alternative, i.e., the dichotomy between the limit point and limit circle classifications of
system (Q,) for all suitable A; cf. Corollary 2.4.23.

Corollary 5.4.4 (Weyl alternative). Let n = 1 and assume that condition (5.47) and Hypothe-
sis 5.3.2 hold. Then system (Q,) is either in the limit circle case for all A € C, or in the limit point
case for all A € Ca.

5.4.2 Results for two systems

Motivated by the results in Chapter 4, we consider instead of system (Q,) two systems of
the same form (suppressing the argument A1)

Reo1 = ApRe + (B + AAW )il s = G + (D + AW )l = AW 811, (D)
Ber1 = A + (@k + /\-Z[W][f])ﬁk/ flee1 = CeXe + (@k + A Gy WE])ﬁk - AW, (Qa)

where A, B, C, Dy, A, B, €, Di, W, W € C([0, 00), )™ " with W][:] and W,[f] being Hermitian
and satisfying (5.47). Note that the weight matrices W;" and W;? are the same in both
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5.4. Special quadratic dependence and limit circle case

systems (Q,) and (Q,). This is justified by the requirement of having the same space
of square summable functions associated with these systems. The coefficient matrices
8,8, 8% e ([0, ),)??" and §",8",8C([0, 0),)¥" of systems (Q,) and (9,),
respectively, are defined analogously to (5.18). We assume that systems (9,) and (Q,) are
in general non-symplectic, i.e., we do not impose that the matrices g,io] and g}g)] are such
that the first equality in (5.3) holds. Instead we assume on [0, o), the combined identity

898, = 4. (5.49)
By using the block structure of 8;” and 8, we obtain that equality (5.49) is equivalent to
ﬁ;@k = é;ﬁk, @Z@k = @Z@k, ./TZ @k - é};@k =1 and @zﬁk - @Z@k =1 (550)

Consequently, the coefficient matrices also satisfy the following identities

S"asy" + 838" =0, (-51)
31’;1*3'5‘51 + 31;3]*3351 " ngzl*g:g‘[O] =0, (5.52)
598 + 898" =0, §a5" =0, (5:98)

In addition, identity (5.49) is equivalent to
838" =3, (5.54)
which can be written in terms of the n X n blocks as
A Br = Be Ay, DiCr=CDp, ADp—BiC =1 and DyA;—CBr=1  (5.55)
Since identity (5.49) is equivalent also with 31;]*8 g,io] = J and g}[(mg g[,f]* = {, the block
matrices satisfy the relations
A =CA, DB =BDy, ADi-CB=I Didx-BiG=I  (556)
A B = Br Ay, DiCr=CDr, ADp—BiCr=1, DpA—CBr =1 (5.57)
Note that (5.49) or (5.54) trivially implies that det g}f " x det ’g}[{m =1

Let Si(A) = 3150] +)\§,£1] +A? 3152] and Si(A) := g,go] +A g,i” +A? g,gz] be the coefficient matrices
of systems (Q,) and (Q,), respectively. Then

SiMISN) =3 and S(M)ISA) =g with S;'(A) = -IS(1)d, (5.58)

which means that S(1) and Si(A) are invertible for all k € [0, o0), and any A € C. Therefore
any initial value problems associated with systems (9,) and (Q,) posses unique solutions
on [0, o), for any initial value given at any point in [0, c0),. Moreover, the fundamental
matrices of systems (Q,) and (Q,) are in this case invertible on the discrete interval [0, c0),.
Since by (5.19) we have

detSp(A) = det8,” and detSi(A) = detS§,”, (5.59)
it follows that

detSp(A) x detSp(A) =1 forall k € [0,0), and any A € C. (5.60)

_81-



Chapter 5. Polynomial and analytic dependence on spectral parameter

Similarly as in Example 5.2.2, see (5.20), we define the 21 X 2n matrices

0 A‘k)

TA)={_p ék—)\w[”ﬁk) and  7i(2) = (_1 C - AW Ay
k

(5.61)

If 2(A),2(A) € C([0, 20),)*" solve systems (9,) and (9,), respectively, then by using the
inverse formula in (5.58) we get that the multiplication of Z;,1(A) by T (A3 yields the
backward shift in the second component of Z;,1(A) and the multiplication of Z;.1(A) by
‘J:,:(/_\) d yields the backward shift in the second component of Zi,1(7), i.e.,

I = (E, (0, ) = T (D)3 2k+1<A>'} 5:62

20 = (@, (), ) = T (D 3z (A),

compare with (5.23). The same notation will be also used for matrix-valued solutions, in
particular for the fundamental matrices of f systems (9,)and (9,). By similar calculations
as in (5.24) we obtain for any solution Z(/\) € C([0,0),)?™™ of system (Q;) and any
solution Z(A) € C([0, ), )?™™ of system (Q 0,) the Lagrange-type identity

AlZ N3 Ziw)] = A =) ZE" W)W Z ), (5.63)

where we employed the identities in (5.57) and the notation from (5.62). In addition, by
the summation of both sides of (5.63) we get

k
Zia (V) Zka (v) = ZoN) I Zo) + A =) Y ZFyw,; 2 w), (5.64)
j=0

compare with (5.10). In the following result we use the space £7,, defined in (5.41).

Theorem 5.4.5. Let (5 47) hold. If there exists Ag € C such that all solutions of systems (Q,,)
and (Q,,) belong to f , then all solutions of systems (Q,) and (O, ) belong to £2 o forany A € C.

Proof. Let the assumptions be satisfied for Ag € C and A € C\{Ao} be fixed. For v € {1, Ao}
we denote by ®(v) € C([0, 00), )22 and ®(v) € c([o, OO)Z)Z”XZ” the fundamental matrices
of systems (Q,) and (QL) respectively, such that ®o(v) = I = ®o(v). First we prove that all
solutions of system (91 belong to 52 Since <I>k(A) and q’k(/\o) are invertible on [0, c0),,
there exists Q € C([0, ©),)?™>?" such that

&, (1) = B,(10)Qr  forall k € [0, ), (5.65)
Then by a direct calculation we obtain that Q; satisfies the recurrence relation
Ot = [T+ (A= A)Ti]Qr,  where Ty := &1 (A0)[Sy" + (A + A0) 87| 8(A0).  (5.66)
Since ®;,1(Ao) = ;' (A0) S ' (Ao), we have
det I+ (A - 1) Ty] = det[&;" (1) 5 (A0) Se) BxAo)] 2 det (") x det 5" =1,

i.e., the matrix I + (A — Ag) Y is invertible on [0, EO)Z‘ By using (5.50) and the n X n block
structure of the matrices Si(Ag), S,El], 8,52], Te(A0), Te(Ao), Wy, we get the identity

[8¢" + (Ao + 10) 8|5 (Ro) = =Tu(Ao) Wi T (Ro)- (5.67)
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5.4. Special quadratic dependence and limit circle case

Moreover, a simple calculation yields

S+ (A + A0)8f" = T[S + (o + 10)8], where Ty := (( Ao - IA)Wm (I)) (5.68)
k

Hence by using (5.67) and (5.68) in the definition of Y} in (5.66) and then applying (5.62)
we can equivalently expressed Y} as

(5.62)

T = Q' &1, (10) I Te(Ao) Wi Ty (R0) 3 ®ka (Mo) = Qe (M)W @ (), (5.69)

where we put _ _
Qk = =811 (A0) I Ty i1 (Ao)- (5.70)

Since det T, = 1, we get for any k € [0, ), the equality
det Q; = det &}, (Ao) x det By, () = det ®;(Ag) X det (o) x det S;(Ag) x det Si(Ag)
CL 4et 81(Ag) x det x(Ag) = - - = det B5(1o) x det By(Ao) = 1.
Now we show that there exists ¥ > 0 such that
1Q: My < k <0 on [0, ). (5.71)
Since W > 0, the Cauchy-Schwarz and arithmetic-geometric mean inequalities yield

|EWL] S (EWLEO2CWOY? < HEWE+TWLO)

forany &, C € C?" and k € [0, o),. Hence, for any sequences z,Z € 512/\/ we have

. W 2[s]
kZ gl

The last inequality with Z and Z being the colllmns of &i(/\o) and 5(/\0), respectively, and
the assumption that all solutions of systems (9,,) and (Q,,) belong to 512/\} imply that there
exists ¢ > 0 such that

[o¢]

< Z Y ﬁ[s]' <1 Z(Z[S]*W 281 4 glsbyy 2 S])
=0

Z |81 Aoy 8 ()| < Z||<1>[S]*(A Wt (o), ce <o, (572)
k=0

Since T, 1=7- (A - A)diag {W[” } the sequence Qy in (5.70) can be written as

Qi = Bi1(10)| (o = A) diag (Wi, 0} - 3] ®111(A0)

CLY g4 2iim(Ap) Z 3 (A0)w; @ (M)
j=0

+ (Ao — ) BT (o) diag W, 0} 81 (10).  (5.73)

From the unitary invariance of the spectral norm, assumption (5.47), and the estimate
in (5.72) we conclude that there exists T > 0 such that

|85 (A0) diag (W, 0} 8P (o) |, < [|8E" (M)W 8 ()|, s T <0 (574)
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for all k € [0, 0),. Upon taking the matrix norm in (5.73) we obtain for any k € [0, o), that

k
1Qels < 131l; + 21im(A0)] Y _[|&FF (1) w; @ a0)]|,
j=0
_ (5.72),(5.74)
+ 140 = Al[| & (10) diag W, 0187 Ag) |, TS T w < oo,
where w := |||, + 2|im(Ao)| € + |Ag — A| 7. Therefore the matrix Qy is bounded on [0, o),
with det Qx = 1. This implies that lel is also bounded on [0, =), i.e., inequality (5.71)

holds. By combining the submultiplicative property of the spectral norm and (5.69),
(5.71), (5.72) we then obtain

Y Il < Y 10 e x |8 () Wi (A0) |, < e < oo,
k=0 k=0

Hence the same calculation as in (4.21), see also Proposition 1.1.4, implies that the funda-
mental matrix Q; of system (5.66) satisfies

I ﬁk lo <p forallke€[0,00), and some p > 0. (5.75)
With Ki(A) = E,Esl*m)wk 8"(1) we obtain from (5.65) and (5.47) that

Ki(A) = Oy BT (A0) diag (W1, 0} 8 (10) Qpr + Q1 BT (10) diag {0, W] 87 (10) O
< Q141 Kie(A0) Quert + Qi Kie(A0) Q. (5.76)

This implies through (5.75) and the submultiplicativity, self-adjointness, and unitary
invariance of the spectral norm that

= (G76) o= /1) =x _ ., _
Y Gl = Y (19 K0 Bt [, + QKA ],
k=0 k=0

<Y (19 |+ 19I2) <10, < 202 Y 1A, < o,
k=0 k=

because all solutions of system (Q/\O) belong to 52 . This shows that all solutions of
system (9,) belong to {’2 as well. Analogously, by switching the roles of systems (Q,)
and (9,), we prove that all solutions of system (9)) belong to {3, 2 . Since A € C\{A(} was
chosen arbitrarily, the proof is complete. [ ]

Proof of Theorem 5.4.1. The statement of Theorem 5.4.1 follows immediately from Theo-
rem 5.4.5, when it is applied in the case 8[01 SE] = 8;(0], i.e., when all systems (Q,), (9,),
and (9,) are equal. [

Now we give sufficient conditions in terms of the coefficients, which guarantee that all
solutions of systems (91)and (9)) belong to the space 512/‘}. Similarly as in Corollary 4.2.3,
the matrix norm ||-||; utilized in (5.77) below can be replaced by any other matrix norm
because of their equivalence.
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Corollary 5.4.6. Let (5.47) hold and assume that

YIS =1l <o, YIS -1, <o, and NIkl < . (5.77)
k=0 k=0 k=0

Then all solutions of systems (O,) and (Q,) belong to {’)Z/V forany A € C.

Proof. By Theorem 5.4.5 it suffices to show that there exists A9 € C such that
Y & tnwiall o), <o and Y [|BF AW Ap)|, <. (5.78)
k=0 k=0

We show that these inequalities are satisfied for Ag = 0. Since Si(0) = g,io], we obtain
from the first condition in (5.77) and Proposition 1.1.4 that there exist ¢ > 0 such that
|| ®,(0) ||1 < ¢ < coforallk € [0, o)., where ®(0) € C([0, 0),)¥>?" represents a fundamental
matrix of system (Qp). Moreover, the second condition in (5.77) implies that there exists
p > 0 such that ||ﬂTk - I“l + ||ék||1 < p < oo for all k € [0, 0),. Hence from (5.61) we get

0

* — 0 0 0
|74, —H(_a; ﬁ;;_f)”% f‘(—é}; A‘z—l) 1

< || A =1||, + || €|, +2n < x <0 forallk € [0,00),,

+[I2n lly

where we used the self-adjointness of the norm ||-|l; and put x := 2n + p. Since we have
5][5](0) =7,(0)d ®;,1(0) by (5.62), the last condition in (5.77) yields the estimate

Y e omwee o], < Y [P o[ < 1w < Y |7 @al; x| @ea@]f; x il
k=0 k=0 k=0

< 12e2 Zn Welly < .
k=0
In a similar way we prove also the second inequality in (5.78). Therefore all solutions of
systems (Qp) and (Qp) belong to ¢ 2 and so the statement follows from Theorem 5.4.5. ®

If the matrices Ay and Ay are invertible on [0, ),, then systems (O,) and (Q,) are
equivalent with the pair of the first order difference systems

Ag(A) = [He+ AdWe] 2P and  AZ(A) = [He+ A3V ]2 ),
where W is from (5.47), the coefficient matrix H € C([0, ©),)*"*?" has the form
a (- A A By G50 (- Ay Ap By
CE A Di-CA Be—1) @At A -1
and H € c([o, OS)Z)Z”XZ” is given analogously, cf. Examples 5.2.2 and 5.2.3. Especially, if
we take Ay = Ay, then the first identities in (5.50) and (5.55) imply that Hy = JH;J for

all k € [0, 0),. In this case we obtain from Theorem 5.4.5 the following generalization
of [142, Theorem 5.5] for two non-Hermitian linear Hamiltonian difference systems

AZ(A) = [Hy + AW 25, (Hy)
Az (V) = [dHd + AW,] 2P ), (Hy)
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where we put

— (A B — (0 W
Hk = (Ck _A‘;{-{) and Wk = (—WU] 0 (579)
with A,B,C, W", W% e ¢([0, c0), )" being such that I — Ak is invertible, W;],WE] are
Hermitian, and —=J Wy > 0 on [0, 00),. Note that we have (H,)=(H,)=(2.6) if By = B, = By
and Ck = Ck = Ck.

Corollary 5.4.7. Let H,W € C([0, 00),)*™?" be as in (5.79). If there exists Ag € C such that
all solutions of systems (H,,) and (HAO) belong to 52 with W := —J W, then all solutions of
systems (FH,) and (H,) belong to € for any A € C.

Finally, we give an example illustrating the result of Theorem 5.4.5.
Example 5.4.8. Let ¥ > 1 be fixed and gq,7 € C([0, 0),)! be nonnegative sequences such
that F(x) := Y22 Fi(k) < 0o and G(k) := Y12, Gi(k) < 0o, where

o 8k+2 8k+4 8k+6 8k+8
Fi(x) := k777 qar + K7 Tagpn + K Ty + K 174k+3,}

5.80)
. .8k 8k+2 8k+4 8k+6 (
Gr(K) == k% rgg + K™ Tggey1 + K Qa1 KT aks2-

For example, we may choose
Jk = T = 1/(*«%)  with ¢>1/x,

because in this case the numbers F(x) and G(x) are multiples of the convergent series
Yo 1/(c «)*. By substituting 1/« instead of « in (5.80) we can see that the series F(1/x)
and G(1/x) are convergent as well.

Let us consider systems (Q,) and (Q,) with n = 1 and with the following coefficients:
(i) for all k € [0,00); we put W= g and WP = 1y, (ii) for k € [0, ), even (k = 2j)
we set Ay = Dy := (=1)i/x, By = G := Oandflk = Dk = ( 1)k, @k = @ := 0, while for
k € [0, 00); odd (k = 2]+1)wedef1neAk =Dy =0, By = —C := (-1)//x and A, = Dy := 0,
By = —C) := (—1)/x. This means that

8 =1/, 8 =xJ, and W= dlag{W“] Wm} diag{qr, re} = 0. (5.81)

Then conditions (5.47) and (5.49) are satisfied. We show that all solutions of systems (Qy)
and (Qp) with the coefficients specified above belong to the corresponding space £;,, 2 . The
fundamental matrices ¢k(0) and @,(0) of systems (Qp) and (Qp) determined by the initial
conditions ®¢(0) = I = &,(0) are equal to

3,(0) = (1/x5)gF 92 and  &,(0) = ¥ J¥ P2 forall k € [0, 0),.

From (5.61) we obtain 7;(0) = ( _(I) 1“2\: ) and 7;(0) = ( —(1) g‘ ), and thus for k € [0, ), we get

(—1)f 1 0 s
it o« k_4]’

-1/ (0 1 o
oy P k=4j+1,

8°(0) = 77 (0)9 811(0) = ((AIH)[S], (25])[81) _

(-1 (0 1 Y
a5 | ol k=4j+2,
n(1 o)
T T
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[s] [s] . . . A A . .
where ( 2 ) nd (A}fl) " mean the partial shift applied to 2 and 27, respectively, i.e.,
[s] [s] T oo . .
(A“]) ’ ( A[”) and (Am) - (J?}fll, ﬁ}{z]) . Similarly, the matrix

&P(0) = 7,(0)3 8141(0) = ((Nm)[s}r (Zf])[S])

has the same form as 5,55](0) above but with x replaced by 1/«. By direct calculations we
then have

i (25{1])[31* Wk(fgl)[S] = F(1/x) < oo, i (A[zl)[sl Wk(A[z])[S] = G(1/x) < oo,

k=0 k=0
Y ) = o < oo 3 () (@) = G < oo
k=0 k=0

This shows that 2,22, 211, 2% € (2, i.e., the assumptions of Theorem 5.4.5 are satisfied
with Ag = 0. Therefore, by this theorem all solutions of systems (9,) and (9,) with (5.81)
belong to £}, for any A € C. Observe that the statement of Corollary 5.4.6 cannot be
applied, because ) ;" ||8[0]—I ||1 =oc0=)7 0 ||§[0] - 1.e., the first two conditions in (5.77)
are now violated. Note also that systems (9,) and (Q/\) in this example cannot be written
as systems (H,) and (H,), respectively, because the coefficient matrices A = 0 = Ay for
k € [0, 00), odd are singular. A

Remark 5.4.9. We note that Example 5.4.8 with x = 1 illustrates the application of Theo-
rem 5.4.1, since in this case the systems (Q,) and (9, ) coincide.

5.5 Bibliographical notes

The results of this chapter were published in [A17] and their generalization to symplectic
systems on time scales was established in [A20]. More precisely, Theorem 5.1.3, Exam-
ple 5.2.3, and Section 5.4 were published only for systems on time scales and they are
explicitly presented for the first time in the discrete case, while Examples 5.3.9 and 5.4.8
are taken almost verbatim from [A20]. However it is worth noticing that the results
of [A17, A20] were stated without the shift in the definition of the space £> by A general-

ization of the invariance of the limit circle case for system (S, ) with the special polynomial
dependence on A described in Example 5.2.3 will be a subject of our future research.
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To compare the discrete with the continuous, to search for analogies
between them, and ultimately to effect their unification, are patterns of
mathematical development that did not begin with Zeno, and certainly
did not end with Leibnitz and Newton, nor even with Riemann and
Stieltjes. Such a pattern of investigation is especially appropriate to the
theory of boundary problems, for which the discrete and the continuous
pervade both physical origins and mathematical methods.

FREDERICK VALENTINE ATKINSON, SEE [9, PG. V]

|
Chapter

NOHOMOGENEOUS PROBLEM AND
MAXIMAL AND MINIMAL LINEAR
RELATIONS

In the last two chapters we return to the case of linear dependence on the spectral
parameter and focus on the discrete symplectic systems from the “operator-theoretic”
point of view. To the best of the author’s knowledge, this direction in the theory of discrete
symplectic systems was completely untouched before the publications [A18,A21], see also
the bibliographical notes in Sections 6.5 and 7.4. However, instead of system (5,) with
the matrices 5y, 8, Vi, ¥, we now consider the underlying discrete symplectic system in
the so-called time-reversed form with the matrices Sy, 8, V', P (to avoid any confusion
we use two different fonts), i.e.,

zk(A) = SV zk1(A) - with Sp(A) := & + AV, (82)
where A € C is the same as in the previous chapters and 4, ¥y € C>™?" are such that
8.38=0d, 8.3V isHermitian, 9, JV, =0, and Wy :=3%JV.d=0, (6.1)

where the matrix J is (again) as in (1.12). This change is mainly motivated by the absence
of the shift in the definition of the associated semi-inner product and semi-norm, see (6.8)
and compare with (2.54) and (2.26). Consequently, it produces a more natural form of
the Green function associated with nonhomogeneous discrete symplectic systems, see
Lemma 6.3.2, and allows us to associate with system ($,) a densely defined operator, see
Theorem 6.4.5 and compare with [132].

Regardless the transition from system (S,) to (4,), the results of the previous chapters
remain valid also for system (4,) with the changes given for the definition of the semi-
inner product and semi-norm. More precisely, one easily observes that the first three
identities in (6.1) are the same as in (2.1). Therefore (again) the matrix 4§ is symplectic,
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for any A € C we have
SIS =3, S{') = ISy (DI, [det V)| = |det 8] =1,  (62)

and the identities for the matrices 8, 1k, Sx(1) canbe modified similarly asin Lemma 2.1.1,
see Lemma 6.1.1. Consequently system (4,) is equivalent to system (5,), where we put
Sr(A) = Sl:l(/\), ie., 8 :=—-J4;d and Vi := —JV . But in that case we obtain

2 (M zi(A) = 2 (D) S A) Wi Sk(A) zk41(A) = =25, (V) V7 I8k zk41(A)
=2 (M) IVid 8, I zkr1(A) =z (M) Wiz (M), (6.3)

which among others justifies the replacement of Wy by ;. On the other hand, systems (§,)
and (4$,) lead to different spaces of square summable sequences, see (2.53) and (6.9).
Finally, we remark that although the presence of the shift in the semi-inner product could
be suppressed similarly as in [A17], the approach based on the time-reversed system
seems to be more natural in the present situation and it is, in addition, traditionally used in
connection with the second order Sturm-Liouville difference equations, see e.g. [96,147].
Moreover, while for the analyses of the square summable solutions developed in the
previous chapters we it was justifiable to “ignore” finite discrete intervals, in this and the
following chapters we concern with system (4,) on a discrete interval Z,, which is finite
or unbounded above, i.e., Z, = [0,N + 1), with N € N U {0, oo}.

Given the inherent positive semidefiniteness of the sequence \ defined in (6.1), it is
reasonable to consider the construction of operators in connection with system (4,), their
extensions and their spectral theory. However we will see that the natural map associated
with system ($,) does give rise only to a multivalued or non-densely defined operator,
see Section 6.4. Hence the approach dealing with linear relations instead of operators is
utilized as it provides powerful tools for the investigation of multivalued linear operators
in a Hilbert space, especially for non-densely defined linear operators. The beginning of
the general theory of linear relations can be traced back to [8], where it was established as
a generalization of the results carried out in [167], see also [42,45,46,82,143,144,146,175]
and the references therein. Moreover, a short introduction to this theory is provided
in the Appendix of this thesis and the reader should be acquainted with its content
before reading Section 6.4. The study of linear relations in connection with the linear
Hamiltonian differential system from (2.5) was initiated in [128] and further developed,
e.g.,in[13,83,104,116]. One of the first occurrences of this concept in the discrete theory can
be found in [28,29] for the second order Sturm-Liouville difference equations, while their
extension to the linear Hamiltonian difference systems was given recently in [79,134,135,
155,161], compare with [142,163]. Hence, in this chapter we aim to associate the minimal
and maximal linear relations to the (time-reversed) discrete symplectic systems and to
establish their fundamental properties in analogy with [116, Section 2] for system (2.5)
and with [134, Section 5] for system (2.6).

The rest of this chapter is organized as follows. In the following section we give some
basic properties of system (4,). In Section 6.2 we focus on the definiteness (or the strong
Atkinson) condition for system (4,), which plays a crucial role in the present theory,
and derive some equivalent characterizations. A nonhomogeneous discrete symplectic
system is investigated in Section 6.3. Concluding with Section 6.4, the maximal and
minimal linear relations associated with the (time-reversed) discrete symplectic systems
are introduced and their fundamental properties, such as a relationship between the
deficiency indices of the minimal relation in a suitable Hilbert space and the number of
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square summable solutions of system (4,), are established. In this final section we also
present a sufficient condition guaranteeing the existence of a densely defined operator
associated with the time-reversed discrete symplectic system.

6.1 Preliminaries

The conditions for the coefficients 8, and ¥V of system (4,) given in (6.1) can be expressed
in several equivalent forms, which are summarized in the following statement, compare
with Lemma 2.1.1. Moreover, the same arguments as in (2.1.3) can be used for the
calculation of | det Si(A)].

Lemma 6.1.1. Let n € N be given. For any k € [0, o), the following conditions are equivalent.
(i) The matrices 8y and V' satisfy the first three conditions in (6.1), i.e., 8,38 =, 8,V is
Hermitian, and Vi3V =0.
(ii) The matrix Sk(A) defined in (8, ) satisfies the first equality in (6.2), i.e., S;(/_\)Hgk()\) =17,
forall A € C.

(iii) The matrices 8 and V' satisfy 8, J8; = 3 and ViV, = 0, and V38, is Hermitian.
(iv) The matrix S(A) in (8,) satisfies Sk()\)3§]’2(/_\) ={Jforall A € C.
Moreover, if any of conditions (i), (ii), (iii) or (iv) holds, then

Sk = [ =AdVe) 8k, Wy =V, Wdbe=0, and (I—AJ) " =T+ A3y, (6:4)

where \py is defined (without the requirement of the positive semidefiniteness) in (6.1). Conse-
quently, |det Sg(A)| = |det 8, (A)| =1 forall A € C.

The invertibility of all matrices Sx(A) guarantees the (global) existence and uniqueness
of a solution of any initial value problem associated with system (4,). Especially, if
z(A) € C(ZJ)*" solves system (4,) and satisfies z;(1) = 0 for some s € Z}, then z(A) is only
a trivial solution, i.e., zx(A) = 0 for all k € Z7.

The latter lemma also establishes the correspondence between the matrix pairs {$, 7’}
and {4,1{}. More precisely, if &,V € C?™X2" satisfies the first three conditions in (6.1),
then the equalities in (6.4) hold. On the other hand, if 4,1y € C21X21 are such that 4
satisfies the first relation in (6.1), ¥; = Uy, and P dPpx = 0, then the second and third
conditions in (6.1) hold with ¥ := Py 8¢ = —J P 8k. Simultaneously, from (6.4) one can
easily conclude that system (4,) can be equivalently written as

3(z1) = Bz (1) = Abezi(A),

which gives rise to a natural linear map . : C(Z})*>" — C(Z,
system (4,), namely

)™M associated with

L2k := I (zk — Sk zk1), (6.5)

where m € N corresponds to the dimension of z and typically we consider m = 1. Hence
system (3,) is equivalent to

L2k = Arzi(A), k€. (6.6)

From this point of view, the second approach seems to be more natural in the present
situation, i.e., to “fix” the sequences of matrices 4,1 € C(Z,)*™?" such that

838 =3, Vp=Ur, YdPr=0, and =0 forallkeZ,. (6.7)

In any case, throughout Chapters 6 and 7 we employ the following notation.
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Notation 6.1.2. The number n € N is fixed, the discrete interval Z, is given either finite or
infinite, i.e., Z, = [0,N + 1), with N € N U {0, o0}, and the sequences §,V,{ € C(Z,)>2n
are such that the conditions in (6.1) are satisfied for all k € Z,.

With respect to the fact that 1\ € C(Z,)*™?" is a sequence with positive semidefinite
terms, we define a semi-inner product on C(Z;)*" by

(z, )y = Z z Dy vk, (6.8)
ke
where z,v € C(Z})?". Here we are intentionally sloppy when suppressing the subscript Z
in the notation of the discrete interval Z, in the sum on the right-hand side of the latter
identity. The same convention is applied throughout the last two chapters. The associated
linear space of all square summable sequences is denoted by

L3(L,) = £2 = {z € C(Z))™" | |lzlly, < oo}, (6.9)

where |- |l, := /-, -}y denotes the associated semi-norm.

The equivalent expression of system (4,) given in (6.6) also justifies the following form
of the associated nonhomogeneous system

zk(A) = Sp(A) zks1(A) = Iy f or equivalently Z(z(A))x = Aprzi(A) + Wk fr, k€L, (5 )

where z(A), f € C(ZF)*>™ with m € N being the same as discussed when defining the
linear map .Z in (6.5). For simplicity, (59) refers to the nonhomogeneous system of the
form given in (8/{) with A replaced by v and f replaced by g. In addition, instead of (52)
we write only (4,) and for this system we apply the same convention, i.e., by (4,) we
denote the system of the form given in (4,) with the parameter A replaced by v. Let us
point out that the equivalent expression given in (/S ) will play a key role in Section 6.4,
where we sometimes write only .2 (z(1)) = Apz(A) + 1]) f and .Z(z) =  f with the meaning
Lz = AMrze(A) + Ui fr and Z(2)x = Vi fi for all k € 7, respectively. For convenience,
we also put Z*(z), = [ZL(2)i]"

The next result presents an absolutely essential tool used throughout this chapter,
compare with Lemma 2.1.5 and Theorem 2.1.7.

Theorem 6.1.3 (Extended Lagrange identity). Let A,v € C, m € N, and f, g € C(Z,)*™™ be
given. If the sequences Z(A), Z(v) € C(Z})*™™ solve systems (8f ) and (53) on I, respectively,
then for any s, t € I, with s < t we have

AlZi (NI ZW)] = A=) ZE) WeZhW) + fi0xZi(v) = Zi(A) Wi gk, (6.10)
t
Zi (1) 3 Zy(v) | =Y {A=MZM;Z,0) + 0 Zj0) - ZiN g} (611)
k=s

Especially, if v = A and f = g = 0 on I,, we have the Wronskian-type identity
Zi (M JZK(A) = Zy (M) I Zo(A) on I3 (6.12)
Proof. Let Z(A), Z(v) € C(ZF)*™™ solve systems (/S;f‘) and (45). Since by (6.4) we have
S; (A IS (v) = J + (A = v) Uy, we see that
A[Zi ()3 Z)] = [ZiA) + Jefi] STV ISF ) [Zev) + Tige] - Z1 (1) I Ziv)
= ZV[ST VIS ) - 3] Zew) + f i Ziv) — Zi(A) Wi g
= (A =) Z[ (MY Zi(v) + £ Wr Zi(v) — Z(A) W 8-
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Identities (6.11) and (6.12) are only simple consequences of the latter equality. [ ]

Let us note that, by using the equivalent expression of system (5£), identity (6.11) can
be also written as

t+1 f . .
(z,zm),| " = Y |2 @0nzw) - ZW LEZ 0N, (6.13)
k=s
where we use for any Z, Z € C(Z})*™" and k € Z; the notation

(Z, Z)y = 2.3 Zx-

Moreover, under the assumptions of Theorem 6.1.3 with m = 1, Z(A) = z, Z(v) = v,
A=0=v,5s=0,and t = N we get from (6.11) and (6.8) that

N+1
(z,0)k . = fr o =<2, v» (6.14)

where the left-hand side of (6.14) means limy_,(z, v); — (z,v)g if Z, = [0, ). Nevertheless
identity (6.14) and the Cauchy-Schwarz inequality imply that the latter limit exists finite
whenever z,v, f, g € lfb.

Throughout this and the following chapters we denote by (1) € C(Z; )22 3 funda-
mental matrix of system (4,). If, similarly as in Chapter 2, it is such that

0;(1)30s(\) =4, (6.15)
for some s € Z}, then as an immediate consequence of (6.12) we have for any k € Z; that
0,30 =4, 6;'()=-30;(1)d, and ONIOUN) =5  (6.16)

Remark 6.1.4. Similarly as for linear Hamiltonian differential systems, there exists a uni-
tary map @ : C(Z})*" — C(Z})*" preserving the square summability with respect to
and such that system (56) can be written in the canonical form, i.e., with 4 = I. Indeed,
let © = ©(0) denote the fundamental matrix of system (4y) satisfying ©g = I. Then it
is invertible for all k € Z} with @' = - ©;J and this inverse provides the canonical

transformation, i.e., @ = @,:1 with Q(z); := @]:1zk. Hence system (56) is equivalent with
~JAv =Ygk, keI, (6.17)

where we put v == Q(2)r, gk := Q(f)r, and Yy := O, U, O, see also [79]. Moreover, one
can easily verify that v € £2 if and only if z € Zi. System (6.17) can be seen as a discrete
counterpart of the canonical linear Hamiltonian differential system, i.e., nonhomogeneous
system associated with (2.5), where H(f) = 0, see e.g. [128] or [116, Subsection 2.2] and the
references therein.

6.2 Definiteness condition

In this section we focus on the definiteness condition for system ($,), which is closely
related to the strong Atkinson condition applied to all A € C, see Hypothesis 2.4.11
and Remark 6.2.7. Although it was shown in Chapter 2 that only the weak form of the
Atkinson condition is sufficient for the development of the Weyl-Titchmarsh theory, we
will need the strong version for (at least) two reasons:
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(i) in the section devoted to the nonhomogeneous problem we utilize Theorem 2.4.12
in the setting of system (4, ), see Section 6.3;

(ii) it guarantees a certain (extremely important) uniqueness property for system (/36),
see Lemmas 6.2.8 and 6.4.3, Theorem 6.4.2, Corollary 6.4.14, and Chapter 7.

Similar treatment in connection with the linear Hamiltonian differential and difference
systems can be found in [13,116] and [134], respectively.

Definition 6.2.1. System (4,) is said to be definite on a discrete interval I C I, provided
the interval ZP is nonempty and for each A € C any nontrivial solution z(1) € C(ZJ)*" of
system (3,), i.e, Z(z(A))r = APrzi(A) for all k € Z,, satisfies

Z Z.(A) b z(A) > 0. (6.18)

keZP

Remark 6.2.2. Alternatively, the definiteness condition for (4,) can be stated in the fol-
lowing way: system (4, ) is definite on a (nonempty) discrete interval Z7 C 7, if, for each
A € C, every solution z(A) € C(Z;)*" of system (4,) for which

Y 5Dzl =0, (6.19)

kezD

is trivial on Z?, i.e., zx(A) = 0 for all k € Z?, and consequently it is trivial on the whole
interval Z;. Furthermore, from the assumption of {y > 0 on Z, we get immediately that
for any discrete interval Z, C Z, such that Z) € 7, we have

D 5z < )z bez(A). (6:20)

kezP keT

Therefore one easily concludes that the definiteness of system (4,) on Z7 guarantees the
definiteness of (5,) on every discrete “interval superset” Z,, especially on Z,. Hence,
definiteness of system (4,) on some finite discrete subinterval 7} implies, for every A € C,
that the semi-norm |- ||, of any nontrivial solution of system (4,) is nonzero. The converse
of this last statement will be established in Lemma 6.2.6 below.

In the next lemma we show that for the definiteness of system ($,) on a discrete
interval 77 it is not necessary to verify inequality (6.18) for all nontrivial solutions and
every A € C, but it suffices to do it only for one particular choice of A € C.

Lemma 6.2.3. System (8,) is definite on a discrete interval I C T, if and only if, for some
Ay € C, each solution z(Ag) € C(Z3)*" of system (8,,) satisfying

Y 5 (A0 bez(Ao) = 0 (621)

keZP
is trivial on I3, i.e., zx(Ag) = O for all k € Z3.

Proof. We begin by assuming that for some Ay € C each solution z(Ag) of system (4,,)
satisfying (6.21) is necessarily trivial on 7}, i.e., zx(Ag) = 0 for all k € Z7. Let A € C be
arbitrary and z(A) be a solution of system (4,) such that (6.19) holds. Given Remark 6.2.2,
it suffices to show that z(A) is also trivial on Z0. Since Py zx(A) = 0 for all k € ZD, we see
by the equivalent expression given in (6.6) that z(A) solves also system (4,,) on Z7. Then,
by the assumed definiteness of system ($,,) on Z7, condition (6.19) indeed implies that
zx(A) = 0 for all k € ZP. The converse is trivial. [ |
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Example 6.2.4. The discrete symplectic systems (or their time-reversed form) investigated
in Examples 2.5.1-2.5.3 are not definite, because they possess nontrivial solutions with
the semi-norm equal to zero. On the other hand, we can provide a simple example of
system (4,) being definite on some nontrivial discrete interval Z} C Z,; cf. Theorem 6.2.5.
Let us consider the following system

(M) _ 1 ~1/Pr+1 X+1(A)
(”k(/\)) - (_qk +Awe 1+ (g~ /\wk)/Pk+1) (uk+1(/\)) kel (6.22)

where p € C(Z;\{0}) and g, w € C(Z,) are (only) real-valued sequences such that wy > 0
and py41 # 0 for all k € Z,. Then the conditions in (6.1) are satisfied with

(1 —1/pr+1 (0 0 _fwe O
5 (—qk 1+ qk/pk+1)’ Vi (wk —wk/pk+1)’ and W = ( 0 0)’
see also (6.25). If wy > 0 for at least two consecutive points of 7, i.e., for k € [a, b], with
a,b € 7, and a < b, then system (6.22) is definite on [a,b],, and thus, by Remark 6.2.2,
also on any discrete interval Z? such that [a,b], € I} C Z,. Indeed, let us denote by
z = (x,u)T € C(ZS)? a sequence satisfying system (6.22) with A = 0 and assume that
Pz = 0 on [a,b];, i.e., the pair xi, ux is such that

Axy = . , AUy = qxXpy1 — i ugy1, and wgxx =0 forallke[ab],. (6.23)
Pik+1 Pr+1

Then the positivity of wy on [a,b], and the third equality in (6.23) yield xx = 0 for all
k € [a, b],, which implies that also u; = 0 for all k € [a + 1, b], by the first equality in (6.23).
Hence zx = 0 on [a + 1, b], and from the invertibility of the coefficient matrix in (6.22) we
easily obtain z = 0 on [a,b],. It means that z is only the trivial solution of system (6.22)
with A = 0 and the definiteness of system (6.22) on [a, b], follows by Lemma 6.2.3.

In addition, we point out that system (6.22) corresponds to the second order Sturm-
Liouville difference equation

= Alpr Ayr—1 (D] + gy (V) = Awgye(A), k€ Z,. (6.24)

with p € C(Z}) and g, w € C(Z,). More precisely, let y(A) € C(Z; U {-1}) be a solution of
equation (6.24) on the discrete interval Z,. Then the pair xx(A) = yx(A), k € Z) U {1},
and uy(A) := pr Ayx-1(A), k € I, satisfies system (6.22) for all k € Z,, compare with the
system corresponding to equation (2.8) in the case m = n = 1 and see also [4, Example 3.8].
On the other hand, if py # 0 and the pair x(A), u(A) € C(Z}) solves system (6.22), then
y(A) € C(ZF U {-1}) defined as

o |5, KETE
Y= 00 (h) = uo)fpo, k= -1,

satisfies equation (6.24) for all k € Z,. A

System (6.22) is a particular case of system (4,) with a special linear dependence on
the parameter A, which is analogous to system ($,) with (2.7). Namely, let

_ (ke B (0 0 (W 0
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where o, B,€,D,W € C(I,)"™" are such that 8 J8; = J and W = W =0 forall k € Z,.
Then the conditions in (6.1) are satisfied on Z, and in the following theorem we derive
a sufficient condition for the definiteness of system (4,) with the coefficients as in (6.25).
For completeness, we note that the latter system is equivalent with the pair of equations

xk(A) = di X1 (A) + B (A),  ug(A) = Grexpp1(A) + Dy g1 (A) + AW xi (A). (6.26)

Theorem 6.2.5. Let us consider system ($,) with the coefficients specified in (6.25). If there exists
an index m € Z,\{0} such that the matrices By,—1, W1, and Wy, are invertible (in fact, Wp,—1
and Wy, are positive definite), then system (8, ) is definite on the discrete interval [m —1, m],, and
thus also on Z,.

Proof. Let A € C be fixed and z(A) = (xT(A), uT(A))T € C(Z;)*" be a nontrivial solution of
system (4,) such that Py z(A) = 0 on [m — 1, m],, i.e., Wy—1 X—1(A) = 0 and W}, x,,(A) = 0.
By Lemma 6.2.3 we have to show that zx(1) = 0 on [m — 1,m],. From the invertibility of
Wy,—1 and Wy, we obtain x,,_1(A) = x,,(A) = 0. Hence
6.26
0= 21(A) 27 sty 2 (1) + Bt n(A) = By (M),

which yields also u;,(A) = 0 by the invertibility of %,,_1. It means z,,(1) = 0 and conse-
quently z(A) = 0on Z;. [ ]

For the following result we fix kg € Z7 and by ©(1) € C(Z})*>?" we denote the
fundamental matrix of system (3,) satisfying O, (A) = I for any A € C. Hence O(A)
satisfies equality (6.15) with s = kg and thus also the relations in (6.16) for all k € Z.
The next result provides a characterization of the definiteness of system (4,) which is
analogous to that for system (2.5) established in [13, Proposition 2.11].

Lemma 6.2.6. System (4,) is definite on I, if and only if there exists a finite discrete interval
17 C I, over which the system is definite.

Proof. 1f the discrete interval 7, is finite, the statement is trivial. Hence, let us consider
the case Z, = [0, ©0),. From Remark 6.2.2 we know that the definiteness of system (4,) on
a finite discrete interval Z? implies definiteness on the discrete interval [0, o0),. Thus, it
remains to show the converse.

Assume that system (4, ) is definite on [0, ®),. In light of Lemma 6.2.3, we need only
to show the existence of a finite discrete interval Z} over which system (4,) is definite
for one value Ag € C. Thus, let Ay € C be fixed and for any finite discrete subinterval
7, C [0, 00), we define the set s(Z,) as

ST = {£ € € [l =1and ) £ ©}(ho) i O(Ao) = 0,
keT
where |||, is the Euclidean norm on C?. Then s(Z,) is compact and it holds s(Z,) € s(Z>)
wheneverZ, C Z,. Moreover, let {IZ['”]}meN be a collection of nested finite discrete intervals

M c TP C--- [0, ), such that [,y ZM™ = [0, 0),. Suppose that there exists a vector
& € C¥ with || &]l, = 1 such that for every m € N we have } i c7tm & @,’;(/\o)xpk Or(Ap)é = 0.
Then also } ;2 £ ©7(A0) Yk Ok(A0) & = 0, which implies that ©x(A0)& = 0 for all k € [0, 00),
by the definiteness of system (4,) on [0, ),, see Remark 6.2.2. But it means that £ = 0,
which contradicts the assumption ||£]l, = 1. Consequently

ﬂ S(IZ["’]) =0

meN
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for the collection of nested compact sets s(IZ[”) D s(IZ[Z]) 2 ---. Thus by the Cantor
intersection theorem, q.v. [7, Theorem 3.25], there exists my € N such that s(IZ["'O]) =0,
which demonstrates the definiteness of system (4§,) on the interval 77 = IZ['"O] Cc[0,00);. =

Remark 6.2.7. From Lemmas 6.2.3 and 6.2.6 we conclude that the strong Atkinson condi-
tion stated similarly as in Hypothesis 2.4.11 for system (4, ) is equivalent to the definiteness
of system (4,) on [0, ), and it suffices to verify this condition only for one A € C. Note
also that [26, Assumption 2.2] requires satisfaction of inequality (6.18) on every nonempty
finite subinterval of [0, o0),, which is significantly stronger than requiring the definiteness
of system (4,) on [0, ), as seen, e.g., when (4,) is definite on a finite discrete interval
[0,N]; € [0,00); and ¥y =0 fork € [N + 1, 00),.

Now we establish a basic result concerning the solvability of a boundary value prob-
lem associated with system (4,), which will be utilized in the proof of Lemma 6.4.3. It
provides the symplectic counterpart of the original Naimark’s result known as the “Patch-
ing lemma”, see [124, Lemma 2 in Section 17.3]. Analogous result for system (2.6) can be
found in [135, Lemma 3.3].

Lemma 6.2.8. Let system ($,) be definite on a finite discrete interval 7 C T, and a finite discrete
interval T, := [c,d]; be giveii such that 77 C 7, € I, with c,d € Z,. Then for any given
&, 1 € C?' there exists f € C(Z,)*" such that the boundary value problem

L@k =Vrfir ze=& zam=1n, kel (6.27)
possesses a solution z € C(Z2)>.

Proof. Let A = (a;;);j=1,..2n be the 2n X 2n matrix with the elements a;j := Zizc (p][(i]*ll)k goz]

fori,j € {1,...,2n}, where ¢",..., " € C(ZS )** are linearly independent solutions of
system (4p), i.e., L(¢") = 0forall k € Z, and i € {1,...,2n}. Then the homogeneous
system of algebraic equations Ap = 0, where p = (p1,..., p2u)" € C?", is equivalent to
ZZZC P kpr = 0, where ¢ := Zizfl pip"! € C(ZF)*. Since ¢ also solves system (), it
follows from the assumption of the definiteness on Z? and inequality (6.20) that ¢ is only
the trivial solution of system (4y), i.e., lzfl i (pl[é] = 0, which implies that p; = 0 for all
i€ {1,...,2n}. Thus, the matrix A is invertible.

Consequently, there exists a unique solution C = ((y,...,Con) " € C?" of the nonhomo-
geneous system of algebraic equations

CA=17904., (6.28)
where O := (¢"",..., ”")" is a fundamental matrix of system (4o). If we put 11, := ©;C
for k € Z,, we get from (6.28) for all i € {1,...,2n} that

d

Z h;{ll* Py (pz] =n'J (pg]ﬂ' (6.29)
k=c

Simultaneously the definiteness of system (4,) guarantees the existence of a unique
solution zI"' € C(Z})?" of the nonhomogeneous initial value problem

.i”(z[”)k = 1|)khm, Z[CH =0, ke fz.
Then, for alli € {1,...,2n}, the fact Z(¢"); = 0 and identity (6.13) yield

d d

* i * i * i i d+1 i
Zhij] Vi) = Z {f @) -z «i”((P”)k} = (Z[”,(P“)k|c+ =", oM. (6.30)
k=c k=c
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Upon combining (6.29) and (6.30) we obtain zg] , = 1, which means that z!" solves the

boundary value problem
Z(Z[H)k = lbkh;(ul Z[cl] = 0/ 2_]'_1 T]/ k € fz-

Similarly, the nonhomogeneous system of algebraic equations w*A = £*J O, has a unique
solution @ = (w1, ...,w2;)" € C¥'. Then with hf] := Orw, k € Z,, we can calculate that

ZP € C(Z})*", being the unique solution of

L=k, =0, ke,

also satisfies z7' = &, i.e., it solves the boundary value problem

L@ =—Peh, =g, =0, keI,
Therefore, the sequence z € C(Z)*" with the terms z; := z)' + 2z forall k € 77 solves the
boundary value problem (6.27) with f; := ;! — I for k € IZ, ie., feC(Z,)™". [

Finally, we derive yet another characterization of the definiteness of system (4)),
analogous to that given for linear Hamiltonian systems (2.5) and (2.6) with E; = 0in [116,
Sections 2.3 and 2.4] and [134, Sections 3 and 4], respectively.

For any A € C and nonempty finite discrete interval Z,C 7T, withk € f; we define
the 2n X 2n positive semidefinite matrix

SN, Z2) = ) B4k Ok(A) (631)

keT

in terms of the fundamental matrix ©(A) of system (4,) specified in the paragraph pre-
ceding Lemma 6.2.6. While the matrix (A, IZ) depends obviously on A and 7,, we next
establish that its kernel and range do not, which implies also the independence of the
rank of 9(A,Z,) on the value of A.

Lemma 6.2.9. For any nonempty finite discrete interval T, C T, such that ko € T, the subspaces
Ker 3(A,Z,) and Ran 9(A, Z,) are independent of A € C.

Proof. Let A € C and & € Ker 9(A,Z,) be fixed and put zx 1= Or(A)& for all k € f; Then
obviously z € C(f;)zn solves system (4,) on 7, ie., Z(z) = AMpz on Z,, while satisfying
the initial condition z, = £. Simultaneously, the sequence z solves also system (4,) on 7,
foranyv € C,i.e., Z(z) = vipzonZ,, because the positive semidefiniteness of the elements
in the sum on the right-hand side of (6.31) implies Wz = P Ox(A)E = 0 for all k € Z,.
Hence z; = Or(v)C for all k € f; and some ( € C?". Since & = 7k, = Ok, (v)C = (, it holds
z=0O(1)& = O(v)& on the discrete interval Z,, which implies

0= T)E= ) Habez = £ 90, 1)
keZ

Therefore, Ker 9(A, fz) C Ker 9(v, fz) and by reversing the roles of the numbers A and v
we obtain Ker 9(A,Z,) = Ker 9(1,Z,) for all A,v € C. The independence of Ran 9(A, Z,)
on A € C follows from the previous part and the fact that, as defined in (6.31), the matrix
9(A,Z,) is Hermitian, which yields Ran 9(A, Z,) = Ker9(A,Z,)* by (1.6). [ ]
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The latter statement justifies the suppression of the parameter A in the notation of the
kernel, range, and rank of 9(A, 7,) for any nonempty finite discrete interval 7, C 7, with
ko € f;, i.e., henceforward we write only Ker 9(Z,), Ran 9(Z,), and rank 9(Z,). In the
following theorem we show that there exists a nonempty finite discrete interval Z,C1Z,,
which maximizes the value of rank 9(:).

Lemma 6.2.10. There exists a nonempty finite discrete interval T, C T, with kg € T, such that
for any finite discrete interval T, satisfying T, C T, C T, we have

rank 9(Z,) = rank 9(Z,), Ran 9(Z,) = Ran 9(Z,). (6.32)

Proof. 1f the discrete interval Z, is finite, the statement is trivial. Hence, let us consider the
case 7, = [0, 00),. For finite discrete intervals 7, and Z, such that ko € f; - fz C [0, 0)5,
we see that Ker 9(Z,) C Ker 9(Z,) by the definition of 8(-) in (6.31). Then, given that the
matrix 9(-) is Hermitian for any finite discrete interval, we see that

Ran 8(Z,) =) [Ker 8(T,)]* € [Ker 9(T)]* =) Ran 9(Z,),

and consequently rank §(Z,) < rank 9(Z,) by (1.1), i.e., the value of rank 9(-) does not
decrease when we extend the interval. Since at the same time rank 9(-) < 2n, there
must be a finite discrete interval Z, such that rank S(Z ) = rank 3(Z 7,), and thus also
Ran 9(Z,) = Ran §(Z,), for all finite discrete intervals Z, containing Z,. |

Finally, we describe a connection between the definiteness of system (5,) and the
matrix 3(A,Z,) for a finite discrete interval Z, C Z,.

Theorem 6.2.11. For a nonempty finite discrete interval Z,C T, withky e f; and for S(A,Z,)
being defined as in (6.31) the following statements are equivalent.

() It holds rank 9(Z) = 2n
(ii) It holds Ker 8(Z,) = {0}.
(iii) For some A € C, every nontrivial solution z(A) € C(Z])*" of system (8,) satisfies
Yokez 21 (M) Wrzi(A) > 0.

(iv) Forsome A e C, asolution z(A) € C(Z;)>" ofsystem (8,) is necessarily trivial, i.e. zx(A) =
forallk € TS, when ) o7 z (M zi(A) =

Proof. The equivalence of (i) and (ii) is clear, while the equivalence of (iii) and (iv) follows
from Remark 6.2.2 and Lemma 6.2.3. Hence it remains to show that the statements in (ii)
and (iii) are equivalent.

Let us assume that (ii) is true and z(1) € C(ZJ)?" be an arbitrary nontrivial solution of
system (4,) for some A € C, i.e., zx(A) = Ox(A) & for some & € C**\{0} and all k € Z;. Since
S\, Z,)is positive definite and & # 0, we obtain

0< &9, T)E= Y €O DOUNE = Y (D) bizi(A),

keT keT

i.e., (iii) holds. Conversely, assume that the statement in (iii) is true. Let £ € C2"\{0} be
fixed and put z;(A) := Ox(A)& for all k € Z}. Then z(A) € C(Z})?" is a nontrivial solution
of system (4$,) and, by (iii),

£, THE =Y 7N bez() > 0

keT
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ie, we have 9(A,Z,)& # 0. Since the vector & was chosen arbitrarily, we conclude that
Ker 3(Z,) = {0}, i.e., (ii) is satisfied, which completes the proof. [ ]

Asanimmediate consequence of Lemma 6.2.6 and Theorem 6.2.11 we get the following
corollary; cf. [116, Definition 2.14].

Corollary 6.2.12. System (8,) is definite on I, if and only if, for some nonempty finite discrete
interval T, C I, one of the conditions listed in Theorem 6.2.11 is satisfied.

6.3 Nonhomogeneous problem

Now we take the nonhomogeneous problem into consideration and extend the results
of [A4, Section 5] to the case of general linear dependence on A. For this purpose we
naturally consider only the case Z, = [0, ), and we start this section by restating some
fundamental results from the Weyl-Titchmarsh theory for system (4,), which are related
to the present study of system (5;;). As discussed at the beginning of this chapter, see (6.3),
these results can be easily derived from Chapter 2 by appropriate changes in the definition
of the semi-inner product and its weight matrix.

Throughout this section we assume that system (4,) is definite on [0, o), and “fix”
the fundamental matrix ©(A) € C([0, 00),)*™?" by the initial condition @y(A) = (a*, —Ja*)
for a given a € T, see (2.19) and (2.21). Since a € T', this fundamental matrix satisfies
equality (6.15) with s = 0, and thus all the relations in (6.16) hold. We also denote by
Z(A), Z(A) € C(]0, 0),)¥™" the two components of the fundamental matrix, i.e., we put
O(A) := (Z(A), Z(A)). If A € C\R, then the associated Weyl disks are defined in the same
way as in Definition 2.3.1 with the £(M)-function replaced by €(M) := i6(A)X*(A)JX (A),
where M € C"™" and

Xk(A) = 0r(A, a)(I, M*)", k€]0,00),, (6.33)

represents the Weyl solution of system (4,); cf. identity (2.32) and Definition 2.2.1. Since
system (4, ) is assumed to be definite on the discrete interval [0, o), the limiting Weyl disk
exists and it is a closed, convex, and nonempty subset of C"*"; cf. Definition 2.3.10 and
Remark 6.2.7. Hence the columns of the Weyl solution % (1) defined through any matrix
M from the limiting Weyl disk are linearly independent square summable solutions
of system(4,), i.e., they belong to be ; cf. Theorem 2.4.1. Consequently we adopt the
terminology from Definition 2.4.2, i.e., system (4,) is said to be in the limit point case
and in the limit circle case if it possesses n and 2n linearly independent solutions in llzp,
respectively. Finally, by M. (1) we denote the half-line Weyl-Titchmarsh M(A)-function,
which is defined in accordance with Remark 2.3.17(i) and satisfies

M:(A) = My (A) forall A € C\R. (6.34)

Moreover, if A,v € C\R and systems (4,) and (4,), are both in the limit point or in the
limit circle case, then
klirn %;*(A)H%Ij(v) =0, (6.35)

where % *(A), % *(v) € C([0, 0),)*>"™" represent the Weyl solutions of systems (4,) and (4,)
defined by (6.33) through the matrices M, (A) and M. (v), respectively; cf. Theorem 2.4.12.
For simplicity, we put %7 () := [X 7 (A)]". The next result shows a useful relation between
the Weyl solution & *(A) and Z (7).
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Lemma 6.3.1. Let « € I, A € C\R, and system (5,) be definite on [0, 0),. Then
LA ZA) = Ze(W) X (A) =3 forall k € [0,0),. (6.36)

Proof. ldentity (6.36) then follows by a direct calculation from the definition of % *(:), the
third identity in (6.16), and equality (6.34). [

For A € C\R and k, s € [0, o), we introduce the Green function

ZiMXA), kelo,s],,
Gis(A) 1= 'i( )% (051 (6.37)
?)Ck (M Z,(A), kels+1,00),,
which can be equivalently expressed as
A Z(A k-1
Gks(/\) — 9’}2‘]{( ) s( _)/ s € [0/ ]Z/ (638)
’ Z(M)XF(A), s ek, 00),.

Let us note that in the literature we also find the terminology resolvent kernel for an
analogous function in the continuous time case, see e.g. [107, page 15].

In the following lemma, we establish some fundamental properties of the Green
function. We note that the given identities are presented in a more symmetric form, with
respect to the variables k and s, than the corresponding identities for the Green function in
the case of the system (S,) with the special linear dependence on the spectral parameter
given in [A4, Lemma 5.1].

Lemma 6.3.2. Let « € T', A € C\R, and system (8,) be definite on [0, c0),. Then the Green
function G(A) € C([0, 00),)?™2" possesses the following properties:

(i) G; (A) = Gsx(A) for all k, s € [0, 00), such that k # s;
(ii) G} (A) = Gix(A) + 3 for all k € [0, 00),;

(iii) for any given s € [0, 00), the function G.s(A) satisfies the homogeneous system (8,) for all
k € [0,00); such that k # s, i.e., Gxs(A) = Sg(A) Gyy1,5(A) on the set

{tk,s} € 10,00), x [0, 00), | k #5;

(iv) Gix(A) = Sk(A) Grr14(A) = d for every k € [0, 00)2;
(v) the columns of G.s(A) belong to Ki for every s € [0, 00), and the columns of Gy .(A) belong
to ZIZI) for every k € [0, 0),.

Proof. The first property follows directly from the definition of Gi4(A) given in (6.37).
The second property can be obtained from (6.37) by means of identity (6.36). For the
proof of the third property we distinguish two cases for the calculation of the value of
Gk s(A) — Sk(A) Gry1,5(A) and use the fact that X *(A) and Z(A) solve system (4,), i.e.,

X A) = SN (MIZHA) =0 when s<k<k+1,

Gisl) = S G o) = {[zkm — S Zea(WIZT (M) =0 when s2k+1>k

Property (iv) can be proven by using the definition of G(A) in (6.37) together with iden-
tities (6.34) and (6.16). Finally, the columns of G.4(A) belong to szp for every s € [0, o),
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by the definition of the Green function and the square summability of the Weyl solution
¥ *(A), because

1G.s(el, =e (A (szu e D)5 (D

20| Z PO (D) ZiDe; < o0,

k=s+1

while the columns of G; (1) are in [z for every k € [0, 00), by the similar calculation and
the equivalent express1on given in (6 38). [ ]

Let us associate with system (/32) the sequence % (1) € C([0, ),)*", where
(1) = Y G s fi, ke [0,00),. (639)
s=0

By (6.38), it can be written as

?\“
;-n

) =27 Y B Do+ 2D Y 2D, (6.40)
s=k

S

Il
o

which shows that x (1) is well defined for all f € Ki by the Cauchy-Schwarz inequality,

because the columns of % *(A) are square summable, see also Lemma 6.3.2(v). Similarly
as in [A4, Theorem 5.2] we show that the above defined function x (1) represents a square
summable solution of system (5;;) with f € [121)'

Theorem 6.3.3. Leta € T, A € C\R, f € £2,and system (8,) be definite on [0, o). The sequence
%(A) defined in (6.39) solves system (5/f\) on [0, 00),, satisfies the initial condition axo(A) = 0, is
square summable, i.e., (1) € L2, and it holds

2Dy < 6.41
Iy < ol (6.41)

In addition, if system (8,) is in the limit point or limit circle case for all A € C\R, then
kh—>n;) XTW)I=x(A) =0 forevery v € C\R. (6.42)

Proof. The form of xx(A) given in (6.40) together with the similar expression of xy.1(1),
the fact that 2’ *(A) and Z(A) solve system ($,), and identity (6.36) yield

e

-1

(1) = S k1 () = ZFA) Y ZUD)bs f + ZeD) Z LI fo

S

I
o

- S, A)Zz D)¥s f; = SKA) Zpa A)X 2w f

s=k+1
[z M Z(A) - zku)%;*m)]wkfk = —J fi.

i.e., the sequence % (A) solves system (5/{).
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The fulfillment of the boundary condition follows by the simple calculation
axo(A) = aZo(A) Z XA s f = —ada® Z L) s o =0,
s=0 s=0

because Zy(A) = —Ja* and a € T.
Next, we prove the estimate in (6.41) which together with the assumption f € £ i will

imply that x (A1) € lep' For every r € [0, o), we define the function

[r] — {fk! k € [0/ r]Z/

ko, kelr+1,00),,

and the function

() = Z Grs(A) s ! = Z Gro(A) s f- (6.43)
5=0

Then x"(A) solves system (5/\) with f replaced by f"l. Applying the extended Lagrange
identity from Theorem 6.1.3, we obtain

lim 7 (D)3, (1) = 2" N FFD) + A=) Y " Wbl (1)
o k=0

(6.44)
Z [»]*11) %[r](/\) Z%[r]*(/\)lp f[r]_

Since Zo(A) = —Ja* and a € T, we see that
r % _ . r
< DI = (Y2 £) ZinaZo( Y 25D f)=0. (649
s=0 s=0
For every k € [r + 1, 00), we can also write
2(1) = XFN) g (), where g(A): Z ZEA)Ws £, (6.46)
which, together with the fact that M, (1) belongs to the 11m1t1ng Weyl disk, yields

1 . r [5(1 .
—— lim T, ()], (1) = |Z ((i)| r(/\)( lim ?}Ck+1(/\)39}fk+l(/\)) 2()

( T SO (Jim G M) () 0. (647)

By using identities (6.44), (6.45), and (6.47), the assumption A # A, the Hermitian property
of Py, and the Cauchy-Schwarz inequality we get

1", = Zz“*u by () < 1m( D (ka"*w ' (A) = Zz“’*m )i f”)

3 gy

k=0

1 (& , "
Sm(;xil (A)ll)k%,[(](/\)) (Z 1 [1)

" )y X M1 Iy,

<
~ [im(A)]

< =
[im(A)]
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thereby yielding the inequality

") My < im /\)I Iy < im ||f||¢, (6.48)

because x1(A) € £12p' Upon combining identities (6.39) and (6.43) for any k, 7 € [0, o), we
easily calculate

(D) =) = ) Ges(D) s f

s=r+1
Now, let t € [0,7],. Then from the definition of G(A) given in (6.37) we obtain for every
k € [0, t], that

(1) = 2I) = Ze(A) Y AT D) f (649)

s=r+1
Since the columns of the Weyl solution % *(1) and the function f belong to £2, it follows

that Y22, X (A) s fs < oo by the Cauchy-Schwarz inequality. Hence the right-hand side
of (6.49) tends to zero as r — oo for every k € [0,t],, which shows that %" converges
uniformly to x(A) on the interval [0, t],. Moreover, by (6.48), we have

t
Y D) < W), < T

k=0

from which, as a consequence of the uniform convergence of x"(1) for r — oo on [0, {],,
we see that

szmmka < ( o (6.50)

k=0

As identity (6.50) is satisfied for any ¢ € [0, 00),, the desired estimate in (6.41) follows.

Finally, to establish the existence of the limit in (6.42), assume that system (4, ) is in the
limit point case for all A € C\R and v € C\R is arbitrary. From the extended Lagrange
identity in Theorem 6.1.3, for any k, r € [0, 0),, we obtain

k k
k+1 ’
[%]f*(v)gx;”()\)]o =@ -A) Z;‘ X ]-x;.’l(A) - Z(; X)) f]F’](A). (6.51)
J= J=
If r € [0, 00), and k € [r + 1, 0),, then identities (6.35) and (6.46) imply

hm %+>«1 (V)H [r] 1(/\) %+*l (V)g%k+1 (/\) gr(/\) (6. 35)

Hence upon taking in (6.51) the limit for k — co we get
Ly M Ixy'(A) = (A -7) Z %f*(v)tl)jx;’](/\) + Z %;*(V)Il)]‘f}r](/\). (6.52)
j=0 j=0

Since, by the previous part, x"1(1) converges uniformly on finite subintervals of [0, o), to
%(A) as r — oo, identity (6.52) yields

X" W)dxo() = (A =7) Y X)) + Y X @) f(A). (6.53)
=0 =0
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Simultaneously, as in (6.51), we obtain from (6.11) for every k € [0, o), that

k+1
0

k k
[ 0)a%W] = @=D Y X0 = Y XTO)FD). (654
j=0 j=0

Hence by letting k — oo in (6.54) and using equality (6.53) the limit in (6.42) is established.

An argument, similar to that given above, can be used also in the limit circle case to
show the existence of the limit in (6.42), because all solutions of system (§,) are square
summable in that case. However, an alternative and more direct method of the proof is
available. It utilizes the fact that Z(1) € £2 in the limit circle case, which is not true in the
limit point case, q.v. the proof of Theorem 2.4.3. More specifically, by (6.40) we have for
every k € [0, o), that

B
—

L) = 67T D) Y. i) e fo + X7 WIZN) Y X Defee (6.55)
s=k

[
Il
o

The limit in (6.42) follows by the fact that both the terms on the right-hand side of (6.55)
tend to zero as k — oo. Indeed, the zero limit of the first term is a consequence of the
relation in (6.35) together with the convergence of the sum for k — oo, which we get by
the Cauchy-Schwarz inequality. The second term tends to zero because % **(v)J Z(A) is
bounded by equality (6.11) and the sum converges to zero as k — co. [

In the last result of this section, we extend [A4, Corollary 5.3] to the case of general
linear dependence on the spectral parameter.

Corollary 6.3.4. Let o € ', A € C\R, f € Zi, and & € C". Assume that system (4,) is definite
on the discrete interval [0, 00),, and define

2(A) = XN E+%1(A), Kk €[0,00), (6.56)

where xx(A) is given in (6.39). Then the sequence %(A) € C([0,0),)*" represents a square
summable solution of system (5;@) satisfying the initial condition a%0(A) = & and

1

2y £ 77— + 1L F(A) Ely- 6.57
120l < st T + 125 ) E (657)

If system (8)) is in the limit point or in the limit circle case for all A € C\R, we have
kh_)r?o XFW)d2k(A) =0 forevery v € C\R. (6.58)
Moreover, in the limit point case the sequence %(A) is the unique square summable solution of
system (5’;) satisfying a%o(A) = &, while in the limit circle case % (A) is the unique solution of (5’;)

being in Ki such that a2o(A) = & and

klim X (A)I42k(A) = 0. (6.59)
Proof. Since X *(A)& solves system (4,) and Op(A, @) = (a*, —Ja*), it follows from Theo-

rem 6.3.3 that the sequence %(A) solves the nonhomogeneous system ()Sfl) and satisfies
ao(A) = aX;(A)& = & The estimate in (6.57) follows directly from (6.56) and (6.41) by
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the triangle inequality. The limit in (6.58) follows in the limit point or in the limit circle
case from (6.35), (6.42), and from the calculation

lim 90,7 (1)3%(A) = lim {27 ()JXF (W)€ + L7 0) T = 0.

Finally, we prove the uniqueness of the solution in the limit point and limit circle cases.
Assume that z"(1), (1) € C([0, ©0),)*" are two square summable solutions of system (5;;)
satisfying azg](/\) =& = azg]()\). Then zi(A) := z}(”()\) - z}f]()\), k € [0, 0),, represents
a square summable solution of the homogeneous system (4,) and it satisfies azo(A) = 0.
Since z(A) = O(A,a)C for some { € C?', the initial condition azy(A) = 0 implies that
ze(A) = Zi(A) n for some n € C". If system (4, ) is in the limit point case, we have z(1) ¢ Ki
for n # 0, because the columns of z (A) do not belong to £2 in this case, see Theorem 2.4.3.
Therefore 1 = 0 and the uniqueness follows. On the other hand, if (4, ) is in the limit circle
case and both z"(1) and z”(A) satisfy also the limit relation given in (6.59), then we obtain
from the previous part and the first identity in (6.16) that

0= klim X (A)Iz(A) = klim X (A)IO(A) (2) = klim (I M:(/_\)) 0;(1)JOk(A) (?]) =1,
which implies the uniqueness of the solution £(A) also in the latter case. [

6.4 Maximal and minimal linear relations

Finally, in this section we come to the topic of linear relations. We focus on a pair of linear
relations defined in terms of the linear map, .Z(-), introduced in (6.5) in association with
system (4,). Let us mention that similar results for linear Hamiltonian differential and
difference systems can be found in [13,116,134]. Moreover, we remind that a short intro-
duction to the theory of linear relations is available in the Appendix and we recommend
to read this passage now if it is not familiar to the reader.

For the present treatment we need to introduce some spaces in addition to the space
of square summable sequences Ki defined in (6.9). Namely, we denote by l i the quotient
space obtained by factoring out the kernel of the semi-norm |- |, i.e.,

2= 12 [z e @ | Izlly =0}, (6.60)

It is easy to see that £? is a Banach space with respect to the norm generated by the
quotient space map 7m(z) := Z and simultaneously it is a Hilbert space with respect to the
associated inner product (Z, @)y, := (z, v)y, Where z and f are elements of the equivalence
classes z € [ i and f e l?, respectively; cf. [142, Lemma 2.5]. Henceforward, we denote

. ~ . . . . 2 ~ ~2 .
by the superscript ~ the corresponding equivalence class, i.e., if z € £ then Z € £ is such

that z € Z. In addition, we point out that the value of | zl|ly, := +/(z, z)y for z € C(Z] )2
does not depend on zy41 in the case of Z, being a finite discrete interval, which implies
that the sequences z,v € C(Z;)*" such that z; # vy only for k = N + 1, belong to the same
equivalence class. In addition, the product space L 1|2)><2 = fi x I i is also a pre-symplectic

: : : L. J2X2 ., f2X2 .
space with the associated function [-: -] : £ ﬂ)x X £ wx — C given by

[z /) (@, 3] = (f, D)o = (&, D, (6.61)
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see (6.14) and the second part of the Appendix. Moreover, we define the subspace

{zeCo@)* Nt 120=0, 2y,1 =0} ifZ, =[0,N],, N e NU (0},
M Fec@ 0 z20=0) T, =[0,0).,

and if Z, = [0, o0), also
li,l = {z € 5121) | there exists K € [0, 00), such that Pz, = 0 for all k € [K, oo)Z}.
Finally, the space / 1%,1 consists of equivalence classes similarly as fi and it is easy to see

i2 s 72
that £ | is a dense subspace of £.

6.4.1 Linear relations and definiteness

Now we can introduce the maximal linear relation Tmax as a subspace of L ixz given by
Tax = {{Z, fle Zixz | there exists z € Z such that .Z(z) = ll,)f} (6.62)

Note that when Z(z) =1 f, then Z(z) =g for any g € f, i.e., the definition of Tax does
not depend on the choice of the representative ¢ € f. Similarly, we define the pre-minimal
linear relation

To = ({2, f} € L2 | there exists z € £ £2 | such that Z(z) = | f}, (6.63)
which evidently satisfies Ty € Tmax. In addition, by (A.6) we put
To— Al := {{Z,f} € ng)xz | there exists z € Z N [121),0 such that Z(z) = Az + ll)f} (6.64)

The consideration of linear relations (instead of operators) in our current context is
natural given that the weight 1, being present on the right-hand side of system (4 ﬁ) and
in the definitions of the sequence spaces associated with Timax and Tmin, has terms none
of which are positive definite, but all of which are only positive semidefinite, see (6.7).
Moreover, this fact is affirmed by the following simple example, which is analogous to
that found in [116, Section 2] for system (2.5).

Example 6.4.1. Let n = 1 and consider system (/36) with

[1]
/Sk = ((1) (1)), 1|)k = ((1) 8)/ fk = [ ];2]]’ and k= (ii) ) (665)

k

Then Z(z) and (56), respectively, can be written as
0 -1 Ax 0
L(z) = (1 O) Az and Az= (Au) = (—f[”)' (6.66)
Hence, for any f € £ 12p' the sequence z € C(Z})? with the terms
0 d 0 for all k € Z; \ {0}
= = _ (S
20 an Zj _ Zkzé f]p] or a 7
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solves the nonhomogeneous system in (6.66), i.e., system (56) with the coefficients spec-
ified in (6.65). Since obviously z € 0, we have {0, f } € Tmax for any f el i Thus, the
multivalued part of the corresponding linear relation Tiax, i.e., mul Thax defined in (A.3),
is nontrivial, which means that Tmax is not a graph of a linear operator. Let us also note
that a solution of system (56) in (6.66) which is an element of the space lﬁ),o' of necessity is

such that x; = 0 for all k € Z; with the consequence that dom T = {0}, i.e., the set dom Ty
is not dense in Zi. A

The latter example illustrates yet another interesting situation: for any c € C the
sequence zx(A) = (0,¢)" € 0 represents a solution of the nonhomogeneous system in (6.66)
with f € 0, ie., f[” = 0. It means that for the pair {0,0} there exists infinitely many
representatives z € 0 such that .#(z) = ¥f = 0 and, at the same time, it implies that
system (4,) with the coefficients given in (6.65) is not definite on the discrete interval Z,
by Lemma 6.2.3. In the next result we characterize the definiteness of system (4, ) in terms
of the domain of Trax.

Theorem 6.4.2. System (4)) is definite on the discrete interval I, if and only if for any pair
{Z, f} € Tmax there exists a unique z € Z such that £ (z) = f.

Proof. Assume that system (4,) is definite on Z,. Let {Z, f } € Tmax and z!, 2 € Z be two
representatives of the equivalence class Z such that .Z(z!") = ¥ f = Z(z?). If we put
vy =z, — 2z forall k € 7}, then £(v) = 0 and v € 0 € Zi, i.e., v solves system (4p)
and satisfies } i1 v, W vx = 0. Therefore, by Remark 6.2.2, the definiteness of system (4))
implies that vy = 0 on Z, i.e., 2" = zP on Z7 and so there exists only one representative
z € Zsuch that Z(z) = f.

To show the converse, assume that there is only one z € Z for which Z(z) = \f,
whenever {Z, f } € Tmax. Let Z, C 7, be a finite discrete interval such that rank 9(Z,) is
maximal; ¢f. Lemma 6.2.10. If rank 9(Z,) < 2n, then there is a vector n € C*"\{0} such
that °9(0,Z2)n = Y47 1" O; P Okn = 0, where Oy := O(0) is the fundamental matrix
of system (4,) specified in the paragraph preceding Lemma 6.2.6 with ko € Z,. If also
Yoker N0 On = 0, then v := On € Ki, L) = 0, and v € 0. Given that the zero
sequence is the unique representative of 0 satisfying .#(z) = 0, it follows vy = ©;1 = 0 for
all k € Z; and as a consequence 1 = 0, which contradicts the assumption n # 0. Hence,
there is a finite discrete interval superset Z, D I, such that 3(0, fz)n # 0. As a result,
Ker 9(Z,) c Ker 9(Z,) and consequently Ran 3(Z,) c Ran &(Z,); thereby contradicting the
maximality of rank S(Z,). Thus, rank 9(Z,) = 2n and system (4, ) is definite on the discrete
interval Z, by Theorem 6.2.11. ]

Naturally, the latter statement does not mean that the equivalence class Z contains only
one representative as it can be easily seen, e.g., from the example discussed in Remark 6.4.4
below. Nevertheless, if system (5,) is definite on the discrete interval Z, and {Z, f } € Trax,
then we denote the unique representative z € Z satisfying .Z(z) = {f by 2,ie,2:=z. In
this case, identities (6.14) and (6.61) yield

N+1

[z £} 15,301 = (f, Db = (2, R = (2,0, (6.67)
for any {z, f},{0, &} € Tmax, Where f € f and g € § are arbitrary representatives. Moreover,
we obtain from Lemma 6.2.8 the following statement, compare with [135, Remark 3.2]

and [147, Lemma 3.3].
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Lemma 6.4.3. Let system (8,) be definite on a finite discrete interval I, := [a,b], C I,, where
a,b € ,. Then for any pairs {Z, f},{0, 3} € Tmax there exists {7, h} € Tmax such that

o _[5 keeL,
oy, keld+1,00),NTH

where ¢ € [0,a], and d € [b, ), N ZL,.

In particular, there exists {217, fi1} € Tynax such that 20l = ejand 2}(’] =0fork € [d+1,00),NT},
wherei € {1,...,2n}is arbitraryand e; = (0,...,1,...,0)7 € C2" is the i-th canonical unit vector
in C2", If, in addition, T, is a finite discrete interval, i.e., Z, = [0,N], with N € N U {0}, then
there exists {7, h} € Tmax such that # = 0 for k € [0,c], and fn41 = e;, wherei € {1,...,2n} and
e; are the same as above.

Proof. Let 7, be a finite discrete interval as in Lemma 6.2.8, the pairs {Z, f 1,10, 3} € Tmax
be arbzcrary, and deﬁng & =%, 1 := O441. Then by the latter lemma there exist sequences
£ € C(Z,)*" and s € C(Z,)*" such that

Dzﬂ(s)k = Il)kfk/ Sc = 5/ Sd+1 = n/ k € fZ-

If we put
ﬁk/ k € [0/ C]Z N IZ/ fk/ k € [O/C - 1]Z N IZ/
no=dsy, kele+Ld,NT,  h=46 kelod,NnT,,
Or, keld+1,00),NT Sk, keld+1,0), NI,

then obviously r,h € £ 12b and it can be verified by a direct calculation that Z(r), = Wyl for

allk € Z,, i.e., {¥, h} € Tmax with 7 = 1. The second part of the statement follows directly
from Lemma 6.2.8. u

Remark 6.4.4. In Example 6.4.1 we constructed the linear map . and the nonhomoge-
neous system, see (6.66), with two significant properties: (i) the maximal linear relation
does not determine a linear operator and (ii) the domain of the pre-minimal linear relation
is not is dense in £2. In addition, let us consider system (6.22) from Example 6.2.4 with
the coefficients py = 1, gx = 0, and wy = 1 on Z, with N # 0, which imply the definiteness

— (g )" s - T - T
of system (6.22) on Z,. If we put f; = ( harg s ) with fo = (1,0)" and f; = (0,0)" for all

k € 7,\{0}, then the corresponding nonhomogeneous system zjx = 8 zx+1 — J Wx fr, i-€e.,

) =lo 7))+ ()

possesses the solution zx = (xx, ux) ", wherezg = (0,1)" and zx = (0,0)" onZ} \{0}, i.e., there
exists f # 0 such that {0, f } € Tmax- This shows that even the definiteness of system (4,)
does not suffice to get mul Tmax = {0}; cf. [147].

Thus, to guarantee that the maximal linear relation defines an operator, we need to
assume explicitly that mul Tax = {0}, i.e., if there exists z € 0 such that Z(z) = V f for
some f € li, thenz = 0; cf. [108, pg. 666]. In other words, we assume the “definiteness” of

system (56) forevery f € li. Then system (3,) is definite as it follows by the choice f =0,
see Theorem 6.2.11(iii) and Corollary 6.2.12. Moreover, in the next theorem we prove that
this assumption even yields the density of dom T in fi ; cf. [108, Theorem 7.6]. As noted
in [10, pg. 3], a similar condition is also needed for the study of operators associated with
system (2.6) in [142].
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Theorem 6.4.5. If system (56) is definite on Z,, then dom Ty is dense in fi.

Proof. Assume that dom T is not dense in l i, i.e., there exists f € (dom Tp)* such that
I flly, # 0. Let Z € dom T be such that #(z) =\ f and ¢ € dom Ty be such that £(v) = g
for some g € Ki. Then, by identity (6.14), we obtain

<Zl g)‘l.b = <f/ U>1J) = 0/ (668)

because z,v € Klzb o Since g € Zi was chosen arbitrarily and z € 5121) o we can take ¢ =z
and the solution of .Z(v) = 1z can be obtained as vy = 0} Z;:é @;1]) jzj, where © := ©(0)
means a fundamental matrix of ($y) satisfying (6.15) for any s € Z;. Then equality (6.68)
implies that (z, z)y, = 0, i.e., Uxzx = 0 on Z;. Thus we have Z(z) = b f and z € 0, which
yields z = 0 by the definiteness assumption for system (56). Soyrfr=00n7Z,ie, f€ 0,

and the density of dom Ty in fi is thus established. []

6.4.2 Orthogonal decomposition of sequence spaces

In this subsection we introduce a linear map which will allow orthogonal decompositions
of £ i and fi , depending on the cardinality of the discrete interval Z,. In particular, let
us denote by ¥, the linear map defined by

Ha@D =) Oi(Dbzr,  (669)

Zi - C" if 7T, is a finite discrete interval,
Ky
ke

5, — C" if T, =[0,),,

where O(A) is the fundamental matrix of system (4,) specified in the paragraph preceding
Lemma 6.2.6 with kg € Z;. If A = 0 we write only F(:) instead of H(-). For completeness,
we note that the sum ) ;.1 G)Z(/_\)ll) k Zx does not depend on the choice of the representative

zezel i orze€ze Zi s 1.e., the map &, is defined correctly. In the following statement
we utilize the matrix 9(-) defined in (6.31).

Lemma 6.4.6. Let 7, be a finite discrete interval and A € C. Then Ran X, is independent of
A € C; in particular,

Ran %, = {& € C*" [ YO A)& =0 forall k € IZ}L = Ran 9(Z,). (6.70)
Furthermore, the space Zi admits the following orthogonal sum decomposition
[2=Ker#yofzel}|z=0)& &eRan(Z,)). (6.71)

Proof. Forany &€ C* and 9 € £ i, we have

(& TN @) = Y E O = (OA)E, vy

keZ

Hence we have 3{; :C fi with ?]{)*\(é) := % for & € C?", where % is the equivalence
class corresponding to z = ©O(A)&. In particular,

Ran¥; = {Z € f) lz=0W)éez Ec Cz’”‘}
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and
Ker % = [& € C" | |O(N)&y, = 0} = {& € C¥" | P Op(1)& = 0 for all k € Z,}.

Thus the first equality in (6.70) follows from the fact that Ran &, = (Ker %3)¢.
Next, let us define the sequences z := O(1)& € C(ZF)?*", v := O(A)n € C(ZF)*", and
= O(A)C € C(Z})*", where &, n,Ce€ C?" are such that & = n+ C with n € Ran¥, and
CeRan¥))* = Ker X. Then |7y, = ||@()_\)C||¢ =0,ie,7=0¢ Zi. Thus Z = ¥ and

Ran ¥ = {Z € Zi |z=0M)n, ne Ran%A}.
So, to complete the demonstration of equalities (6.70) and (6.71), it remains to show that
Ran ¥, = Ran 9(Z;), because [112) =Ker X, ® (Ker X,)* = Ker X, ® Ran K-
Hence, letnow z € £ i Then by the previous part Z = 7 + 7, where 7 € Ker ¥, and the
equivalence class @ corresponds to v = O(A)n with 7 € Ran K. Therefore

Ha(2) = Ha(0) = ) Oy(D WO = 9N, L),
ke

which implies Ran X, € Ran 9(Z,). On the other hand, if £ € C?" and z = O(1)¢, then

SN T)E = Y QMW ODE = ) OL(N)Pizi = Ha(2);

keT keT
thereby showing that Ran ¥, = Ran (7). [ ]

In the next two lemmas we establish similar results in the case Z, = [0,),. Let
us recall that then there is a finite discrete interval Z, c [0, ), for which the value of
rank 8(Z,) is maximal by Lemma 6.2.10, i.e., rank (Z,) = rank (Z,) for any finite discrete
interval Z, such that Z, € Z,, viz. (6.32). Moreover, if 7, is a finite discrete interval for
which rank §(Z) is maximal, then we have Ran % 17 = RanX, for any finite discrete
interval Z, such that Z, C 7, C [0, ®),, see (6.70). Here % 7 means the map ¥, defined
as in (6.69) with Z, replaced by Z,. Especially, dom %, 7 = E 7 where Kz ~ is given as
in (6.60) for the discrete interval Z, instead of Z,.

Lemma 6.4.7. Let T, = [0, 00), and T, C [0, o), be a finite discrete interval for which rank 8(Z)
is maximal. Then Ran %, = Ran §(Z,) for all A € C; in particular, Ran X, is independent of A.

Proof. Let Z € dom X, = Z 2 . Then there exists K € [0, ), such that \{;z; = 0 for all
k € [K,),. Hence, z € Zz and zel? 10,Kl = dom &, o,x}, where 12 .10,Kl is defined
similarly as 52 in (6.60) w1th 7, = [0, K]Z In particular, X, [o,N1(2) = Fa(2), and thus
Ran¥, C Ran Fajon)- Without loss of generality, we may assume that 7, € [0,K],, and
hence that Ran ¥, 7 = Ran ¥ [o,n] 2 Ran X,.

Conversely, suppose that z € tiff = dom¥,7. Letd € [ 5),1 be determined by the

sequence v € C([0, ),)?" with the terms

Zk/ k € fZ/
Ur = _
““lo, keZ.

Then %, 7(2) = Yiez O;(M Ui zk = X320 0, () Wivx = HA(0). Hence Ran ¥, 7 C Ran %,
which upon combining with the first part of the proof yields Ran ¥, = Ran %, 7. There-
fore Ran %, = Ran 9(Z,) by Lemma 6.4.6. [ |
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Lemma 6.4.8. Let Z, = [0, 0), and Z, [0, 00); be a finite discrete interval for which rank S(T,)
is maximal. Then

12 =KerHyofze L2 |z=0(A)s, & eRand(Z,)] 6.72)

and codim(Ker ) = rank 9(Z,).

Proof. In the complete analogy with the arguments given in the proof of Lemma 6.4.6,
one can show that

[i,l = Ker %, & (Ker ¥,)* = Ker %, ® Ran X,
where
Ran%; = {z € I3 | |z = O(1)&, & € Ran9(Z,)},
and that
(Ran%,)* = Ker %} = {£ € C*" | |O(D)& [, = 0]
= [£ € € | @) & = 0 for all k € [0, o). ).
Finally, let &4, ..., & denote a basis for Ran 9(Z,) = Ran ¥, and put Ugl = O(A) & for

all k € [0, 0),. Then o, ...,5" € Ran X} and suppose that 27]?1:1 cji =0€l i , for some
numbers ¢y, ...,cy € C. Then Py O(A) (Z?il cj&;) = 0 for all k € [0, o)., which implies

m
Z ¢;&; € RanH, N (Ran H;)* = {0)
=1

by the first part. Hencec; = --- = ¢, =0, 1.e, 9,...,7" € Ran K are linearly indepen-
dent in fi ;- Thus codim(Ker ¥, ) = dim(Ker X 1)+ = dim(Ran X)) = rank NT,). [ |

6.4.3 Minimal linear relation and its deficiency indices

Before we define the minimal linear relation Tp,in and establish the fundamental relation
between Tmax and Tmin, we prove two auxiliary lemmas.

Lemma 6.4.9. We have Ker X, € Ran(Ty — Al) for every A € C.

Proof. Let A € C and f € Ker#,, ie., S’é/\(f) = Yker @Z(/_\)ll)kzk = 0. Assume that Z, is
a finite discrete interval, i.e., Z, = [0, N]; for some N € N U {0}. Then f el i by (6.69) and
for any g € f the sequence z € szb,o with the terms

0, k=0,
= _ = 6.73
# {ekwa L0, ke 672)

solves ’Ehe nonhomogeneous system .Z(z) = APz + g on Z,, see also [61, Theorem 3.17].
Thus, f € Ran(Ty — AI) and the conclusion fo~llows; cf. (6.64).

On the other hand, if 7, = [0, ), then f € fil by (6.69), i.e., there exists K € [0, ),
such that Py g = 0 for all k € [K, ), and all g € f. Hence for any g € f the sequence
z€ Ki with the terms

~O NI LG @ (wjg;, kel0,K-1lz,

(6.74)
0, k € [K, )z,

Zp 1= —@k(A)HZ i) b;gj = {
P
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satisfies .Z(z) = APz +1gon [0, 00),. In addition, zg = —Oy(A) J K A( f) = 0, which implies
zZ€ 5121) o- Thus again f € Ran(To — Al) and the proof is complete. |

Lemma 6.4.10. We have f, P = (2, P for every {Z, f } € Toand {7, §} € Tmax-

Proof. Let {z, f} € To and {5,3} € Tmax, i-e., there are z € szpo and v € Ei such that
Z(z) =V f and Z(v) =g on Z,. Then, similarly as in (6.14), we get

J

k k
k+1
z;ll)]-gj:—(z,v)]-|0 +Zf].*1|)]~vj.
=0 j=0

However, z € Eﬁ) o implies zgp = 0 and the existence of K € Z7 such that z; = 0 for all
k € [K, 00),NZ;. Asaconsequence we see that(z, g)y = (f, v)y, and thus(z, )y = (f, v )y
forany z € Zand v € 3. [ ]

By Lemma 6.4.10 and the definition of the adjoint linear relation, see (A.4), one obtains
To € Tmax € T, (6.75)

from which we conclude that Ty is symmetric in l éxz, and hence closable. We then define
the minimal linear relation Tiin by
Tmin = To. (676)

Another approach to the definition of a minimal linear relation is to put Tmin = Tiax
cf. [116, Definition 2.3] and [13, Identity (4.2)]. In the next theorem we establish the
equivalence of these approaches for the linear relations at hand. We note also that an
alternative demonstration of the next statement can be patterned after that presented
in [13, pp. 1354-1355] by using the results in Section 6.3 and [13, Proposition A.2].
Theorem 6.4.11. The linear relations Ty, Tmax, and Tmin as defined in (6.63), (6.62), and (6.76),
respectively, satisfy

Ty = Tr: = Tmax- (6.77)

Proof. By (6.75), note that Tmax C Ty = T_o* =T} - Thusit remains to show that T C Timax;
or equivalently, given {Z, f} € T;, that thereisaz € Z € 1 i such that Z(z) = f.

Let {2, f} € T; be given and r € C(Z})* satisfy .Z(r) = | f. Whenever {7, 3} € Ty, i.e.,
there exists v € ¥ such that v € lmzb,o and .Z(v) = 1y g, we obtain from (6.14) that (r, g)y =
(f, v)y, because vg = 0 and vy = 0 for all sufficiently large k € Z7. Simultaneously,
from the definition of Tj, we have (Z, &)y = (f, O)y. Therefore (z —r, g)y = 0 for any
z€zedomTjand g € § € RanTj. Consequently, for any 4 € h € Ker X C RanTy, see
Lemma 6.4.9 with A = 0, we get from the previous part that (z — 7, #)y, = 0. Thus, for any
& € C?" we have

Y (2= 1= O ) i =0, (6.78)
keT
because (1) = Yt O Yy ik = 0 by (6.69).

Let Z, = [0, N], with N € NU {0}, then obviously Z, 7 € 1] i Hence by (6.71) there exists

n € Ran 9(Z;) such that the equivalence class corresponding to z—r— 01 belongs to Ker ¥ .

But in that case it is equal to 0 by (6.78). Therefore ||z —r — Onlly, = 0,i.e., 7+ ©n € Z and
ZL(r+0n) = Z(r) =y f, which implies Tj C Tmax-
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In the opposite case, ie., I, = [0,00),, let zz C [0,00), be a finite discrete inter-
val such that kg € I; and the value of rank 9(Z,) = m < 2n is maximal as noted in
Lemma 6.2.10. Then Zi 1= Ker X @ Ker ¥+ and by Lemma 6.4.8 we see that there ex-

ists a basis ',...,9" € Z{i , of the space Ker X+, in which v;{ﬂ := Oré&W on [0, ), for

jell, ..., mwith &Y, .., " forming a basis of Ran 8(?2). Moreover, it follkos f1:9m the
definition of / i 1 that there is a finite discrete interval Z, = [0, K]z such that 7, C 7, and

ll)k’(J;c/] =0 forallke[K o), and je{l,..., m}. (6.79)
If d € Ker %7 := Ker Ko7, thenforall j € {1,...,m} we get

@1, dyy, 7= Y S Opbid = & H(d) =0,
keZ

which implies 3, ..., 7" € Ker %Ii Now, let s € Ei/l be defined by

A T ke fz,
* o, k € [0,00),\T,,
where {Z, f } and r are the same as in the first part. Obviously § € fi and, by Lemma 6.4.6,
there is p € Ker %Ii, where p := O for some 1 € Ran9(Z;), such that § — p € Ker 7. As
a consequence, we obtain (5 — p, 77[“)¢/ 7=0forall je(1,...,m}. Then, by (6.79), we have
forall j € {1,...,m} that

Z(Zk — 1k = O Py = Z(Zk — 7= Q) W0 = (5 - p, 9y, 7= 0. (6.80)

ke ke

Hence the direct sum decomposition of £ i 1 in (6.72) and identities (6.78) and (6.80) show

that (z—r—0n, q)y = 0 for any g € £; .; in particular, for

2 .
V1’

— Ziy =Ty — ekl 1, k= kl/
=10, k € [0, 00),\ ky).

Since k; € [0, ), can be chosen arbitrarily, it follows Py (zx — rx — ©xn) = 0 on [0, 0),, i.e.,
lz—(r+©n)lly, = 0. Therefore, r + O € Z and it satisfies Z(r + O1n) = Z(r) =\ f, which
again implies T € Tmax- []

Moreover, the following theorem provides an explicit characterization of the minimal
linear relation Tyin; cf. [135, Theorem 3.2].

Theorem 6.4.12. Let system (8,) be definite on a finite discrete interval I7 := [a, b], C Z,, where
a,beZ, Then

Tinin = {{Z, ) € Tmax | 20 = 0 = (2,041 for all 6 € dom Tmay , (6.81)
which in the case of T, being a finite discrete interval reduces to
Timin = {{Z, f} € Tmax | 20 = 0 = 2n41 . (6.82)
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Proof. Since Tmin = (Tmin) by the definition, identities (A.11), (6.67), and (6.77) yield

Tunin = {2, f} € Tanax | 2,0y = 0 for all 9 € dom Tinax). (6.83)

Let T be the linear relation on the right-hand side of (6.81). Then obviously T C Tiin. On

the other hand, let (2, f} € Tinin be fixed. Then, 2,8}y = 0forall 9 € dom Tyax by (6.83).

By Lemma 6.4.3, for any {7, §} € Tmax there exists {7, 71} € Tax such that 9, = 0 fork € [0, c],
and 7, = Oy fork € [d+1,00), NZ}. Hence (2,0)y = (£,0)n+1 = 0 for all & € dom Tynax. From
the second part of Lemma 6.4.3 we get £y = 0, because there exists {Z!, f 1} € Tmax such that
20! = e;. Therefore T = Tpin. If, in addition, 7, is a finite discrete interval, i.e., Z, = [0,N],
with N € NU {0}, then dom Trnax contains also 7 such that iy =e;, i € {1,...,2n}, by the

last part of Lemma 6.4.3. Hence equality (6.82) holds. [

Finally, we define the defect subspace and defect index for the minimal linear relation
Tmin according to (A.7) and (A.8), respectively, i.e., by using (6.77) we put

Ny = No(Tmin) = {£ € I2 | {£,A2) € T,

min — Tmax}/ 170/\ = dil‘n./v/\.

Since Tmin is a closed, symmetric linear relation by Theorem 6.4.11, it follows that the
value of the deficiency indices 71, is constant on each of the open upper and lower half-
planes of C, i.e., 4y = 71 for all A € C,; cf. [143, Theorem 2.13]. Thus we let 71, = iy
In addition, we introduce the following two subspaces

Ny={ze £l | L@ = Mz forallk€ L}, ny = dim ),
N1 = Nr(Tmin) := {{2,A2) [ 12,12} € Tinax].
In other words, the subspace ) C £2 consists of all square summable solutions of sys-
tem ($,) and n,; denotes the number of linearly independent square summable solutions
of system (4,), while Jt, is a subspace associated with the defect subspace ¥ ,. Then we

obtain the following von Neumann decomposition of the maidmal ligear relation Tay in
terms of the minimal linear relation T, and the subspaces Jt, and i3, i.e.,

Tmax = Tmin + Sﬁ/\ + gé/_\/ (6.84)

where the direct sum + is orthogonal if A = +i, see (A.9).

Assuming that rank 9(Z,) is maximal, as described in Lemma 6.2.10, we next show
a relationship between the numbers n, and 7.

Theorem 6.4.13. Let 7, C T, be a finite discrete interval such that the value of rank 9(Z,) is
maximal. Then, for any A € C,

ny = i) +2n — rank 9(Z,). (6.85)

Proof. Let A € C be given and m; denote the restriction of the quotient space map n
(introduced at the beginning of this section) given by 11y := 7y, : Aj = N, Since for any
Z € N, there exists z € Z solving system (4,), i.e., z € N, the map m is surjective. Thus

dim Ny = dim W, + dim(Ker ). (6.86)
Moreover, we note that

Ker iy = {z € £2| L (@) = Mbrzc and Pz = 0 forall k € IZ},
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which Ashows that z € Ker iy if and only if z = 95 for some & € ﬂi}]:o Ker 9([0,K]z) =
Ker 3(Z,). Therefore dim(Ker ;) = dim[Ker 9(Z,)] = 2n — rank 9(Z,), which together
with equality (6.86) implies (6.85). [ |

As a direct consequence of equality (6.85) we get the following properties of the
numbers 7, and 7i,.

Corollary 6.4.14. The following statements hold true:

(i) n) — 7y is nonnegative and constant for all A € C;
(ii) np = 7, for some (and hence for any) A € C if and only if system (8,) is definite on [0, 00),;

(iif) ny is constant in the half-planes C, and C_.

Proof. The first statement follows from equality (6.85) and Lemma 6.2.9, while for the
second statement it suffices to combine (6.85), Theorem 6.2.11, and Lemma 6.2.3. Finally,
since the minimal linear relation Th,n is symmetric, see (6.75) and (6.76), the number i,
is constant in the half-planes C, and C_ by [143, Theorem 2.13]. Hence the value of n, is
also constant in C, and C_ by the first part. [ ]

Remark 6.4.15. The last statement of Corollary 6.4.14 extends the enumeration and anal-
ysis of linearly independent square summable solutions of system (§,) provided in Sec-
tion 2.4, see Theorem 2.4.8 and also equality (6.3). More precisely, since the number of
linearly independent square summable solutions of system ($,) or (S,) is constant in C
and C_, the the same property possesses also the function (1) defined in (2.56) as it
was already mentioned in Remark 2.4.21. Moreover, in the final result of this chapter
we complete this analysis by a basic estimate, which shows that the number of linearly
independent square summable solutions on the real line cannot exceed the same number
calculated for any A € C\R.

Theorem 6.4.16. For any A € C we have
Ker(Tmin — AI) = {0}. (6.87)
Moreover, for every A € R we have i) < fis and ny < 1.

Proof. First, suppose that Z, = [0,N], for some N € NU {0}. Let A € C, f € fi, and
zel i be determined by z € C(Z;)*" constructed as in (6.73). Then £ (z) = APz + P f on
Z,, which yields {z, f} € Tmax — AL i.e., f € Ran(Tmax — Al). Hence [i = Ran(Tmax — AD),
because A and f were chosen arbitrarily. Thus

(A.5) ~ 201 2" [Ran(Tmax - ADT* = (£2)* = (0).

Ker(Tmin — AI) =" [Ran(T*

min

On the other hand, let now Z, = [0,0),. Then for A € C, f € Zi pand Z € fil

detgrmined by the sequence z € C([0,),)*" constructed as in (6.74) we obtain that
{Z, f} € Tmax — Al see the proof of Lemma 6.4.9. Hence [ il C Ran(Tmax — Al). Since fi 1
is a dense subspace of 12, it follows that Ran(Tmax — Al) is also dense in £2 for any A € C.
Thus, for the proof of equality (6.87) it suffices to utilize an analogous calculation as in the
previous part. The remaining assertions follow from (A.10) and Corollary 6.4.14(i). [ |
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6.5 Bibliographical notes

The results of this chapter were published in [A18] except for Remark 6.1.4, Lemmas 6.2.8
and 6.4.3, and Theorem 6.4.12, which were published later in [A21]. Their generalization
to symplectic systems on time scales is one of the goals of the current research.
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.. when America’s National Academy of Science asked shortly before
his death what he thought were his three greatest achievements ...
Johnny replied to the academy that he considered his most important
contributions to have been on the theory of self-adjoint operators in
Hilbert space, and on the mathematical foundations of quantum theory
and the ergodic theorem.

Joun voN NEUMANN, sik [118, pG. 24]

|
Chapter

SELF-AD]OINT EXTENSIONS

This final chapter is devoted to the characterization of all self-adjoint extensions of the
minimal linear relation Tmin defined in (6.76). The description of self-adjoint extensions
and their particular cases is a classic problem in the theory of differential and difference
equations, see [14,27,44,51,60,80,81,95,98,119,124,126,127,147,159,160,162,169] and [A5].
Asin [135,160,162,169], our main result is obtained by using square summable solutions
of system (4,) and the Glazman-Krein—Naimark theory, see again the Appendix of this
thesis for general results from the latter theory.

Throughout this chapter we consider system (4,) with the coefficients specified in
Notation 6.1.2 and it is organized as follows. In Section 7.1 we establish a limit point
criterion for system (4,), see Theorem 7.1.1. In Section 7.2 we present the main result,
Theorem 7.2.1, concerning the characterization of self-adjoint extensions of the minimal
linear relation associated with system (5,). We apply this to a consideration of the 2 x 2
(scalar) case for a finite discrete interval and describe the Krein—von Neumann extension
explicitly, see Theorems 7.2.7 and 7.2.9, and Example 7.2.8. We note that there is no
analogue of Theorems 7.1.1, 7.2.7, 7.2.9 and Example 7.2.8 in the setting of system (2.6).
Finally, Section 7.3 is devoted to the proof of Theorem 7.2.1.

7.1 Limit point criterion

As noted in the Appendix, the equality 7, = i_ is necessary and sufficient for the
existence of a self-adjoint extension of the minimal linear relation Trmin. Since the latter
equality is equivalent with n, = n_ by Corollary 6.4.14(i), we need to guarantee that the
number of linearly independent square summable solutions of system (4, ) is constant on
the set C\R. This condition is trivially satisfied if the discrete interval 7, is finite or if
system (4, ) is in the limit circle case for some (and hence forall) A € C,i.e., n) = 2n, whileit
can be violated in any other case n, < 2n with Z, = [0, o0),, see Remarks 2.4.21 and 6.4.15.
Moreover, it was also discussed in Remark 2.4.16 that the classical limit point criterion for
linear Hamiltonian differential and difference systems (2.5) and (2.6) utilizes the minimal
eigenvalue of the corresponding weight matrix and a similar criterion cannot be derived
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in the current setting. Nevertheless, in the following theorem we give conditions, which
imply the invariance of the limit point case on C\R for system (4,) with the special linear
dependence on A specified in (6.25), i.e., for system (6.26); cf. [134, Theorem 6.2]. This
statement is a discrete analogue of [116, Theorem 5.6].

Theorem 7.1.1. Let Z, = [0, 00), and consider system (8,) with the coefficients given in (6.25),
where B, € = 0, B Dy > 0, and W, > 0 for all k € T,. If there exists h € C(Z,)" such that
hy = h > 0and

[o¢]

1

kzz;‘gk\/h_k

AL G =~ Wyyq,

= oo, (7.1)

where gy := max{ k&/ 2(%*&% )~ } and a constant T > 0 such that
1 T
< —— forallkeZ,, 7.2

then system (8,) is in the limit point case for all A € C\R, i.e., ny = n for all A € C\R.

Proof. System (4,) with the coefficients from (6.25) can be written as (6.26) and the in-
vertibility of %y and Wy on Z, implies the definiteness of this system by Theorem 6.2.5.
In accordance with Theorem 2.4.3, we have n, = n if and only if Z(AN)E ¢ Ki for any
& € C"\{0}, where Z(A) is the same as in Section 6.3, i.e., the 21 X n solution of sys-
tem (4,) determined by the initial condition Zo(A) = —Ja* with a given @« € I'. Then
Zp 1= ( ) Z (A& with x,u € C([0, »),)" satisfies z5dz0 = 0. Moreover, it is sufficient
to cons1der only A = +i, because the number n, > n 1s constant in C, and C_ by Corol-
lary 6.4.14(iii). Hence, let & € C"\{0} and A € {+i} be fixed. We show that under the
current assumptions we have z ¢ £ i

Let us assume that z € £2. By a direct calculation, we obtain from the block struc-

ture of the system at hand, see (6.26), and from the symplecticity of the matrix &, see
identities (1.17) and (1.18), that

A(xpug) = =X A G Xiep1 — X G Br U1 — Uy By Cr X1 — Uy By Di Uiy — Ax W ..

1/2
Since %B; P > 0 and hx > 0, the quantity Fi(x,u) := (ZI;:O hlj”;n %;ijujﬂ) / > 0is
well-defined. Then the latter equality and the assumption %, 6, = 0 yield

k k k
1 * * 1 * 1 *
Gsz(x,u) = —Z h—jxj+19ﬂj‘€jxj+1 - /\Z h—jxj"ﬂfjxj - Z h_] A(xjuj). (7.3)
j=0 j=0 j=0

From the Hermitian property and positive definiteness of W} and By D, the Cauchy-
Schwarz inequality, inequality (1.8), and the definition of g we obtain

6t | = (95 i) 952 (B 9™ (B ) Pt

< (|9, e [, > (| W (B 20 (B D) P |

< (W e [, < (|95 (@B 02| x| B0 P

< &el| W T x|, X [| (B DO Puiia [, (74)
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Hence the latter inequality, assumption (7.2), the Cauchy-Schwarz inequality, and the
inequality of arithmetic and geometric means Vab < % yield

o (1), S (L) o (2 *
I ENTRIES) A(h—j)lxj+1 el = 3 (s 19 2 x5 Pl

j=0

2 : 1/2 2\/2 - -1 +ox \1/2 2\!/2
< (Y wnali) < (Yt e 2ualf)
j=0

1/ 0% TR
<5(F Il Lol walf)
j=0
< %(TZ ”Z”ll, + g;z(x M)) (75)

By using the summation by parts together with the assumption /1 > h and the inequalities
from (7.4) and (7.5) we get

£
re[z FA(x}uj)] <

< |xguo/hol + 1 x4 Uksr /rs1 | +

k
. k+1 1) .,
[xjuj/hj]o —ZA(h—j)xj+luj+1
k
1
ZA( ) ]+1 Uj+1
j=0 ]

< T+ E 8[| W2 e ||, > || (B D) P 1t ||, + H(T2 21, + Fx,w), (7.6)

k+1

where T7 := | x;, up/hg|. Since

k k
1 * * 1 *
re(%’kz(x,u)) = —Z ij+1sﬂj%jxj+1 —re Z fA(xjuj)
—i J1 —d 1

and the inequality in (7.1) implies

—Z X o5 B < Z X Wixj < Nz,
j=0

it follows from (7.3) and (7.6) that

k
22 —1h 1/29.2(3{ u) < Tng_lh 1/2 %Z 1/2||°W]1/12x]+1||2>< “(%;Q)j)l/z .
j=0

where we put T, = T7 + (1 + T2/2)||z||¢. Then with the aid of the Cauchy-Schwarz
inequality we obtain

o,k 1/2
22 g7 2 F k) - 2T < (Z||°W]1+/12x1+1||§) X(EII<93§92>J->”%+1||§)
j=0

<s ||z||ﬂ, Fo(x, 10). (7.7)
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In the next part we show that J«z(x u) < 2T, for all k € Z,. Assume that there exists
an index m € T, such that F2(x,u) > 2T,. Since ?Zkz(x, u) is nondecreasing, we have
Sikz(x, u) — 2T, >t for all k € [m, >0),, where t := SE% (x,u) = 2T,. Also G is nondecreasing
for all k € [m — 1, 00), and for all k € [m, 00), we get from inequality (7.7) and the relation
?Ivkz(x, u) = 2gkhi/2 AGy_1 + 2T, that

~ 20123 G2 Tz < 2G212F, gehl/? AGy 1. (7.8)

In addition, Gy > 3 }:] Og‘lh 2 5 cask — o by the second part of (7.1). Now, let

0 <a < 2h?be arbitrary and ¢ € [m, ), be such that G, > 2||z||,, T;/Z/\/2h2 —a. Then we
have a/2 < h?* — ZGI:2 T IIZIIﬁ) for all k € [{, 0),, which together with (7.8) yields for any
ke[€+1,0), that

k k k
a 1 1 2 -2 2 -2 2
EZMMZ,M%%BMMZ%MM%
j=t+1 8j j=t+1 8j j=t+1

: 1
<201z <2 ( ) <222 = < .
2 ‘_§ ER Z Izl &, < o0

]_£’+1 j=t+1

But it contradicts the second assumption from (7.1) as k — oo. Thus it holds g;:kZ (x,u) <2T>
forallkeZ,,ie.,

Zh u]+1973;92)ju]~+1 < 2T, < 0. (7.9)

Since system (4,) is definite on [0, o), there exists s € Z, such that Zj‘zo Zprzp = T3 > 0.
Hence the positive definiteness of 7} and the extended Lagrange identity in (6.11) yield

k k S
|21 0270 | = 29020 20 ) 2z = 2| ) 2z 22| Y 2wz =25, (7.10)
j=0 j=0 j=0
for any k € [s, ),. Simultaneously, we get from (7.4) the estimate
|21 32001 | < 2|2 e | < 22N i | X 121 B D0 P . (7.10)

Inequalities (7.9), (7.10), (7.11) together with the Cauchy-Schwarz inequality imply for
any k € [s, o), that

k k
1 - *
Y Ll i ol
= J J
k
< o Yl e, x5 90 ]

j=s
1/2

IA
-

k ) 1/2
X (Z 1| (B 20 e |

j=s

( Yo )

]:
|z|| \/_Tl/z < 0o,
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which (again) contradicts the second condition in (7.1) as k — co. Hence z ¢ lel)' Since &

and A were chosen arbitrarily, it follows that Z(\)E ¢ Kﬁ) for any & € C"\{0}. Therefore,
system (4,) is in the limit point case for A € {+i} and consequently for all A € C\R. [ |

Upon applying Theorem 7.1.1 to system (6.22) with g = 0 we obtain the following
corollary for a special case of the second order Sturm-Liouville difference equation (6.24),
because one easily observes that z(1) € [i if and only if Y7, [yk(7) >wy < o0, where z(A)
are \y are as in Example 6.2.4.

Corollary 7.1.2. Let 7, = [0, o0), and consider equation (6.24) with q, = 0, px < 0 and wy > 0
forall k € Z,. If there exist hy € C(Z,)! and a constant T > 0 such that hy > h > 0 and

1 = 09, A(l)gk< L kEIZ,
=0 gV

hk - ‘/hk’
Pr+1 1/2

wm) }, then equation (6.24) is in the limit point case for any A € C\R,
i.e., there exists only one nontrivial solution satisfying Z,‘C’io [yx(A) 2wy < 0.

It was shown in [96, Theorem 10], see also [157, Corollary 3.1], that equation (6.24)
with px # 0 and wy > 0 is in the limit point case for any A € C\R if }};7 (w"lzz‘—;ll)m =

Corollary 7.1.2 partially generalizes this classical limit-point criterion as shown in the
following example; cf. [A23, Example 3.4].

where g = max{l,(—

Example 7.1.3. Let us consider the equation
(624)/ Pk = _11 qr = O/ Wi = 1/(k + ]-)2/ 1, = [Ol OO)Z- (712)
Then the criterion from [96, Theorem 10] cannot be applied, because

(ww 1/2
k Wk+1

=1
X [Pt Z‘\/<k+1 ev2p T

k=0

On the other hand, the assumptions of Corollary 7.1.2 are satisfied with i =1, gx = k+2,
and T = 0, i.e., equation (7.12) is in the limit point case for all A € C\R. This fact
can be verified directly by using the Weyl alternative, see e.g. [9, Theorem 5.6.1] or
Corollary 2.4.23. More precisely, equation (7.12) with A = 0 possesses two linearly

independent solutions y" = 1 and ¥ = k for k € Z, U {-1}. Since only y" is square
summable with respect to wy, it follows from the Weyl alternative that equation (7.12) has
to be in the limit point case for all A € C\R. A

7.2 Main results

According to Corollary 6.4.14(iii), the number of linearly independent square summable
solutions of system (4,) is constant in the upper and lower half-planes of C. Hence the
numbers n, := n, for A € C; and n_ := n, for A € C_ are well-defined. Let Ay € C, be
fixed. Then system (4,,) has n, linearly independent square summable solutions, which
we denote by s(Ag), ..., s"*/(Ag), and similarly system (4 ) has n_ linearly independent
square summable solutions, which we denote by s'"l(A), ..., s"(Ag). Let

(p;j.—s“(A) <pkf*"+]. [”(/\0) iefl,...,n), jell,...,n), keI,  (7.13)

(11 [rn+]

= (- 0, = (¢,

[1+ﬂ+]

[ﬁ])

Pl and p:=n,+n_.
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Note that 2n < p < 4n. Moreover, if system (4,) is definite on Z,, then the solutions
o, ..., ¢" belong to different equivalence classes. Hence for all i € {1,...,7n,} and
j€in, +1,...,n} we have {¢p!!, A\g @} € Timax and {@, g P!} € Tiax with @9 = ¢! for
{e{l,...,n}. We also define the matrix Q := ((@+, 07), (0%, O‘)) ,ie.,

N+1
Q[l,l] Q[LZ] ((p[ll’ (P[I])N+1 e ((P[l]/ (P[p])N+1
2= (Q[le Q[Z,Z]) = : : € Crr, (7.14)
((P[ﬁ], (P[H)N+1 . ((p[ﬂl’ (p[ﬂ])N+1

where Q"% € C"+*"-. The elements w;;j := (¢!, p/")n1 exist finite for all i, j € {1,...,n} by
identity (6.14). Furthermore, from (6.12) one easily concludes that the matrix Q" consists
of the elements (¢!, )11 = (@1, M) forie{l,...,n,}and je{n, +1,...,p}.

Identity (6.84) implies that for any {2, f} € Tmax we have

n
Be=0c+ ) &g, keI, (7.15)
j=1

where 9 € dom Thyin and &y, ..., &, € C are determined uniquely. Especially, for the pairs

{zm, fuy, oo {2, f 21} € Tax (see Lemma 6.4.3), we get the unique expression

n
£ = gl 4 Z 5i,j(P1[<j]' kezZ!, iell,...,2n}. (7.16)
=1

If we put Z := (2;{”, ceey 25"1) for k € Z;, then identity (7.16) implies
Zr=Vi+ (0, ©,)ET, (7.17)

where V. = (6}:],'_‘,@5'11) € C(ZF)*™" and the matrix & € C*”” consists of &;;. In
particular, for k = 0 we obtain I = Vj + (©F, ©;) ET, which together with (6.81) yields
I = (@g, @a )ET, i.e., rank E = 2n by the second inequality in (1.3). From the definition

of 21" (see Lemma 6.4.3), its expression in (7.16), and identity (6.81) we have

n n
0=(E" N = @, @ Nngr + Z &ij (", NN = Z & (0", N
J=1 J=1

foralli € {1,...,2n} and any ¢ € {1,...,p}, ie, EQ = 0. Since rank E = 21, the first
inequality in (1.3) implies
rank Q@ < p - 2n.

On the other hand, the equality @""? = ©7*J O, and the first inequality in (1.3) yield
rank Q" > p — 2n.

Therefore rank Q = p — 2n = rank Q"?. Since p —2n < n, and p — 2n < n_, we may
assume, without loss of generality, that ¢!, ..., "+ are arranged such that

rank Qi’in,n_ =pn-—2n. (7.18)

The main result concerning the characterization of all self-adjoint extension of Ty is
stated in the following theorem and its proof is given in Section 7.3; cf. [135, Theorem 5.7].
Recall that for the existence of a self-adjoint extension it is essential to have n, = n_.
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Theorem 7.2.1. Let system (8,) be definite on the discrete interval T,, equality n, = n_ =: g
hold and assume that the solutions ', ..., @' are arranged such that (7.18) holds. Then a linear
relation T C [ixz is a self-adjoint extension of Tuin if and only if there exist matrices M € CT**"

and L € CT™@1-21) gych that

rank(M,L) =q, MJM" - LQ; 2,L" =0, (7.19)
and
3 @, v
T = {{er}eTmax |M20_L[ ]20}. (7.20)
(@P1721), £)N 11

Remark 7.2.2. If, in addition to the assumptions of Theorem 7.2.1, there exists v € R such
that (4,) has g linearly independent square summable solutions 6", ..., 6 (we suppress
the argument v), then the statement of Theorem 7.2.1 can be formulated by using these
solutions, which are (without loss of generality) arranged such that the submatrix Y2;-2,
has the full rank, where

©",0MNne ... (0", 09N
T := : ' :

7

(Q[q]l 6[1])N+1 . (qu], Qm)NH

see Lemma 7.3.3. Moreover, the Wronskian-type identity (6.12) yields that T = ©;J ©o,
where O := (6Y,...,60'") for k € Z;.

In the next part we discuss several special cases of Theorem 7.2.1. If system (4,) is in
the limit point case for all A € C\R, i.e., n, = n_ = n, then the boundary conditions at
N +1 (which is necessary equal to o0) are superfluous as stated in the following corollary;
cf. [135, Theorem 5.9]. This situation occurs, e.g., when the assumptions of Theorem 7.1.1
are satisfied. The proof follows directly from Theorem 7.2.1.

Corollary 7.2.3. Let system ($,) be definite on the discrete interval Z, and n, = n_ = n hold.
Then a linear relation T C £ ixz is a self-adjoint extension of Tmin if and only if there exists a matrix

M e C™2" sych that
rankM =n, MJM* =0,

and }
T ={{z f} € Tmax | M2o = 0}.

As it was already discussed in the previous chapters, if there exists g € C with
the property n,, = 2n, then system (4,) is in the limit circle case for all A € C, i.e.,
n, = n_ = 2n. Hence for any v € R there exist solutions 0", ..., 0% (we again suppress
the argument v) of system (4,), which are linearly independent, square summable, and
the fundamental matrix ® € C(Z])**?" satisfies ® = I, which implies T = g, ie,
rank Y = 2n, see Remark 7.2.2. Upon combining the latter remark and Theorem 7.2.1 we
obtain the following result; cf. [135, Theorem 5.10].

Corollary 7.2.4. Let system (8,) be definite on the discrete interval Z,, v € R be fixed, and
assume that there exists a number Ay € C such that n,, = 2n. Let ® € C(Z; )22 e the
fundamental matrix of system (8,) satisfying @y = I and denote its columns by O, ..., 0%, ie.,
O = (0),...,0.™). Then a linear relation T C £3** is a self-adjoint extension of Tmin if and

only if there exist matrices M, L € C*™2" such that

rank(M,L) =2n, MJM* - LIL* =0, (7.21)
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and

_ (6™, 2)n41
TZ{{Z,f} € Tmax |M20—L( : )20}. (7.22)

(621, 2)y,1
Especially, if 7, is a finite discrete interval, then the equality n), = 2n is trivially

satisfied for any A € C. Therefore we get from Corollary 7.2.4 yet one more special case
of Theorem 7.2.1.

Corollary 7.2.5. Let Z, be a finite discrete interval and system (8,) be definite on Z,. Then
a linear relation T C dz)xz is a self-adjoint extension of Tmin if and only if there exist matrices
M, L € CZ™>2" sych that

rank(M,L) = 2n, MJM* —LJL* =0, (7.23)

and
T=TmL = {{z, F} € Tonax | M2 — Léns1 = o}. (7.24)

Proof. By Corollary 7.2.4 every self-adjoint extension of Trin can be expressed as in (7.22)

with matrices M, L € CZ>2n satisfying (7.21). If we put L:= L®,,d € C2™X2n then the

matrices M, L satisfies (7.23) and the linear relation in (7.22) can be written as Ty, ;. [

One can easily observe that a linear relation Ty 1, i.e., the linear relation given by (7.24)
with M, L € C?™2" satisfying (7.23), is the same as a linear relation T, » determined by
the matrices M := CM and £ := CL for an arbitrary invertible matrix C € C*™?". We show
that the converse is also true, see Remark 7.2.10(i). Moreover, it is well known that all self-
adjoint extensions of operators associated with the regular second order Sturm-Liouville
differential equations can be expressed by using the separated or coupled boundary
conditions, see e.g. [38]. In the last part of this section we show similar results for scalar
symplectic systems on a finite interval, i.e, n = 1 and Z, = [0,N], with N € N U {0},
and provide a unique representation of all self-adjoint extensions of Tin. The main
assumptions for this treatment are summarized in the following hypothesis.

Hypothesis 7.2.6. The discrete interval Z, is finite, i.e., there exists N € N U {0} such that

7, = [0,N],, we have n = 1, system (4,) is definite on Z,, and the matrices M, L € C22 are
such that (7.23) holds.

If Hypothesis 7.2.6 is satisfied, then identity (7.23) implies that
either rankM =rankL =2 or rankM =rankL =1.

Hence we get the following dichotomy on the boundary conditions in (7.24).
Theorem 7.2.7. Let Hypothesis 7.2.6 be satisfied. Then the following statements hold.
(i) A linear relation Ty given through M,L € C*?2 with rank M = 1 = rankL is a self-
adjoint extension of Tmin if and only if Ty, = Tp,g == {{Z, f} € Tmax | P2o =0 = Q2N+1},

where
_[cosap sinag _ 0 0
p= ( 0 0 ) and Q= (— sinan4] COS aN+1) (7.25)
for a unique pair ap, an+1 € [0, ).
(ii) A linear relation Ty 1 given through M,L € C>? with rankM = 2 = rankL is a self-
adjoint extension of Tmin if and only if Tarr = Trp = {{Z, f} € Trax | €PR2y = 2N+1}
with a unique B € [0, 1) and a symplectic matrix R € R¥2,
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Proof. Since the pairs of matrices P, Q and eR, I satisfy (7.23), Corollary 7.2.5 implies that
the linear relations Tp g and Tr,p are self-adjoint extensions of Tin.

(i) Let Tay,1 be a linear relation given through M, L € C? satisfying (7.23) and with
rankM = 1 = rankL. Since by (1.4) we have dim[RanM N RanL] = 0, it follows that
ME = Lnforsome &, n € C2ifand onlyif ME = 0 = L1. Therefore the boundary conditions
in (7.24) can be expressed as M2y = 0 = LZy41. The rank condition implies that M = ab ™
and L = cd™ for some vectors a, b, c,d € C2\{0}. Then the equality MJM* =0 =LJL" does
not depend on the vectors a, c and it is equivalent to b7db =0=d7Jd, which implies that b
and d are (scalar) complex multiples of vectors from R?. Thus, without loss of generality,
the vectors 4,c may be chosen such that M, L can be written in the form as in (7.25) for
some ap, an+1 € [0, 7). The uniqueness follows from the fact that cotan f = cotany with
B, =€ (0, n) if and only if g = y.

(ii) Finally, let Ta; 1 be a linear relation given through M,L € satisfying (7.23)
and with rank M = 2 = rank L. Then the boundary conditions in (7.24) can be written as
2n+1 = K29, where K := L™!M. Upon applying the second equality in (7.23) we obtain
that the matrix K is symplectic, i.e., KJK* = J. Therefore, K1 = —gK*g and |detK]| = 1,
ie., detK = e for some ¢ € [0,2m), which implies K1 = eegadi = _eiegKTYg, ie.,
KT = K = e¢K. If we put R := e ¢/2K ie., K = e“/2R, then R = R and detR = 1, i.e.,
ReR*?isa symplectic matrix. Uniqueness can be verified by a direct calculation. [ ]

CZXZ

As an illustration of the last theorem we provide a description of the Krein—von Neu-
mann extension of the minimal linear relation Tiin under Hypothesis 7.2.6.

Example 7.2.8. Assume that system (4,) is such that Hypothesis 7.2.6 holds and that the
minimal linear relation T, is positive, i.e., there exists ¢ > 0 such that (Z, f)y > c||Z|l, for

all {Z, f } € Tmin. Then the Krein-von Neumann self-adjoint extension extension of Trin
admits the representation given in (A.14), i.e.,

Tk = Tmin + (Ker T'max X {O})

We show that Tk can be also expressed as in the second part of Theorem 7.2.7 with
a suitable matrix R and a number f € [0, 27). By definition,

Ker Tonay = {Z € £2 | (2,0} € Timax],

i.e., Z solves system (4p), i.e., Z(2)x = 0 on [0, N],. Because all solutions of system (4y) are
square summable in this case, the assumption of the definiteness of system ($,) implies
that dim Ker Tinax = 2. If Z € dom Tk, then there exist 7 € dom Ty and 7 € Ker Tinax such
thatZ=0+For

2 =0+ forallke[0,N+1],, (7.26)

where 2 € Z, 0 € §, and 7 € 7 are the uniquely determined elements. Moreover, we have
0o = 0 = On41 by (6.82) and 7 = a[”ﬁ{” + am?f] for all k € [0, N + 1],, where #'! and 7#* form
a basis of Ker Tax.

Let us define the matrix § = (f, g) = (89 X 81 X -+ X 8y)"F € C¥2. Then one can
easily conclude that the matrix § is symplectic and every solution z € C([0, N + 1],)? of
system (4) satisfies

ZN+1 = 920. (727)

In the following construction we consider two cases: either b # 0 or b = 0.
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First, assume that b # 0. Then there exist two solutions of system (4) such that

0 1
A[1] a2l _
1’0 = (1/b) and 1’0 = ( a/b)'

These solutions are obviously linearly independent and by (7.27) we have

1 0
A[1] a2l
TN+ (g/b) and N+ (C — da/b) '

If we take these two solutions as a basis of Ker Tax, then (7.26) yields
2 = O + ' + a7 forallk € [0,N +1],.

Upon evaluating 2; at k = 0 and k = N + 1 we obtain

A a? . aQll
o=\ gmyp— qeiggp] A AN =\ ging g 4 alic — aidagp)”

which for 2, = (z’;) implies o' = %41 and a® = %g. Therefore

( AN+t )=2N+1:920:9( %o )

INg1d/b+ Xoc — %oda/b INs1/b — Xoa/b

It means that £ € dom T g, where § € [0, ) is such that e/ = Vad — bc,and R = e, i.e.,
Tk € Tr,p- On the other hand, the linear relations Tx and Tg, p are self-adjoint extensions
of Trin, thus Tx = Tg,g. Especially, if the coefficients a, b, ¢, d are real, then T, g = Tg .

Ifb=0,then G = (‘CZ 2) with |ad| = 1, i.e., d # 0. In this case we proceed in the same
way with the basis of Ker Trmax given by the solutions 7' and 7 of (4() such that

0 1
A1] _ a2l _
#=(i) 4=l

Then (320“ ) = Zn41 = G2 = 9<ﬁN+1/§gfoc/d ) This shows (again) that Tx = Tg g with

UN+1
B € [0, ) being such that e’ = Vad, and R = e g,
In particular, let 8 = ((1) _fk) and )y = (Z‘(’)" g) with by > 0 and w, > 0 on [0,N],.
This system is definite on [0, N], and corresponds to the second order Sturm-Liouville

difference equation —A[px Ayx—1(A)] = Awy yx(A) with by = 1/py41, see Example 6.2.4. Then
§= ((1) ZkN=10 h") and by the previous part we have

-1
Tk = {2 f} € Tmax | 2= (§) € CUO,N +11.)?, i = fin41 = [Z bk) X (Bn+1 — o) -
k=0
A
The boundary conditions in Theorem 7.2.7 include four particular cases. Namely,
with the notation 2, = (%, 1x) " we get for ap = 0 and an+1 = 7/2 the Dirichlet boundary
conditions £y = 0 = &n4+1, while for ap = ©/2 and any1 = 0 we have the Neumann
boundary conditions 7ip = 0 = #iy+1. The choice R = I and p = 0 yields the periodic
boundary conditions 2y = Zn41 and the choice R = [ and = 7 leads to the antiperiodic
boundary conditions 29 = —Zn41.
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In the first part of the following theorem we show that any self-adjoint extension of
Tmin can be described by using the matrices determining the Dirichlet and Neumann
boundary conditions. For convenience, we introduce the general boundary trace map ym, 1, :
C(Z})> » C?as

ym,L(2) := MZo — Liny1,

see also [38]. Then Ty = {{Z, f } € Tmax | ymL(2) = O}. Especially, for P, Q given in (7.25)
we denote Yy = ypg for ag = 0, any1 = /2, i.e., yx(£) = 0 abbreviates the Dirichlet
boundary conditions, and similarly y, := ypg for ap = ©/2, any1 = 0, ie., yu(2) = 0
abbreviates the Neumann boundary conditions. In the second part of this theorem we
derive yet another equivalent representation of Ty, which possesses the uniqueness
property.
Theorem 7.2.9. Let Hypothesis 7.2.6 be satisfied. Then the following hold.
(i) A linear relation T is a self-adjoint extension of Tmin if and only if there exist matrices
E G € C¥2 such that
rank(F,G) =2, FG'=GF (7.28)

and .
T =Trc = {{Z f) € Tmax | Fyx(8) + Gyu(8) = 0. (7.29)

(ii) We have Tr,c = Tg,q, where F,§ satisfy (7.28), if and only if ¥ = CF and § = CG for
some invertible matrix C € C**2,

(iii) A linear relation T is a self-adjoint extension of Tmin if and only if there exists a unitary
matrix V € C**2 such that

T =Ty :={{Z f} € Tmax | iV = Dyx(2) = (V + D u(2)}. (7.30)

(iv) We have Ty = Tv, where V € C>*? is a unitary matrix, if and only if V = V.

Proof. (i) Let T be given by (7.29) with the matrices F,G € C>* satisfying (7.28). If we
put M := FPy + GPrjp and L := FQgrp + GQo, where Py, Pr/o and Qo, Qn/2 are the
matrices corresponding to P, Q defined in (7.25). Then MJM*—-LJL* = FG*—GF" = 0 and
rank(F, G) = 2 is equivalent to rank(M, L) = 2. Hence M, L satisfy (7.23). Moreover, for
the left-hand side of the boundary conditions in (7.29) we have Fyy(2) + Gyu(£) = ym,L(£).
Therefore {Z, f } € Ty,1 if and only if {Z, f } € Tr g, ie., Tr g is a self-adjoint extension of Tiin
by Corollary 7.2.5. On the other hand, let T be a self-adjoint extension of Trin,i.e., T = Tay 1.
with M, L € C¥2 satisfying (7.23). If we put F := MPy — LPr;2 and G := LQo — MQy/2,
then the conditions in (7.28) hold and yjs .(£) can be written as in (7.29).

(ii) Sufficiency is clear. Assume that Tr, g = Tg,4 for two pairs of matrices F, G and ¥, §
satisfying (7.28). Then, by (7.29), we have for any {z, f } € Tmax that Fy,(2) + Gyu(2) =0
if and only if Fyx(2) + §yu(2) = 0. It means that 2y, Zy+1 solve simultaneously the both
systems of algebraic equations with the coefficient matrices F,G and ¥, §. It yields the
equivalence of systems, which implies an existence of an invertible matrix C € C>*? such
that # =CFand § = CG.

(iii) Let T be given by (7.30) with a unitary matrix V € C>*2. If we put F := é(l -V)
and G := %(I + V). Then FG* = GF* and, by (1.2), rank(F, G) = 2, i.e., the matrices F, G
satisfy (7.28). Since the boundary conditions in (7.30) are equivalent to the boundary
conditions in (7.29) with F, G defined above, i.e., {Z, f } € Tr if and only if {Z, f } e Ty,
it follows from the previous part that the linear relation Ty is a self-adjoint extension
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of Trmin. On the other hand, let T be a self-adjoint extension of Trin. Then, by the part
(i), we have T = Tr g with F, G € C?*? satisfying (7.28). Since by (1.2) and (7.28) we have
rank(F+iG) = 2, the matrix V := (F+iG)~! (iG—F) is well-defined. One can directly verify
that V is a unitary matrix and the boundary conditions Fy,(£) + Gy,(£) = O are satisfied
if and only if i(V = I)yx(2) = (V+1)yu(2) = 0,ie, Trc = Tv.

(iv) If V =V, then Ty = Ty. On the other hand, assume that Ty = Ty for two
unitary matrices V,V € C?2. Then Trc = Ty = Ty = Tg,g with the pairs of matrices
E,G and ¥,§ being given as in the previous part. Then V = (F +iG)"}(iG — F) and
V=(F+ig)'(ig—-F)and by the part (ii) there exists an invertible matrix C € C?>? such
that # = CF and § = CG. Upon combining these facts we obtain V = V. [ ]

Remark 7.2.10.

(i) As a consequence of Theorem 7.2.7(i)-(ii) we obtain that Ty;;, = T u,, if and only if
M = CM and £ = CL for some invertible matrix C € C><,

(ii) Theorem 7.2.7(iii)-(iv) shows that the map from the set of all 2 X 2 unitary matrices
to the set of all self-adjoint extensions expressed as in (7.30) is a bijection.

7.3 Proof of main result

In this section, a proof is given for Theorem 7.2.1 which utilizes several arguments from
the linear algebra and whose main idea goes back to [162]. It is based on a construction
of a suitable GKN-set (see Theorem A.1) and on a more convenient expression than that
given in (7.15) for elements in dom Tax. Similar results for system (2.6) can be found
in [135, Section 4].

Lemma 7.3.1. Let system (48,) be definite on the discrete interval Z,, {Z, f} € Tmax be arbitrary,
and o, ..., @'"*1 be arranged such that equality (7.18) holds. Then the element 2 can be uniquely
expressed as

2n n—2n
e=oc+ ) mal+ Y ol ke, (7.31)
i=1 j=1

where 0 € dom Trin, 21, ..., 2% are specified in Lemma 6.4.3, and the numbers 1;,C; € C for all
i€f{l,...,2n}and j€{1,...,2 — 2n}. Moreover,

rank Q, 2, =n —2n, (7.32)
where Q was defined in (7.14).

Proof. Since (7.18) is satisfied, there exists an invertible matrix P € C*** such that

QP = (Iﬂ(—;n O(ﬂ—;;)xzn) , (7.33)

where 0(,_2n)x2, stands for the (n — 2n) X 2n zero matrix. If we put 8 = (E", E®), where
EM € C2™(=2m) and 2P € C¥™?", and multiply (7.33) by E from the left, we obtain

=20 = _':_mQ,

S = -

ie, 8 = ( - gaQ, ﬁ) It implies that rank E® = 2n by the second inequality in (1.3),
because rank E = 2n. If we multiply equality (7.17) by (E?)T~! from the right, we get

Zk(E[z])T—l — Vk(E[Z])T—l + @E] Eu]r(a[z])‘r—l + @5{2],
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where O € C2X(r=21) and O € C¥™2" are such that (9},0;,) = (0], 0?) for all k € Z.
It shows that every solution @21, ... @!"l can be uniquely expressed with o, ..., 9",
g, 2 and @M, L ol e,

(Pgl _1;[1]+Z77][Z[r1+ Z C]ng keZf, jefp-2n+1,...,n}, (7.34)

for some 7 € dom Tpin and 7; it C; js € C. Therefore the expression in (7.31) follows from
equality (7.15). Moreover, if we multiply both sides of (7.34) by (p”*g from the left, where
iell,...,2—2n}, then

—2n
@ 9" = (@, 0M)e + Zn (", 2 + Z Cjs (@, .

Hence from (6.81) and the definition of 2! we have

Qi =Q,0nT', (7.35)

n-2n,n_

where T € C-*®=21) ig 3 matrix consisting of the elements C;; for j € {n. +1,...,n} and
s € {1,..., — 2n}. Since the solutions are arranged such that rank Q' 2]2n L =n-2n
equality (7.32) follows from identity (7.35) and the second inequality in (1 3). [

Remark 7.3.2. If we switch the role of st/(1p) and s''(A¢) in the definition of ¢!, ..., " in
(7.13), i.e., we put ¢! = wll(Ap) fori € {1,...,n_} and @1 = oll(Ag) for j € {1,...,n.},
then the solutions ¢!, ..., ¢!"-! can be arranged such that (7.31) and (7.32) hold.

Now we give the proof of Theorem 7.2.1.

Proof of Theorem 7.2.1. Assume that T is a self-adjoint extension of Tin. Then, by The-
orem A.l, there exists a GKN-set {ﬁj}?:l for (Tmin, Tmax) such that (A.12) holds. Since

Bj € Tmax, they may be identified as 8; = (@, 1) € Tax. By Lemma 7.3.1, the elements
w" can be uniquely expressed as

29-2n

= Y G, et 73

where 9! € dom Tiin and 7, C;; € C. We next show that the matrices

Gi1 o Cizg-2n

M= (@), @) decP® and Li=|: - : |ecr@r

Cq,l Cq,Zq—Zn

satisfy the relations in (7.19).
Since rank(M, L) < g, let us assume that rank(M,L) < g. Then there exists a vector
c=(c1,...,¢)7 € CI\{0} such that c*(M,L) = 0, i.e., M = 0 = ¢*L. If @y := z @'

for k € T, then we have wy = JM*c = 0 and also (w, )41 = 2?21 cj(w', (p[”)N+1 for all
i€fl,...,2q —2n}. Hence by (7.36) and (6.81) we have

((wl (P[l])N+1/ ceey (ZAU/ ¢[2q72n])N+1) =c'L QZq—Zn =0.
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But then (w,9)N+1 = 0 for any 9 € dom Tax, because it can be written as in (7.31). It
means that w € dom Tn by (6.81) and hence 4, ..., ; are linearly dependent in Tiax
modulo Thin, which contradicts the assumption that that { j}?:l is a GKN-set. Therefore,
the first condition in (7.19) is satisfied.

Next, we see that

aﬁm,ﬁwbo .. @Em,ﬁWUQ
: . =MJM" (7.37)
(fU[q]I fu[l])o . (fUIq], @[q])o

and by using (7.36), (6.81), and the definition of 2, also see that

(@[11, @IlJ)N+1 . (@[1], fU[q])NH
: . : = LQy;2uL". (7.38)
(ZAU[‘”, ZAU[H)NH . (ZAU[‘”, w[qI)NH
Since {f ]-}7:1 is a GKN-set, we obtain from (6.67) that
N+1

=[B;: 5]] = (@', wm)k|

foralli,j€({l,...,q}. By (7.37) and (7.38), this implies that Mg M" — L Q4-2,L* = 0, and so
the second condition in (7.19) is also satisfied.
For any Z € dom Thyax, we can write

(w[l]/ ZA’)O (wull 2)N+1 ((Pm/ 2)N+1

=M%, and : =L : , (7.39)

(w[q], 2)0 (w[q], 2)N+1 ((P[Zqizn]/ é\:)N+1

where the second equality follows from (7.36), (6.81), and the definition of 2. Upon
combining (A.12), (6.67), (7.39), we obtain that the linear relation T can be expressed as

T = {zf}eTmaX

= {1271 € Toax | @35y ™" = 0forall je (1,.....q)}

- (@[1],2)N+1
:{{Z/f}ETmax|M20—L[ ]:0 ,

(@P21721 £)N.

¢, @) | =0forall j €{1, ...,q}}

i.e., as written in (7.20).
On the other hand, let M € C™?" and L € C7*?1-2" satisfy (7.19) and T be the linear

relation given by (7.20). We then must show that there exists a GKN-set {‘B]-};Z:l for
(Tmin, Tmax) such that T can be expressed as in (A.12). Denote the columns of JM"* € C2xq
as pi,. .., py and the columns of the matrix ((p[1I s, (pf" "L e C27 as w}{”, ... ,w;f], ie.,

2q—2n
pi:=JdM'e; and w[’I Z nll(pm forallie{l,...,q}, (7.40)
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where ¢; is the i-th canonical unit vector in C7 and 7, ; are the elements of the matrix L
fori e {l,...,q)and j € {1,...,2{1—271}. Then w'! € Tmax for all i € {1,...,q} and, by
Lemma 6.4.3, there exist ; := {7, I} € Tax such that

NG Al _ i +
0y = pi and vk’ = wk’, ke[b+1,00),NTI;

for all i € {1,...,q}, where the number b is determined by the finite discrete interval
77 = [a,b], € I, with a,b € Z, on which system (4,) is definite. We next show that {ﬁi}?zl
form a GKN-set for (Tmin, Tmax)-

Since the linear independence of f1,...,f; in Tmax modulo T, is equivalent to the
linear independence of 9", ..., 9" in dom Tmax modulo Trin, we assume that there exists
C=(c1,...,¢c4)" € CI\{0} such that

q
0= Z ¢;jo"" € dom Tyin.
=1

Then, from (6.81) and (7.40), we have for all ", ..., @221 € Ty, that

0= ((?7, (NS PR (2 (P[2q_2"])N+1) = C" LQog-2n.

This implies C*L = 0, because Q2;-2, is assumed to be invertible, see (7.32). Simultane-
ously we have 9y = 0, which yields

q
0=1)=) cjof =aM'C,
=1
ie., C*M = 0, because the matrix J is invertible. But this means C*(M, L) = 0, which
contradicts the first assumption in (7.19).

Next, let
(1, o1y, - (o, ol

Yk = : . :
(@[q]/ @[ll)k ce (@[q]l @[ql)k
Since it can be directly calculated that Yo = MJM* and Yni1 = LQ-2,4L", the second
equality in (7.19) implies Yo — Yn+1 = 0. Therefore, by using (6.67), we get

A ary [N+L
[Bi : i1 = (@, 0", =0,

which shows that {ﬁi}?zl is a GKN-set for (T'min, Tmax) as defined in the Appendix.
Finally, let {w, §} € Tmax be arbitrary, then

(@, w)o (P, W)n+1 (0", W)N+1
Muwy = : and L : = : . (7.41)
(", w)o (%", W)N+1 (0", W)N+1
By (6.67) the condition [{w, g} : ;] = 0 is equivalent to

N+1
0

N+1

. (7.42)

(@, 8|, =0=—(0", W
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foralli e {1,...,q}. Hence, by (7.41), we see that (7.42) can be written as

((pmr w)N+1
Mo — L : - 0.
(272", W)N+1

Therefore the linear relation T given in (7.20) can be equivalently expressed as in (A.12),
which means that T is a self-adjoint extension of Tin. []

The simplification of Theorem 7.2.1 in the limit circle case is based on the following
lemma.

Lemma 7.3.3. Let system ($,) be definite on the discrete interval Z, and ¢, . .., o'+ be arranged
as in Lemma 7.3.1. Assume that there exists a number v € R such that system (8,) possesses
q := max{n,, n_} linearly independent square summable solutions (suppressing the argument v)
given by O, ..., 04, Then these solutions can be arranged such that rank Y,,_o, = 1 —2n, where

O, 0MNe ... (0", 09N
Y = : : € CI¥I.
(Q[q], 9[1])N+1 . (9[4], Q[q])NH

Moreover, for any {2, f} € Tmax the element Z can be uniquely expressed as

b ZZ‘ ZZ‘ ]le,k €17,
i1 =1

where 0 € dom Tiin, 21,..., 2" are given in Lemma 6.4.3, and a;, pj € C forall i € {1,...,2n}
and j€{1,...,n —2n}.

Proof. Since 6", ..., 0" € dom Tmax, Lemma 7.3.1 implies that there exist unique numbers
Qi j, Bic€C such that

of =g T T et e 7

where i € {1,...,g}. Then the definition of 2/ and identity (6.81) yield
Y =BQ, 2,5, (7.44)

where the matrix B = (,[?]) € C™(@P=2) Hence rank Y < n — 2n by the first inequality
in (1.3). On the other hand, by the Wronskian-type identity in (6.12) we have T = ©;J o,
where O := (9}(“, ..., 9;{“). Since the solutions 9;{”, .., 6}?1 are linearly independent, we
haverank Oy = gforallk € 7, and hencerank Y > p—2n by the second inequality in (1.3).
Therefore rank Y = n — 2n, whlch implies that the solutions ® := (0[” e, 9][:’]) can be
arranged such that rank Y,,_»;, = n — 2n. In this case, the invertibility of the submatrix
B, -2, follows from the equahty Yp-2n=Bp20Rp-24B which is obtained analogously
to (7.44). Since from (7.43) we have

(9[1]’ .., 6[71 2n]) — (@[1] . A[n 2"]) + (2[1] . A[Z"])Aznﬂ - + ((P[ll . I(P? ZH])B

n—2n’

q-2n’

[n—2n]

where A = (04_1]) € C™2", the invertibility of B,_, means that (p[” P

: [ [p-2n] Al Aln-2u] ol sl2n] ;
uniquely expressed by using Gk Seen, Gk yO ,and 20,5 Upon combin-

ing these expressions with (7.31) we obtain the second part of the statement. [

can be
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7.4 Bibliographical notes

The results of this chapter were published in [A18]. Their generalization to symplectic
systems on time scales is one of the goals of the current research as well as an extension of
Theorem 7.1.1 to the discrete symplectic systems with %, €, # 0. The topic of the present
section is also closely related to the characterization of the spectrum of self-adjoint linear
relations, which represents another goal of our future research.

-135-



Chapter 7. Self-adjoint extensions

-136-




... the theory of linear relation would seem to have the potential
for contributing to the enrichment and clarification of many
aspects of operator theory, including those concerned with
non-closable or non-densely-defined linear operators.

Ronarp Cross, sgE [45, pG. 111]

|
Appendix

LINEAR RELATIONS

In this supplementary chapter we recall several results from the theory of linear
relations, which are relevant to the content of Chapters 6 and 7. The theory of linear
relations has been established as a suitable tool for the study of multivalued or non-
densely defined linear operators in a Hilbert space. Its history goes back to [8] and the
results were further developed, e.g., in [42,45,46,82]. A (closed) linear relation T in a Hilbert
space € over the field of complex numbers C with the inner product (-, -) is a (closed)
linear subspace of the product space #? := #€ x #¢, i.e., the Hilbert space of all ordered
pairs {z, } such that z, f € 7. The domain, range, kernel, and the multivalued part of T are
respectively defined as

dom T :={z€ 4 |{z,f} € T}, (A.1)
Ran7 := {z € J€ | there exists f € #€ such that {z, f} € ‘I}, (A.2)
Ker T :={z€ | {50} € T), mul7 :={fe#|(0,f}eT) (A.3)

In general, we let T(z) := {f € # | {z, f} € T}, and note that a linear relation 7 is the graph
of a linear operator in # when 7(0) = {0}, i.e., when the subspace mul 7T is trivial. The
inverse of T, denoted as 77!, is the linear relation

7= {{f, 2} | {2/} € T}
and it satisfies
dom7'=Ran7, Ran7 !'=dom7, Ker7'=mul7, and mul7'=Ker7.

By T we mean the closure of 7. The sum T + U and the algebraic sum T + 1 are defined as

T+ = {{z,f +g) |z f) €T, (z,9) € U},
T+ﬂ:={{z+y,f+g}|{z,f}€T, {y,g}E‘U}.
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The adjoint T* of the linear relation 7 is the closed linear relation given by

7 = {{y, 5} € #* | (3, 9) = {f, y) for all {z,f} € T}. (A.4)

The definition of 7* reduces to the standard definition for the graph of the adjoint operator
when 7 is a densely defined operator. The adjoint linear relation 7" satisfies

—\ * J—

‘T*:(‘Z‘), T" =17, KerT*:(Ran‘I)J'z(Ran?)l, (domT)* =mul7*, (A5)

A linear relation 7 is said to be symmetric (or Hermitian) if T C 7%, and it is said to be
self-adjoint if T* = T. It is easily seen that 7 is a symmetric linear relation if and only
if (z,g) = (f,y) for all {z,£},{y,g} € T. A symmetric linear relation 7 is said to be a
self-adjoint extension of T if 7 C 7j and 7" = 7.

For A € C and a linear relation 7 we define the linear relation

T —AL:={lz,f - Az} € #? | {z,f) € T (A.6)
with the property (7 — AI)* = 7% — AL. Then
MN(T) :=Ker(T* - Al) ={z € ¥ | {z,Az} € T"} (A7)
is said to be the defect subspace of T and A. Its dimension, i.e., the number
dr(7) := Ker(T" — Al), (A.8)
is said to be the deficiency index of T and A. Since
Ran(T — AI)* = Ker(7* — Al)

the deficiency indices of 7 and T with the same A are equal by (A.5), see [143, Lemma 2.4].

If T is a symmetric linear relation, the values of d,(7) are constant in the open upper
and lower half-planes of C, see [143, Theorem 2.13]. Hence we define the positive and
negative deficiency indices as d.(7) = d4(7). If T is a closed symmetric linear relation,
then for every A € C\R the following direct sum decomposition (a generalization of the
von Neumann formula)

T* = T+ My(T) + M;(T) (A.9)

holds, where M, (7T) = {{z,/\z} | {z,Az} € ’I*} and the sum + is orthogonal for A = +i,
see [116, Proposition 2.22]. A closed symmetric linear relation 7 possesses a self-adjoint
extension if and only if the positive and negative deficiency indices are equal, i.e., d+(T) =
d_(T), see [42, Corollary, pg. 34]. Moreover, it was shown in [116, Lemma 2.25] that

d\(T) < d«(T), (A.10)

whenever A € R and Ker(7 — Al) = {0}.

Since the characterization of self-adjoint extensions of the minimal linear relation
associated with system (4,), see Chapter 7, is derived by applying the Glazman-Krein—
Naimark theory for linear relations, we recall the most fundamental parts of this theory,
see [143] for more details. A complex linear space ¥ with a complex-valued function
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[:]: ¥ xS — Cis called pre-symplectic if it possesses the conjugate bilinear and skew-
Hermitian properties, i.e., for all P, Q,R € & and a € C we have

[P:Q+R]=[P:Q]+[P:R], [P+Q:Rl=[P:R]+[Q:R],
[aP: Q] =a[P:Q], [P:aQ]=alP:Q],

[P:Ql=-[Q:P],

see [72] for more details. If we put ¥ = #? and

[{Z/f} . {ulﬂ}] = <f/ u) - <Z,ﬂ>

for {z, f}, {u, g} € 462, then & and [:] form the pre-symplectic space.
For a symmetric linear relation 7 C #? we have

[T:7]=0=[7T:7"] and T = {{z,f} eT | iz, f}: 7] = 0}, (A.11)

see [143, Theorem 3.5]. If, in addition, the linear relation 7 is closed and d := d..(7) = d_(7),
then the set {ﬁj};’.lzl with ;€ 7% for j € {1,...,d} such that

1. B1,...,Pq are linearly independent in 7* modulo 7,

2. [Bj:Bi]=0foralli,jel,...,d},
is called GKN-set for the pair of linear relations (7, 7*). The following theorem provides
the necessary and sufficient conditions for a linear relation 7; C #? being a self-adjoint
extension of 7, see [143, Theorem 4.7].
Theorem A.1. Let T C #? be a closed symmetric linear relation such that d.(T) = d_(T) = d.
A subspace T, C /2 is a self-adjoint extension of T if and only if there exists GKN-set {8 j}‘;:l for
(T, T") such that
'2‘1:{FE‘I*|[F:ﬁj]:Oforalljzl,...,d}. (A.12)

Finally, a linear relation 7 is called semibounded below, if there exists a € R such that
(z,f)>a(zz) forall {z, f} € T. (A.13)

The number m(7) := supia € R | inequality (A.13) holds} is called the lower bound of T.
If m(7T) > 0, the linear relation 7 is said to be positive. Then, by analogy with the
case of densely defined positive symmetric operators (see [43, Theorem 5]), the smallest
and largest self-adjoint extensions of a positive symmetric linear relation are respectively
known as the Krein—von Neumann (or soft) extension Tx and the Friedrichs (or hard) extension
7r. In particular, if 7 is closed and m(7) > 0, then the Krein-von Neumann extension
admits the representation

Tk = T + (Ker 7% x {0}), (A.14)

see [43, Corollary 1] and also [84].
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We could, of course, use any notation we want; do not laugh at
notations; invent them, they are powerful. In fact, mathematics
is, to a large extent, invention of better notations.

RicHARD PHiLrirs FEYNMAN, SEE [78, pG. 17-7]

List of symbols

The items in the following list are sorted by their pronunciation or IXTEX command. The
number refers to the page with the definition (or the first occurrence) of the symbol.

A

M (adjugate) ... 3

B

S+ (orthogonal complement) ... 4
C

Ck(A) (Weyl circle for (Sy)) ... 74

Ci(A) (Weyl circle for JVE) ... 44

C (complex numbers) ... 3

C(Z,)”, C(Z,)" (sequences overZ,) ... 5
C™* (r X s matrices) ... 3

C" (r-dimensional vectors) ... 3

C4+ (upper half-plane of C) ... 3

C- (lower half-plane of C) ... 3
Co(Z,)” (compactly supported) ... 5
Ck(A) (Weyl circle for (8,)) ... 20
codim S (codimension) ... 4

Cy (setfor(S,)) ... 73

Cyn (setfor(Sy)) ... 73

D

D.(A) (limiting Weyl disk for (S,)) ... 75

Di(A) (Weyl disk for (S))) ... 74

D, (A) (limiting Weyl disk for JVE) ... 45
Dy(A) (Weyl disk for JVE) ... 44

0(-) (sign of imaginary part) ... 3

Az (forward difference) ... 5

detM (determinant) ... 3

diag{-} (diagonal matrix) ... 3
dimRanM (dimension of range) ... 3
Di(A) (Weyl disk for (8,)) ... 20

D.(A) (limiting Weyl disk for (S,)) ... 24
E

Ex(A, M) (E(M)-function for (Sy)) ... 74
Er (M) (E(M)-function for for JVE) ... 44
Ex(M) (E(M)-function for (S))) ... 19
exp(M) (matrix exponential) ... 5

(M) (€(M)-function for (§,)) ... 100
zrl, ... 5

F

Tk(A) (matrix for Weyl disk Di(A)) ... 21
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G 5\21, (space for (S,)) ... 26

Gr(A) (matrix for Weyl disk Di(A)) ... 74 f&,( A (space for (S))) ... 75

Sk(A) (matrix for Weyl disk Di(1)) ... 44 £2  (space with partial shift) ... 76
I' (set for boundary conditions) ... 16 Z(z); (natural map for (4,)) ... 91
Sk(A) (matrix for Weyl disk Dg(A)) ... 21 li (space for (8,)) ... 92

[ (boundary conditions for JVE) ... 41 gill (space for (5,)) ... 107

Gk s(A) (Green function for (4,)) ... 101
H

Hi(A) (matrix for Weyl disk Di(A)) ... 74
Hi(A) (matrix for Weyl disk Di(A)) ... 44
Hi(A) (matrix for Weyl disk Di(A)) ... 21
H(t) (coefficient matrix for (2.5)) ... 12

Ki,o (space for (8,)) ... 107
fi (Hilbert space for ($,)) ... 106

Zdz)xz (space for (4,)) ... 106

M

M. (A) (W-T function for JVE) ... 43
Mi(A) (W-T function) ... 18

Mi(A) (half-line W-T function) ... 25

N

=R . .
(H)) (system for LC-invariance) ... 55 NQ) (fﬁj(/\)—solutions of (S)) ... 76

N(A) (£g-solutions of (8,)) ... 53

Hj (coefficient matrix for (2.6)) ... 12

(Iflf) (system for LC-invariance) ... 55

(Hy) (system for LC-invariance) ... 85
(H,) (system for LC-invariance) ... 85
I

n, (dimension of V) ... 115

Ny (li—solutions of (4,)) ... 115

im() (imaginary part) ... 3 N (natural numbers) ... 3

(,)w (semi-inner product for (5,)) ... 26 No (natural numbers and zero) ... 3

¢,y (semi-inner product for (S,)) ... 73 N(A) (5\211 -solutions of (8,)) ... 26

(-, YwnN (finite semi-inner product) ... 17 I-ly (semi-norm for (S,)) ... 53

(-, )y (semi-inner product for (4,)) ... 92 Il (Euclidean vector norm) ... 4
7,, T} (discrete interval) ... 5 I-l, (Holder norm) ... 4

J I-ly (semi-norm for (S,)) ... 26

J ...5 [-llwry (semi-norm for (Sy)) ... 73

K [I-ll, (spectralnorm) ... 4

KerM (kernel) ... 3 [-lly (semi-norm for (4,)) ... 92

X, (map for Zi and f&,,l) ... 110 71, (defect index for Trmin) ... 115

L N, (defect subspace for Tpin) ... 115
N(A, ) (matrix for (S))) ... 67 N (space associated with Na) ... 115
f&, (space for (8,)) ... 53 Ny (index for Hypothesis 2.3.7) ... 22
{% (space for (S,) ... 58 N; (index for Hypothesis 2.3.13) ... 24
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N> (index for Hypothesis 2.3.15) ... 25
N3 (index for Hypothesis 2.4.11) ... 33
N4 (index for Hypothesis 5.3.2) ... 74
(0]

M, A (conjugate) ... 3

P

Pr(A) (center of Di(A)) ... 75

P+(A) (center of Dy(A)) ... 75

&, (1) (fundamental matrix for (S,)) ... 73
Wi(A) (weight matrix for (S,)) ... 69
P.(A) (center of D4(A)) ... 45

Pi(A) (center of Di(A)) ... 45

®,(A) (fundamental matrix for (8,)) ... 49

¥ (weight matrix for (8,)) ... 49

®r(A) (fundamental matrix for JVE) ... 42
W, (weight matrix for S1) ... 55

®,(A) (fundamental matrix for (S,)) ... 16
n(z) (quotient space map for /. 142)) ... 106
Pr(A) (center of Di(A)) ... 22

P,(A) (center of D+(A)) ... 23

W (weight matrix for (§,)) ... 11

V) (weight matrix for S1)) ... 57

Py (weight matrix for ($,)) ... 89
M >0 (positive definite) ... 3

M >0 (positive semidefinite) ... 3

ZIES](A) (partial shift) ... 71
Q

(Q\) (system for LC-invariance) ... 80
(Q)) (system for LC-invariance) ... 79
(Q4) (system for LC-invariance) ... 80

R
Ri(A) (radius of Di(A)) ... 75
R+(A) (radius of D4(A)) ... 75

R, (A) (radius of D (A)) ... 45
Ry(A) (radius of Di(A)) ... 45
RanM (range) ... 3

rank M (rank) ... 3

R (real numbers) ... 3

re(-) (real part) ... 3

Ri(A) (radius of Di(A)) ... 22
r(A) (rank of Ry(A)) ... 28
R4(A) (radius of D4(A)) ... 23

S

Sk(A) (coefficient matrix for (S))) ... 65
8k (coefficient matrix for (S,)) ... 49
Sk (coefficient matrix for (S;)) ... 55

() (coefficient matrix for (S,)) ... 11

8k (coefficient matrix for (S,)) ... 11

8, (coefficient matrix for (S,)) ... 65
sprad M (spectral radius) ... 3

Sk(A) (coefficient matrix for ($,)) ... 89
8 (coefficient matrix for (4,)) ... 89

Sy (coefficient matrix for (S,)) ... 55

M, M*(-) (conjugate transpose) ... 3
M,4 (p X g submatrix) ... 3

M, (p X p submatrix) ... 3

(5)) (systemlinearin A) ... 11

(8)) (augmented system (S,)) ... 49

(E1) (equation for LC-invariance) ... 62
(E;) (equation for LC-invariance) ... 62
) (system for LC-invariance) ... 55

(S1) (system for LC-invariance) ... 55
(S)) (system analyticin A) ... 65

(JSQ) (nonhomogeneous system) ... 92
(8,)) (time-reversed version of (S,)) ... 89
T

T (1) (shift matrix for (Q,)) ... 82
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Tmax (maximal linear relation) ... 107
Tmin (minimal linear relation) ... 113

Tm 1 (self-adjoint extension of Tmin) - . .

126

To (pre-minimal linear relation) ... 107

Tp,g (self-adjoint extension of Trin) - .
Tr(A) (shift matrix for (5.17)) ... 71
trM (trace) ... 3

Tr,p (self-adjoint extension of Tpin) - - -
Or(A) (fundamental matrix for (4,)) ..
T (M) (shift matrix for (9,)) ... 82
9(A,Z,) (matrix for (5,)) ... 98

MT, MT(:) (transpose) ... 3

Tx (K-=vN extension of Tynin) ... 127
8)

U (set of 41 X 4n unitary matrices) ...

126

126

. 93

45

U (set of 2n X 2n unitary matrices) ... 22

\%

V (setof4nx4n contractive matrices) . .

Vi (coefficient matrix for (8,)) ... 49

Vi (coefficient matrix for (S,)) ... 55
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Vi (coefficient matrix for (8,)) ... 89

Vi (coefficient matrix for (S,)) ... 55

V (setof 2nx2n contractive matrices) ...

Vi (coefficient matrix for (§,)) ... 11
\3Y

Wk (weight matrix for (5.17)) ... 71
W(t) (weight matrix for (2.5)) ... 12
Wi (weight matrix for (2.6)) ... 12
X

Xr(A, M) (Weyl solution for (S,)) ... 74

Xk(A) (Weyl solution for JVE) ... 43
Xik(A) (Weyl solution for (4,)) ... 100
Xi(A) (Weyl solution for (5,)) ... 17
4

Zi(A) (second half of ®(1)) ... 73
Zi (1) (second half of ®(A)) ... 51
Z(A) (second half of @(A)) ... 100
Zi(A) (second half of ®, (1)) ... 16

Z (integers) ... 3

22



Every mathematical discipline goes through three periods
of development: the naive, the formal, and the critical.

Davip HiLBerrT, seE [131, r. 240]

LiSt Of author’s pUblicationS (asofAugust22,2016)J

Items [Al, A2, A4—A21] are indexed in the MathSciNet Database. Moreover, items
[A1l, A6—A9] were included in the author’s doctoral dissertation [A24].
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[A5]

[A6]

2009

R. Hilscher and P. Zemének, Trigonometric and hyperbolic systems on time scales,
Dynam. Systems Appl. 18 (2009), no. 3-4, 483-505. (Cited on page 145.)

R. Simon Hilscher and P. Zemének, Definiteness of quadratic functionals for Hamilto-
nian and symplectic systems: a survey, Int. J. Difference Equ. 4 (2009), no. 1, 49-67.
(Cited on page 145.)

P. Zemanek, Discrete trigonometric and hyperbolic systems: An overview, Ulmer Sem-
inare iiber Funktionalanalysis und Differentialgleichungen 14 (2009), 345-359.
(Cited on page 6.)

2010

S. L. Clark and P. Zemanek, On a Weyl-Titchmarsh theory for discrete symplectic
systems on a half line, Appl. Math. Comput. 217 (2010), no. 7, 2952-2976. (Cited on
pages 1, 4,13, 16, 18, 19, 22, 25, 26, 27, 33, 38, 41, 50, 100, 101, 102, 105, and 145.)

R. Simon Hilscher and P. Zemének, Friedrichs extension of operators defined by linear
Hamiltonian systems on unbounded interval, Math. Bohem. 135 (2010), no. 2, 209-222.
(Cited on pages 119 and 145.)

2011

P. Hasil and P. Zemaének, Critical second order operators on time scales, Discrete Contin.
Dyn. Syst. 2011 (2011), suppl., 653-659. (Cited on page 145.)
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