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Commentary

This thesis is dedicated to the study of G-structures, adapted connections (with torsion),
and Dirac or twistor operators on Riemannian spin manifolds associated to such adapted
connections, especially in the case where their torsion is a 3-form. We begin by briefly
reviewing the state of the art in the field, and proceed by recalling results on the type of
generalized Dirac and twistor operators that we are interested in and have motivated our
research.

We consider the characteristic connection V¢ and after assuming that its torsion 3-form
T is V¢parallel, we focus on the classification of special eigenspinors of such differential
operators, as Killing spinors with torsion and twistor spinors with torsion. We show
that in this case twistor spinors with torsion verify most of the structural properties of
Riemannian twistor spinors. We also describe integrability conditions for such spinors,
and under certain assumptions classify them in low dimensions 3, 6 and 7. Moreover, we
provide a result on the relation of two eigenvalue estimates of generalized Dirac operators
of this type, known by [AF04a, A+13]. Our results are also related to V¢-parallel spinors
(such spinors represent the supersymmetries of admissible models in Type II string theory).
In particular, we provide a new perspective on V¢parallel spinors, based on a new spinorial
formula encoding the action of the Ricci endomorphism on the spinor bundle in terms of
the generalized Dirac operator. We then describe applications, as for example a new proof
of the generalized Schriodinger-Lichnerowicz formula, under the assumption VT = 0. In
order to illustrate further applications we are based on Sasakian manifolds in dimension
5, nearly Kéhler manifolds in dimension 6, and weak (or nearly parallel) Go-manifolds in
dimension 7.

Next we proceed with the classification of invariant affine or metric connections on com-
pact, non-symmetric, effective, strongly isotropy irreducible homogeneous spaces G/ K,
where in terms of representation theory we compute the dimensions of the spaces of G-
invariant affine and metric connections. For such manifolds we also describe the space of
invariant metric connections with skew-torsion, proving that many of them admit connec-
tions with skew-torsion not induced by the Lie bracket family. This induces the classifica-
tion of V-Einstein structures with skew-torsion which we also present. For the compact
Lie group U(n) we classify all bi-invariant metric connections, and introduce a new family
of bi-invariant connections with torsion of vectorial type.

We also focus on compact, simply connected, homogeneous 8-manifolds admitting invari-
ant Spin(7)-structures, and classify all canonical presentations G/H of such spaces, with
G being simply connected. For each presentation we then exhibit explicit examples of
invariant Spin(7)-structures, describe their type according to their intrinsic torsion and
analyze the associated Spin(7)-connection with torsion, introduced by [I104].

The final part of this thesis is devoted to the intrinsic geometry of G-structures, where G
is one of the Lie groups SO*(2n), or SO*(2n) Sp(1) (n > 1). Here we provide the first sys-
tematic study of such geometric structures, a procedure that allows us to highlight them
as the symplectic analogue of the well known almost hypercomplex/quaternionic Hermi-
tian geometries (cf. [A/M96]). This includes the decompositions of the corresponding
intrinsic torsion modules into irreducible submodules, in terms of Spencer cohomology,



and the description of minimal adapted connections with respect to certain normalization
conditions. Hence we classify the algebraic types of such G-structures and study their first
order (local) differential geometry. Besides other results, this includes the classification
of those symmetric spaces admitting a torsion-free SO*(2n) Sp(1)-structure, and a local
construction of torsion-free SO*(2n) Sp(1)-structures with special symplectic holonomy,
based on a previous result by Cahen-Schwachhéfer [CS09].
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1 Summary

1.1 Introduction

The theory of G-structures, or equivalently of linear connections, is a fast-moving field with
many new discoveries both in differential geometry and in theoretical or mathematical
physics. The equivalence between these two notions relies on the holonomy of any such
connection, which is a central tool in differential geometry having a series of important
applications (one may think for example of the so called “holonomy principle”). In the
Riemannian context, there is a tremendous research on the geometry and topology of
manifolds with special holonomy. Especially manifolds admitting V9-parallel spinors and
hence Ricci-flat holonomy reductions (as Calabi-Yau manifolds, parallel Go- and parallel
Spin(7)-manifolds) have a key role in string theory compactifications and M-theory, where
they support vacuum solutions (for more details on such manifolds and their applications
we refer to [J0O, D03, BGO08]).

First order G-structures can be successfully treated in terms of their intrinsic torsion,
and non-trivial (intrinsic) torsion is synonymous to non-integrable geometries. This no-
tion became more famous during 80s and 90s, after the lengthy papers of Guillemin and
Sternberg on Spencer cohomology. Good examples involve the works of Gray and his
collaborators on almost-Hermitian structures and Go-structures ([GH80, FG82]), and
the works of Salamon on almost quaternionic geometries [S82, S86] (see also [F86] for
Spin(7)-structures, [CG90, F95] for almost contract metric geometries, and [A/M96] for
quaternionic-like geometries). Nowadays, intrinsic torsion has become a folklore topic, and
it is known for many different kinds of G-structures ([C/01, N08, AFH13]). Intrinsic
torsion is also adapted to the more general framework of parabolic geometries where of-
ten more algebraic tools are available (e.g., Kostant’s theorem on Lie algebra cohomology
[K61]), and it is possible to provide more general constructions highlighting the theory
of differential complexes and BGG sequences ([CSS]). For example, the intrinsic torsion
of parabolic almost conformally symplectic structures is described in [CSl7a, CSl7b],
where are also constructed differential complexes intrinsically associated to special sym-
plectic connections.

To summarize, it is fair to say that the field of both integrable and non-integrable geome-
tries is much deeper the days written this thesis, with many new exciting developments,
but there are still many interesting things to discover and learn (for the interested reader
we cite the articles [F418] for new discoveries related to the realization of exceptional
holonomies and [CV15, FH18] for the construction of the first known examples of non-
homogeneous nearly Kéhler structures).

Notice that the presence of torsion characterizes non-integrable geometries. Thus, in the
Riemannian case (where one is interested in G-structures with G being a closed subgroup
of SO(n)), the Levi-Civita connection is replaced by a metric connection with torsion pre-
serving the corresponding G-structure. When such a connection exists and has totally
antisymmetric torsion (in short, skew-torsion), it is referred to as the characteristic con-
nection, denoted here by V¢ It is known that for all the cases where V¢ exists, it is
unique, while its (characteristic) torsion form 7" can been computed explicitly in terms of



the underlying geometric data (see [F102]). Adapted connections with skew-torsion and
their holonomy theory provide a tool of studying non-integrable Riemannian geometries
and their special spinor fields, an approach that often offers unexpected new aspects even
of well-acquainted objects (as for example tools for classifying naturally reductive spaces,
see [A+15]). Very recently, this approach has been extended to the Lorentzian case, as
well (see [IG22]).

1.2 Motivation

In the Riemannian context non-integrable geometries become important for many reasons.
Firstly, there are classes of such geometries that induce Einstein metrics and satisfy some
nice topological properties (such examples are nearly Kéhler manifolds, weak Ga-manifolds
or 3-Sasakian manifolds, which are all spin and Einstein). It is by now known that these
Einstein metrics are related to the existence of Killing spinors ([FK89, FK90, Gr90,
BGO08]). Recall that Killing spinors realize the equality case of the estimate of the first
eigenvalue of the Riemannian Dirac operator on closed Riemannian spin manifolds with
positive scalar curvature, a celebrated result by Friedrich [F80]. Later, Lichnerowicz
enforced the role of such spinors, by establishing a link to twistor theory by proving that
in the compact case the space of twistor spinors coincides, up to a conformal change
of the metric, with the space of Killing spinors ([L87]). Let us finally mention that
real Killing spinors can be classified in terms of Bér’s cone construction ([B93]), and
as one can expect they have a key role is many supergravities theories, where solutions
are based on manifolds carrying such spinors. For example, in [A/+19] we construct
bosonic models based on products of 7-dimensional weak G-manifolds and 4-dimensional
Lorentian Einstein spaces, generalizing an older construction by [B+402] (for more details
on 11-dimesnional supergravity we refer to [D03, F13, A/+19, CG20, C+23a] and the
references therein).

Another reason why the non-integrable geometries are important is the fact that many of
them support V¢-parallel spinors, a situation that applies to the construction of admissible
solutions in string theory. Indeed, in the early 80’s physicists tried to incorporate torsion
into superstring theories in order to get a physically flexible model. In Type II string
theory for example, the equations in the string frame can be written in the following way
(see [Str86] and see also [IP01, FI02, A03, 104, I105, A06])

Vip =0, (d@—%T)-w:O

where ® is a scalar function called the dilation, T is a 3-form (representing the field
strength), 1 is a a spinor field, “” is the Clifford multiplication, and V is the lift onto
the spinor bundle of a metric connection with totally skew-symmetric torsion T'. The
number of preserving supersymmetries is determined by the number of solutions of these
equations, hence V-parallel spinors are immediately involved in the theory and are of great
importance.

Part of this thesis is based on the articles [C16b, C17], which are about metric con-
nections with parallel skew-torsion preserving non-integrable G-structures on Riemannian



manifolds, with a focus on the spin case in terms of the induced Dirac and Penrose opera-
tors and their special eigenspinors (as Killing spinors with torsion and twistor spinors with
torsion, see below). The results from [C17] are also related with V¢-parallel spinors, pro-
viding new integrability conditions, and hence they have potential applications in string
theory, as it was briefly explained above.

Parallel skew-torsion is an extra condition and manifolds endowed with such connections
provide a natural generalization of naturally reductive spaces. There are many known
examples, as nearly Kéahler manifolds, weak Gs-manifolds, Sasakian manifolds and other
(see [A06]). On the other hand, Dirac operators on Riemannian spin manifolds provide a
powerful tool for the treatment of various problems in geometry, analysis and theoretical
physics ([B+91, F00]). The investigation of adapted Dirac operators on non-integrable
Riemannian structures, and hence Dirac operators with torsion, was initiated by the work
of Bismut on Hermitian manifolds and the local index theorem ([B89]). A decade later
Kostant [K99] introduced the so called cubic Dirac operator, a purely algebraic object
that can be interpreted as the Dirac operator induced by an invariant connection with
skew-torsion on a naturally reductive space, as it was shown shortly after by Agricola in
[A03]. Tt is also known that these operators and their related theory can be successfully
carried out in a non-homogeneous setting, see [DI01, FI02, AF04a).

There are many reasons why such spinorial operators are important. For example, in the
homogeneous setting Dirac operators with torsion provide a generalization of the Dirac
operator of Parthasarathy ([P72]) on symmetric spaces, an algebraic object whose square
can be successfully studied in terms of Casimir operators and representation theory. This
situation appropriately extends to the homogeneous cubic Dirac operator and one can
present estimates for the first eigenvalue of this operator in representation theoretical
terms ([K99, A03)).

Such eigenvalue estimates can be presented in the non-homogeneous case as well, see
[AF04a, AF04b, A+13]. Moreover, one can relate the equality case in one of these es-
timates with twistor spinors with torsion (TsT) and in some special cases Killing spinors
with torsion (KsT). Such spinors were introduced in [A-+13] and are natural generaliza-
tions of the corresponding notions known from the Riemannian setting to Riemannian
spin manifolds admitting metric connections with skew-torsion. One of the results in the
mentioned article is that for 6-dimensional nearly Kahler structures such spinors realize
the equality case for eigenvalue estimates of the cubic Dirac operator
p=Ds4 7
4

(we may think of I) as the Dirac operator associated to the connection with torsion 7/3).
In [C16b] we prove that this statement makes sense also in dimension 7 for nearly parallel
Go-manifolds, see below for more details on these estimates, which both occur in the
presence of parallel torsion, V¢T' = 0.

In [C17] we present a new approach attacking Dirac or Penrose operators induced by
metric connections with skew-torsion, and moreover a new approach for studying V¢-
parallel spinors, that is, spinors satisfying the equation

V=0,



and more generally V*®i = 0, where V* denotes the lift of the 1-parameter family of metric
connections with torsion 4s7 (s € R), under the condition VT = 0, where T is the torsion
3-form of V¢. On the other hand, under the same assumption, in [C16b] we study Killing
spinors with torsion, and twistor spinors with torsion. We derive integrability conditions
for their existence, and under certain assumptions present a bijective correspondence with
Ve-parallel spinors, a fact that allows us to classify such special KsT or TsT in low
dimensions 3, 6 and 7.

Notice that by now it is well known that non-symmetric homogeneous (reductive) spaces
provide a great source of manifolds where many non-integrable structures can be explicitly
described. Motivated by this fact, in [A/+20] we obtain the classification of compact,
simply-connected homogeneous 8-manifolds admitting invariant Spin(7)-structures. Re-
call that manifolds admitting a torsion-free Spin(7)-structure admit V9-parallel spinors
and hence are Ricci flat ([B66]), in particular they appear in Berger’s list of irreducible
Riemannian holonomies. On the other hand, non-integrable Spin(7)-structures play an
important role in theoretical physics since they admit parallel spinors with respect to a
metric connection with skew-torsion, see for example [I104, I105]. In [A/+20] we combine
topology with results by [K88] to obtain the classification mentioned above. Then, we
specify for any coset in our list an invariant Spin(7)-structure induced by an invariant 4-
form, and study its geometric features. This allows us to describe the algebraic type of such
Spin(7)-structures, in terms of [F'86], and also analyse the associated Spin(7)-connection
with skew-torsion (see [104]).

The article [C+19] is also devoted to the homogenous case. In this article we present
the classification of invariant affine and metric connections and of their torsion classes (in
terms of Cartan [C25], see also [AF04a]), on all compact non-symmetric, strongly isotropy
irreducible homogenous spaces G/ K, where G is assumed to act effectively. Our approach
combines the classical theory of Wang on invariant connections [W 58], with representation
theory of semisimple Lie algebras. Recall that a connected effective homogeneous space
G/K is called isotropy irreducible if K acts irreducibly on T,(G/K) via the isotropy
representation. If the identity component Ky of K also acts irreducibly on T,(G/K),
then G/K is called strongly isotropy irreducible (SII for short). Obviously, any strongly
isotropy irreducible space is also isotropy irreducible but the converse is in general false.
Non-symmetric strongly isotropy irreducible homogeneous spaces were originally classified
by Manturov (see for example [WZ93]) and were later studied by Wolf [W84] and others.
A conceptual relationship between symmetric spaces and SII spaces was explained in
[WZ93]. More recently, isotropy irreducible homogeneous spaces endowed with their
canonical connection V¢ was shown to have a special relationship with geometric structures
with torsion (see [C/S04, C/01]).

In [C+19] we also specify the dimension of the space of invariant metric connections with
skew-torsion on compact non-symmetric SII spaces, hence our paper provides many new
examples of homogeneous manifolds admitting invariant metric connections with skew-
torsion, not all of them induced by the Lie bracket family. This last step allows us to
classify all existent invariant V-Einstein structures with skew-torsion, as well. The notion
of V-Einstein structures was introduced in [AF14] and though it does not provide a
generalization of Einstein’s field equations, there are many well known examples of V¢-
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Einstein manifolds (as nearly Kéhler manifolds, weak Go-manifolds and other). Hence it
is reasonable to exam this notion separately. Such geometric structures consist of a n-
dimensional connected Riemannian manifold (M, g) endowed with a metric connection V
which has non-trivial skew-torsion T" and whose Ricci tensor has symmetric part a multiple
of the metric tensor, that is, (see also [F102, AF14, C16a, C16b])

By [AF14] it is known that V-Einstein structures can be characterized variationally (see
also [C19] for a related result), and recently there is some interest in the classification
of such structures, especially in a homogeneous setting where representation theory and
other tools are available, see for example [C16a, D-+16].

The final paper submitted in this thesis ([C+22a]) is not related to skew-torsion, as we
introduced it above, but it relies on the more general notion of intrinsic torsion. This article
is the first in a series of articles (see [C+22b, C+23b]) devoted to the (local) differential
geometry of a new type of G-structures on quaternionic-like manifolds, corresponding to
the Lie groups SO*(2n) and SO*(2n) Sp(1), respectively. As we will explain below, such G-
structures do not support a Riemannian metric, but they preserve a “compatible” almost
symplectic form w. Hence, they form the symplectic analogue of the better understood
almost hypercomplex-Hermitian structures and almost quaternionic-Hermitian structures,
respectively (see [S86, S91, A/M96]| for details on these geometries).

At this point we should mention that the Lie group SO*(2n)Sp(1) belongs to the list of
non-metric exotic holonomies, in particular it is related with the notion of special sym-
plectic holonomy, introduced by Cahen—Schwachéffer in [CS09]. On the other hand, it
is known by Bryant ([Br96]) that torsion-free affine connections with (irreducible) full
holonomy group SO*(2n) cannot exist, since Berger’s first criterion fails for the Lie alge-
bra of SO*(2n). Our approach in [C+22a] differs from those which are mainly devoted
to the torsion-free case ([Br96, SO0la, SO1b, CS09]) and in particular a main contri-
bution of this work is based on the establishment of the local geometry of SO*(2n)-
or SO*(2n) Sp(1)-structures, via a geometric approach based on defining tensor fields,
adapted frames, adapted connections, intrinsic torsion modules, minimal connections and
normalization conditions, and finally examples (first order integrability conditions are pre-
sented in [C+22b], while the curvature is studied in [C+23b]). In this way we proceed
systematically with a differential-geometric treatment of manifolds carrying such struc-
tures and highlight some parts of their unknown till now intrinsic geometry, both in the
integrable and non-integrable case.

1.3 Overview of results

(A) Killing and twistor spinors with torsion. Consider a connected Riemannian
spin manifold (M™,g) (n > 3) endowed with a 1-parameter family of metric connections
with (totally) skew-symmetric torsion, say 4sT" for some non-trivial 3-form 7" on M and
s € R. This has the form

Ve =V9+2sT
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and joins the Levi-Civita connection (s = 0) with the connection with torsion T' (s = 1/4),
that is, V1/4 = V9 + 1T which by some abuse of notation we will denote by V¢. We use
the same symbol for the lift of V* on the spinor bundle ¥ — M over M, given by

QO \% gO-FS(XJT)

for any X € I'(TM) and ¢ € T'(X).! After identifying TM = T*M via the metric tensor,
the associated Dirac operator is defined by the composition

DS =poV :T(D) BT(TM %) B T().
Locally, it has the form

= e Vip=> e (Vip+s(eT) o) = DY) +3sT- o,

where D9 = DY := 110 V° is the Riemannian Dirac operator. Notice that

D = D9, for s = 0;
D =( DY4=D¢=DI+3T, fors=1/4;
D12 — ]D D9 + 1T for s = 1/12.

Let us assume from now that V¢T' = 0, and consider the cubic Dirac operator I = D9 +iT.
In this case for the square of ) the following formula of Schrédinger-Lichnerowicz type is
known (apply [A+13, Thm. 2.2] for s = 1/4 and see also [DI01, AF04a, AF04b])

1

1 1
D’ =Ar+ 4 Seal’ —ZT2 + gHTH? ,

where Ap = (VO)"V® = =3, VEVE 4+ Vg, - denotes the spinor Laplacian associated

to the connection V¢ Because VT = 0, the square lD2 commutes with the symmetric
endomorphism T'. In particular, 7" acts on spinors with real constant eigenvalues [A+05,
Thm. 1.1] and the spinor bundle decomposes into a direct sum of T-eigenbundles preserved
by V&
5= @ T,, with VT, C%,, VyeSpec(T).
~vE€Spec(T)
Similarly, the space of sections decomposes as I'(X) = ., cgpec(r) I (E4). Then, from the

generalized Schrodinger-Lichnerowicz formula and for the smallest eigenvalue A; of the
square D” restricted on ¥, it follows that (see [AF04a, A+13])

1= Bue(1).

min

2
M(Blg) = 5 Sca'g *HTHQ
The equality occurs if and only if Scal! is constant and ¢ is V¢-parallel, i.e.,

Vg(tp-i- (X_JT) =0.

'We denote by X - ¢ := u(X ® ) the Clifford multiplication x4 : TM ® ¥ — ¥ at the bundle
level, a notation that naturally extends to p-forms.
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These are the spinors fields that we are mainly interested in this thesis. A very similar
expression to this estimate holds on the whole spinor bundle ¥ = @, X, where one has to
consider the maximum of the possible different eigenvalues {7, ... ,’yg }.

Let us also consider the Penrose or twistor operator P? associated to V?*, that is, the
differential operator defined by the composition

I'(Y) S T(TM &%) 5 Dkerp), P°=poV?,

where p: TM ® ¥ — kerp C TM ® ¥ is the orthogonal projection onto the kernel of the
Clifford multiplication. Locally one has
X =X Ly X PPy = ; AV ! D?

p(X ® @) = ®¢+n;€i®ei‘ p, @-—;ez@{ Lot e D}
Definition 1.1. (a) A Killing spinor with torsion (KsT) is a non-trivial spinor field ¢ €
I'(¥) satisfying the relation

ke =C(X ¢, (%)
for any vector field X on M, and some s # 0 and ¢ # 0 (¢ is referred to as the Killing
number).
(b) A twistor spinor with torsion (TsT in short), is a section ¢ € I'(X) belonging to the
kernel of the Penrose operator, that is, satisfying the twistor equation with respect to V*
for some s # O:

1
Y+ —X -Dp=0. (*x*)
n

For the first eigenvalue of lD2 restricted on X, there is a second estimate, the so-called
twistorial estimate introduced in [A+13]. This is defined by
n(n

2 n —5) n(4—n)

A > ——Scal!. +———% —_—
1(Ps,) 2 A —1) > @hmin T30, g2 A(n — 3)2
and the equality appears if and only if ¢ is a twistor spinor with torsion for the parameter

s = (n—1)/4(n — 3), and moreover Scal? = constant. A similar expression to the one
given above holds for the whole spinor bundle.

1|1 + 7= Bew ()

In the presence of a Vparallel spinor 0 # ¢ € X, the inequality SBiw(v) < Buniv(7y) needs
to hold. For n < 8, this fact implies the inequalities [A+13, Lem. 4.1]

9(n—1) 2
S0 Tl
2(9 —n)
Here, the equality takes place if and only if the universal estimate coincides with the
twistorial estimate. It is an interesting question to check if these twistor spinors with
torsion are also some kind of Killing spinors and what the geometric inclusions are when

0 <2n|T|? + (n—9)v*,  Scal! <

the two estimates coincide, if any. This was part of our motivation for the results presented
below.

Our article [C16b] begins with the investigation of the geometry of manifolds (M",g,T)
admitting non-trivial twistors spinors with torsion with respect to the family V*, under
the assumption V¢T' = 0. We first computed the Ricci tensor and scalar curvature on
such manifolds.
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Theorem 1.2. When VT = 0, any non-trivial twistor spinor ¢ € Ker(P?®) satisfies the
following relations

S RIC(X) o = = (XT) - D) + "2V (D) — - X (D*)2(p) — 5(3 — 45) (Xoor) - o,
Lsaal o=~ 207 D) + 2D (D7y2(p) — a5(3 — as)or -,

forall X e T(TM).

Notice for s = 0, i.e., for the Riemannian connection (zero torsion 7" = 0), this theorem
reduces to a basic result of Lichnerowicz [L87] about Riemannian twistor spinors (see also
[B+91, pp. 23-24], or [FOO, pp. 122-123]):

V% (DY(g)) = 2(7171_2)[—Ric9(X)-g0+2(icilgl)X-go]:ZSchg(X)-cp,
DY) = e

where Sch?(X) = L[ — Ric?(X) - o + %X] is the endomorphism induced by the
Schouten tensor of V9. In [C16b] we proved that via the Theorem 1.2 one can provide a

generalization of these formulas (that is, for non-trivial elements in Ker(P?)).

The most important consequences of the twistorial %-Rics-formula described above can be
encoded as follows (see Corollary 2.6 and Proposition 2.7 in [C16b]).

Corollary 1.3. Let (M",g,T) (n > 3) be a connected Riemannian spin manifold with
VT = 0. Then,

a) The kernel of the twistor operator is a finite dimensional space, and dimg¢ Ker(P*) <
olzl+1,

b) If ¢ and D*(yp) vanish at some point p € M and ¢ € Ker(P?®), then ¢ = 0.

c) Any zero point of a twistor spinor with torsion 0 # ¢ € Ker(P?®) is isolated, i.e., the
zero-set of ¢ is discrete.

These results show that, under the condition V¢T" = 0, twistor spinors with torsion (TsT)
satisfy the same structural properties as the Riemannian twistor spinors. Notice however
that in the Riemannian case the space Ker(PY) is in addition a conformal invariant of
(M™, g), which is not in general the case in the presence of torsion (see however [DI01]
for a remark in dimension 4). On the other hand, applying the above theorem on Killing
spinors with torsion (KsT), we obtain integrability conditions for this kind of spinors, see
[C16Db, Corol. 2.3] (also known from [B-B12, Lem. 1.14], proved however in a different
way, see also [A+13]).

Next we focus on KsT or TsT which are the same time parallel with respect to the
characteristic connection V¢. Although this is a strong condition, we successfully develop
a theory handling the situation, which is illustrated via examples by using for instance
nearly Kahler manifolds in dimension 6 and weak Gg-manifolds in dimension 7.

The first step in our approach is the following theorem, which provides a criterium to
decide when a V¢-parallel spinor is a real Killing spinor.
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Theorem 1.4. Let (M",g,T) be a compact connected Riemannian spin manifold with
VT =0 and positive scalar curvature, carrying a non-trivial spinor field pg € T'(X) such
that

Vo = v‘g(@O‘Fi(XJT)'QOO =0, VXel(TM), T-po=n~ypo, forsome~ e R\{0}.

(1.1)
Then, @q is a real Killing spinor (with respect to g) if and only if the (constant) eigenvalue
0 # v € Spec(T) satisfies the equation

9 4n

v = mScalg. (1)

If this is the case, then the Killing number is given by r := 37v/4n and the following holds
3
(X_IT)-QOO+%X-<,00:O, Y X e T(TM).

For n <8, the condition (1) is equivalent to

2
= T2, or Scald =

9(n
el "=y
n

—1
2(9-n)

and if this is the case, then the action of the symmetric endomorphism d1' on g is given

2(p—
by dT - po = — "= 0.

The proof of this result is essentially based on some of the geometric conclusions imposed
by a V¢-parallel spinor, in combination with a fundamental result on Killing spinors (cf.
[B+91] pp. 20, 31, and see also the proof of Proposition 3.2 in [C16b]). Examples of
structures satisfying this result are nearly Kéahler structures, weak Go-structures, and also
the Killing spinors in S3, see below.

Example 1.5. Let (M%, g, J) be a (strict) 6-dimensional nearly Kéhler manifold. Such
a manifold admits two V¢-parallel spinors ¢* lying in ¥, with v = £2||T|| ([F102]).
The scalar curvature is given by Scal’ = 22| T'||> and this coincides with the quantity
9(17—11) 2 _ ggg:i; |T||?. Therefore, by the above theorem the spinors T should be real
Killing spinors with Killing number

k= 3y/dn = £|T) /4,

which is a well-known result by [Gr90]. Moreover, our theorem says that dT - ¢t =

—3 Scal®-p* = —%(pi, i.e., dT-p* = —3||T||?p*, which agrees with [F102, Lem. 10.7].

Example 1.6. Consider a 7-dimensional nearly parallel Gso-manifold. There is a unique

Ve-parallel spinor ¢ with v = —/7||T|| ([F102]) and the scalar curvature Scal? = 27|72

coincides with the quantity MWQ = %HT“Z. Thus, ¢¢ must be a Killing spinor

4n
with Killing number

3
k=3y/4n = ———=||T||,
y/in === )
which is well-known by [F+97, FI02]. Moreover, we compute dT"- ¢y = —W(po, ie.,

dT - o9 = —6|T||*p0, which agrees with the result in [F102, Ex. 5.2].
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Let us now agree on the following notation:

Ker (V) = {pel(E,) CT(X): V9 =0}, (harmonic spinors)
Ker (D) = {p€I(Z,) CI(X):Dp) =0}, (characteristic spinors)
K5(M,g); = {p€T(X):Vip=(X- ¢ VX cT(TM)}, (Killing spinors with torsion)
K(M,g), = {pel(X):Vie=rX ¢ VX eI (I'M)}, (real Killing spinors)

where in the third case s # 0 and ¢ # 0, and in the fourth case k # 0.

Notice that any twistor spinor with torsion with respect to V¢ = V4 which is charac-
teristic, that is, D¢(¢) = 0, is in fact V¢parallel, see [C16b]. Thus, from now on we are
mainly interested in twistors with torsion for some s # 1/4. In [C16b] we proved the
following correspondence.

Theorem 1.7. Let (M",g,T) be a compact connected Riemannian spin manifold with
VeT = 0 and assume that ¢ € T'(X) is a non-trivial spinor field such that Vo = 0, where
V¢ =V9I+ %T is the characteristic connection. Let v € R\{0} be a non-zero real number.
Then, the following conditions are equivalent:

(a) ¢ € T'(E,) N Ker(P?) := Ker( PS‘E ) with respect to the family {V*®:s € R\{1/4}},
(b) p € K¥(M, g)¢ with respect to the family {V® : s € R\{0,1/4}} with ¢ = 3(1—4s)vy/4n,
(c) p € K(M,g), with kK = 3y/4n.

This shows that for a V¢-parallel spinor ¢ the Riemannian Killing spinor equation V¥ ¢ =
kX - with Killing number x := 3+/4n for some 7 # 0, is equivalent to the KsT equation (x)
for some (and thus any) s # 0, 1 with Killing number ¢ := 3(1 — 4s)y/4n, and moreover
with the twistor equation (#x) for some (and thus any) s # 1/4, under the additional
condition ¢ € X,.

Now, a combination of our conclusions with [FI02, Thm. 3.4] allows us to present the
following conclusion (see [C16b] for important details that we avoid to present here).

Corollary 1.8. Let (M™,g,T) be compact connected Riemannian spin manifold (M", g,T),

9(n—1)2
("77 for some constant

0 # v € Spec(T). If the symmetric endomorphism dT + 1 [9(" 1)72 2HTHZ} acts on X

with VT = 0 and positive scalar curvature given by Scald =

4n
with non-negative eigenvalues, then the following classes of spinors, if existent, coincide:

Ker(ve) = P [r( )mC(Mg)A

y€ESpec (T)

= @ |:F(E,y) OICS(M, g) 3(1Z4s)w:|
yESpec (T) "

= P [Ker(P*|,)nKer(D°)].
y€ESpec (T)

Here, the parameter s takes values in R\{0,1/4} for the third set, and for the last set we
have s € R\{1/4}.
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As we said, the most representative classes of special structures for which our results
presented above make sense, are the 6-dimensional nearly Kéahler manifolds and the 7-
dimensional nearly parallel Go-manifolds. We present the corresponding applications be-
low, and more details for this kind of manifolds are given in [C16b], and the references
therein.

Theorem 1.9. On a 6-dimensional nearly Kdhler manifold (MS,g,.J) endowed with its
characteristic connection V¢, the following classes of spinor fields coincide:

(1) TsT with respect to the family {V* :s € R\{1/4}}, lying in Xio7),

. . s . As—
(2) KsT with respect to the family {V* : s € R\{0,1/4}}, with ¢ := $%||TH,
(8) Riemannian Killing spinors,

(4) V¢-parallel spinors.

Notice that in [A+13, Thm. 6.1] the authors proved that for a 6-dimensional nearly Kahler
manifold the Killing number with torsion is given by :FH%H, and this coincides with the
statement of our Theorem 1.9 for s = 5/12 (as it should be, according to [A+13]). In this
way, we generalise the result from [A+13], by extending the correspondence to any real
number s # 0,1/4. This also shows the advantage of our approach to this certain kind of

TsT or KsT.
The analogous result for the case of weak Gy-manifolds has the form (see [C16b] for

details).

Theorem 1.10. On a nearly-parallel Go-manifold (M, g,w) endowed with its character-
istic connection V€, the following classes of spinor fields coincide:

(1) TsT with respect to the family {V*® :s € R\{1/4}}, lying in ¥_ 7, = Sy
6

(2) KsT with respect to the family {V* : s € R\{0,1/4}}, with ¢ := (48_81)T° = 3(484_\2“TH,

(3) Riemannian Killing spinors,

(4) V¢-parallel spinors.

The rest of the article is mainly devoted to integrability conditions of V¢-parallel KsT with
respect to the family V® = V9 + 25T, for some s # 0,1/4, or equivalently of V¢parallel
TsT for some s # 1/4, lying in some I'(X,), always under the condition VT = 0. One of
the results is the following:

Proposition 1.11. Assume that VT = 0 and that (M",g,T) is complete and admits a
Ve-parallel spinor 0 # ¢ € ¥, (R 3 v # 0) lying in the kernel Ker(P?®) for some s # 1/4.
Then, for any s € R the following hold

2 n — — 48 2 S — 48 S — 4as)(n —
Ric* (X) (:2 [6( 1)(1 — 45)? + 96 (1164 )+ 165(3 — 4s)( 3)}){. |
2 n — — 48 2 S — 48 S — 4a8)(n —
Seal? 6n7 [6( 1)(1 — 45)? + 96 (116 45) + 165(3 — 4s)( 3)} |

In particular,
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(a) (M™,g) is a compact Einstein manifold with constant positive scalar curvature Scal? =
9(n

—1)?
4n :

(b) For any n > 3, (M",g,T) is a strict V°-FEinstein manifold with parallel torsion and

_3)2 _
constant scalar curvature Scal® = w Forn =3, (M3,g,T) is Ric*-flat.

(c) (M™, g,T) is V*-FEinstein for any other s € R\{0,1/4}, i.e., Ric® = Scn—alsg.

Again this result applies to 6-dimensional nearly Kéahler manifolds and 7-dimensional
weak Ga-manifolds, see [C16b]. It was first proved in [FI02] that these manifolds are
V¢-Einstein, and part (b) of our theorem above provides an alternative way to obtain this
claim. Moreover, part (c) extends the situation to the whole family V°. Notice also the
3-dimensional Ric®-flat case corresponds to the 3-sphere, which we treat in many details.
For this case we prove that (see [C16b] for the notation used in Theorem 1.12).

Theorem 1.12. There is a one-to-one correspondence between e-Killing spinors on the
3-sphere (Sg,gcan,Te) and Killing spinors with torsion with respect to the family V& for
any s # 0,1/4, with Killing number ¢ = 1_243, ie. Vi = 1_245X-90j, VX ecI(TS?. In
particular, a 3-dimensional compact spin manifold (M3, g,T) satisfying the assumptions
of Proposition 1.11, is isometric to (53,gcan,TE).

At this point we need to stress that in general there exist Killing spinors with torsion
(KsT) which are not real Killing spinors, and thus manifolds which are not necessarily
Einstein can be endowed with them, e.g,. the Heisenberg group, see [B-B12, pp. 54-57].

A final contribution of this work is a result about the relation between the two eigenvalue
estimates mentioned in the introduction of this subsection. In particular, we prove that

Proposition 1.13. Let (M",g,V¢) (3 <n < 8) be a compact connected Riemannian spin
manifold with VT = 0 and positive scalar curvature, carrying a spinor field ¢ € T'(X3)
satisfying the equations given in (1.1) for some 0 # v € Spec(T'). If Biw(Y) = Buniv(y) then
¢ is a real Killing spinor with respect to g, with Killing number k = 3v/4n. Conversely,
if v is a real Killing spinor with k = 3v/4n satisfying (1.1), then Biw(Y) = Buniv(Y)
1dentically.

Example 1.14. For n = 7 and for a nearly parallel Go-manifold (M7, g, w) we compute
7 g
ﬁtw(’Y) = — Scal’ = Buniv('y) :
54
For n = 6 and a nearly Kihler manifold (M5, g, J) we compute

o (1) = 12 S€al = e (1),

see also [A+13, Ex. 6.1] for the second case.

(B) A new %-Ricci type formula on the spinor bundle and applications. The main
motivation of this article is the following observation: For a Riemannian spin manifold
(M™, g) the authors of [FKO00] introduced a formula that relates the action of the Ricci
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endomorphism Ric? on the spinor bundle with the Riemannian Dirac operator DY. This
is given by

1 n

5 Ric/(X) - = DI(Vip) = Vi (D7) — D ey nggjxso,

j=1

referred to as the Riemannian %—Riccz’ type formula. In [FKO0O] it was shown that this
identity is stronger than the Schrodinger-Lichnerowicz formula associated to the Riemann
Dirac operator D9 = DY, in the sense that the first formula induces the second one, after
a contraction. Moreover, observe that for a (non-trivial) V9-parallel spinor it immediately
induces the know Ricci flatness, i.e., Ric? = 0 identically.

In [C17] we extend these results on Riemannian spin manifolds (M", g) endowed with the
family Vls = V9 + 25T described above, under the condition VT = 0, where as usual
Vé=Vi=V9+ %T. We first prove the following generalized %—Ricci type formula.

Lemma 1.15. (The generalized %-Ricci type formula, or %-Rics-formula) Assume
that V¢T' = 0. Then, the Ricci endomorphism Ric®(X) satisfies

1 S S S S S = S S
3006 = D(Vig) = VA(D) =3 e Ve, x0 + 45Vi(x.0,9]
+5(3 — 4s)(X o) - @,

for any arbitrary vector field X € T'(T M), spinor field p € T'(X), and s € R.

Notice for s = 0 the generalized %—Ricci type formula, reduces to the Riemannian %—Ricci
type formula. A key point of the proof of this identity is that the Ricci endomorphism
associated to V* satisfies the following identity

1
B Ric*(X)-p=— Zei "R e, + 83 —4s)(Xoor) - ¢,
i

for any X e I'(TM), ¢ € I'(¥) and s € R, where
Xy = [Vx, Vy] = Vixy) : T(E) = (%)

is the (spinorial) curvature operator associated to V*. This expression was proved in
[B-B12, Lem. 1.13] (see also [A+13]), and holds only under the assumption V¢T = 0.

The new %—Rics—formula has a series of applications, and for convenience we list the most
important below.

(i) Tt induces the corresponding generalized formula of Schrédinger-Lichnerowicz type,
associated to the Dirac operator D? (see for example [FI02, Thm. 3.1], [AF04a,
Thm. 6.1] or [A03, Thm. 3.2]), under the condition VT = 0:

(D*)%(p) = A%(p) + s(3 — 4s5)dT - ¢ — 4sD*(ip) + %Scals S,

Here, D* is the first-order differetntial operator defined by D¢ := 3, (e;JT) - V5 ¢
and A® := (V*®)*V* denotes the spin Laplace operator associated to V*®. Hence,
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when the torsion form T is V¢parallel we provide a new proof for this fundamental
formula, which is different comparing the known proofs (cf. [F102, A03, AF04a]).
Notice the condition VT' = 0 plays an extra role in the proof given in [C17]
(see pages 3015-3016). This is because under this condition the Ricci tensor Ric®
associated to V* is symmetric, for all s € R (see also [A+13]), and hence it behaves
as the Riemmanian Ricci tensor.

(ii) It provides an alternative, easier, proof of the generalized twistorial %—Ricci formula
that we proved in [C16b], see Theorem 1.2 in this thesis.

(iii) It has important applications related to V*-parallel spinors and in particular V-
spinors. We present some of them below.

So, let us explain a few details for the third case, and for the first two cases (i), (ii) we
refer to [C17].

Looking for V#-parallel spinors, the new %—Rics—identity immediately yields integrability
conditions for any member of the family {V*: s € R}. In particular

Corollary 1.16. Assume that VT = 0 and let g € T'(X) be a non-trivial spinor field
which is parallel with respect to V?*, for some s € R. Then, for the same s and for any
X € T(TM) the spinor ¢o must satisfy the following:

Ric*(X)-vo = 2s(3—4s)(Xior)- 9o,
Scal®- w9 = —8s(3—4s)or- 0.

Of course, for s = 0, that is, V9-parallel spinors, this gives the Ricci flatness of (M, g),
while for s = 1/4 and the characteristic connection the above formulas reduce to the
known integrability conditions for V¢-parallel spinors presented in [F102].

Now, when a V¢parallel spinor exists, the %—Rics—identity allows us to describe the action
of the endomorphism Ric®(X) : I'(X) — I'(¥) for any other s. This is one of the most
important applications of this identity. In particular, we prove the following

Theorem 1.17. Consider a Riemannian spin manifold (M™, g, T) (n > 3) endowed with
a non-trivial 3-form T, such that VT = 0, where V¢ := V9 + %T. Assume that g is a
non-trivial V¢-parallel spinor field lying in I'(Xy), for some (constant) v € R. Then, for
any s € R and X € T(TM) the following holds

_ 165% — 1) 16s% 4 3
Ric®(X) -0 = w ZT(Xa ej) - (e52T) - o + (4)(X—'0'T) 0
j=1
p 16s% — 1
= Ric ()()(,00—(4:)»5'()<)()007
where the action of the endomorphism S(X) is given by
S(X)-po = —(Xoor) o+ Y e (T(X,e;)2T) - o
j=1
1 o 3y
= 5 Zej . (X_IT) . (ejJT) Yo — ?(X_IT) Qo — (X_IUT) * Q0 -
j=1
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The proof of this remarkable result is long and totally relies on the new %—Rics—formula
and the V¢parallelism of T'. Its importance is mainly revealed by the given expression
of the spinorial action of S. In [C17] we present applications of Theorem 1.17 adapted
to nearly Kahler manifolds and weak Go-manifolds, verifying via an alternative method
some results about these manifolds obtained in our earlier work [C16b]. We also treat
Sasakian manifolds for which is well known that their characteristic connection has parallel
skew-torsion (for more details on Sasakian manifolds, from our point of view, we refer to
[F102, A06]). We focus on the 5-dimensional case and based on Theorem 1.17 we prove
the following result (see [C17] for details on the notation).

Theorem 1.18. Consider a 5-dimensional simply-connected Sasakian manifold (M°, g,&,1, ¢)
with its characteristic connection V¢ = VI + %T] Ndn=V9+nANF. Then,

(1) There exists a V¢-parallel spinor o1 € X9, M, or o1 € XM, if and only if for any

s € R the eigenvalues of the Ricci tensor Ric® are given by

{(6 3262, (6 — 3252), (6 — 3252), (6 — 3252), —4(1652 — 1)}.

(2) There exists a V-parallel spinor oo € LM, if and only if for any s € R the eigenvalues
of the Ricci tensor Ric® are given by

{ — (24 3252), —(2+ 325), —(2 + 325%), — (2 + 325%), —4(165> — 1)}.

Notice that this result for the special case s = 1/4 reduces to a known result by [F102]
(obtained however in a different way).

Other contributions presented in [C17] are about the differential operator
Do = (eT)- Vi,
i

which is a part of the generalized Schrodinger-Lichnerowicz formula. In particular, we pro-
ceed with a first systematic study of this operator, again under the condition V¢T' = 0 (this
1st-order differential operator was first mentioned in the naturally reductive homogeneous
setting by Agricola in [A03], and this was the motivation for our study in [C17]). One of
our results verifies that, under our assumptions, V¢-parallel spinors are also eigenspinors
of D* for any s € R.

Proposition 1.19. Consider a Riemannian spin manifold (M™,g,T) (n > 3) with VT =
0, where V¢ := V9 + %T s the metric connection with skew-torsion T # 0. Assume that
wo € I'(X,) is a non-trivial V¢-parallel spinor and v € Spec(T) is an eigenvalue of T,
where T is viewed as a symmetric endomorphism on the spinor bundle. Then, ¢qg is an
etgenspinor of the operator D? for any s € R,

(4s —1)
4

R LA [

(72 + 21T - 0o = ==

D*(p0) = —

Additional conclusions are presented in the final section of [C17].
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(C) Invariant connections and V-Einstein structures on isotropy irreducible
spaces.

In [C+19] we present a series of new results related to invariant connections and their
torsion type, on compact, effective, naturally reductive Riemannian manifolds. In par-
ticular, we examine both the symmetric and non-symmetric case and we develop some
theory available for handling the classification of all G-invariant metric connections, with
respect to a naturally reductive metric. Then we apply this theory to classify invariant
affine connections on (compact) non-symmetric strongly isotropy irreducible homogeneous
Riemannian manifolds. Hence, this work can be seen as a continuation of the works of
Laquer on the classification of invariant affine connections on compact Lie groups and
symmetric spaces ([L92a, L92b]), and this was part of our motivation.

Notice that any (effective) non-symmetric SII space M = G/K admits a family of invariant
metric connections induced by the Ad(K)-invariant bilinear map 7% : m x m — m with
n*(X,Y) := 352[X, Y]w, where m is the B-orthogonal reductive complement of ¢ = Lie(K)
in g = Lie(G). In full details, this family, which we call the Lie bracket family, has the
form

VLY = VRY + (X, Y) = VY + %Tm(x, Y),

where V™ denotes the canonical connection associated to m and VY is the Levi-Civita
connection of the Killing metric.” Hence, its torsion is an invariant 3-form on M, given
by T% = a - T™, where T™ is the torsion of V™.

An important point of the study in [C+19] is the conclusion that the family V¢ does
not exhaust in general all G-invariant metric connections on such cosets G/K, even with
skew-torsion. In particular, for the classification of invariant connections on M = G/K
one needs to decompose the modules A%(m) and Sym?(m) into irreducible submodules.
For such a procedure we mainly use the LiE program. As a result, for any effective non-
symmetric (compact) SII homogeneous Riemannian manifold (M = G/K,g = —B|n) we
state the dimension of the space Homg(m ® m, m), see Tables 4 and 5 in [C+19]. In
addition to this, for any such homogeneous space we present the space of G-invariant
torsion-free connections and classify the dimension of the space of G-invariant metric
connections. Moreover, we state the multiplicity of the (real) trivial representation inside
the space A3(m) of 3-forms. This last step yields finally the presentation of the subclass of
G-invariant metric connections with skew-torsion. Note that all these desired multiplicities
were also obtained in [C/01], up to some errors/omissions, that we correct. We summarize
our results as follows:

Theorem 1.20. Let (M = G/K,g = —B|n) be an effective non-symmetric SII space.
Then:
(i) The family {V* : a € R} ezhausts all G-invariant affine or metric connections on

M = G/K, if and only if G = Sp(n), or M = G/K is Go /SO(3), or one of the manifolds

SO(14)/Sp(3),  SO(4n)/Sp(n) x Sp(1) (n >2), SO(7)/ Go, SO(16)/ Spin(9),
F4 /(GQ X SU(Q)), E7 /(Gg X Sp(g)), E7 /(F4 X SU(Q)), Eg /(F4 X GQ)

2The parameter o can be a real or complex number, depending on the type of the isotropy
representation m.
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The same family exhausts also all SU(2q)-invariant metric connections on the homo-
geneous space SU(2q)/SU(2) x SU(q) (¢ > 3), but not all the SU(2q)-invariant affine
connections.

(ii) The family {V® : a € C} exhausts all G-invariant affine or metric connections on
M = G/K, if and only if M = G/K is one of the manifolds

SO(8)/SU(3), G /SU(3), F4/(SUG) x SU3)), Ee/(SU(3) x SU(3) x SU(3)),
E7 /(SU(3) x SU(6)), Es/SU(9), Es/(EsxSU(3)).

Notice for the 6-sphere S® = Gy / SU(3) and the 7-sphere ST = SO(7)/ Go these results were
known from a previous work of the author, see [C16a]. For invariant metric connections
different from V<, we prove that

Theorem 1.21. Let (M = G/K,g = —Blm) be an effective non-symmetric SII space
which admits at least one invariant metric connection, different from the Lie bracket fam-
ily. Then, M = G/K is isometric to a space given in Table 2 in [C+19]. In this table
we present the dimensions of the spaces Homp (m, A%>m) and (A3m)X, which respectively
parametrize the space of invariant metric connections and the space of invariant metric
connections with totally skew-symmetric torsion. In particular:

(i) Any homogeneous space in Table 2 of [C+19] whose isotropy representation is of real
type and which is not isometric to SO(10)/Sp(2), admits a 2-dimensional space of G-
invariant metric connections with skew-torsion. For SO(10)/Sp(2), the unique family of
SO(10)-invariant metric connections with skew-torsion is given by V* (o € R). However,
the space of all SO(10)-invariant metric connections is 2-dimensional.

(ii) Any homogeneous space in Table 2 of [C+19] whose isotropy representation is of
complex type, admits a 6-dimensional space of G-invariant metric connections and a 4-
dimensional subspace of G-invariant metric connections with skew-torsion.

For invariant connections induced by some non-trivial element p € HomK(Sym2 m,m), we
prove the following;:

Theorem 1.22. Let (M = G/K,g = —B|m) be an effective non-symmetric SII space,
which admits at least one invariant affine connection V*, induced by some non-trivial
element p € Hompg (Sym?m,m). Then:

(i) If the associated isotropy representation is of real type, then M = G/K 1is isometric
to a manifold in Table 3 of [C+19]. In this table, s encodes the dimension of the module
HomK(Sym2 m, m), which parametrizes the space of such invariant connections.

(ii) If the associated isotropy representation is of complex type, then M = G /K is isometric
to one of the manifolds SO(n? —1)/SU(n) (n > 4) or Eg /SU(3), where the dimension of
the space of such invariant connections is 2 and 4, respectively.

(i1i) The G-invariant connection V* does not preserve the Killing metric g = —B|w. Thus,
V*H is not metric with respect to any G-invariant metric.

Now, a combination of these three theorems yields the desired dimension of the space of
all G-invariant affine connections for any non-symmetric (compact) SII space M = G/K,
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which we denote by
N :=dimg Af fo(F(G/K)) = dimg Homg (m ® m, m).

We refer to the Tables 4 and 5 in [C+19], where the number N is explicitly indicated.

We also compute the dimension of the space of invariant torsion-free connections on a

non-symmetric SII space M = G/K, denoted by Af f&(F(G/K)). We prove that

Corollary 1.23. The classification of non-symmetric compact SII spaces which admit new
invariant torsion-free connections, in addition to the Levi-Chivita connection, is given by
the manifolds presented in Theorem 1.22. In particular, for a homogeneous space in Table
3 of [C+19], we have dimg Af fO(F(G/K)) =s, and for the almost complex homogeneous
spaces in Theorem 1.22 we have dimg Af fO(F(G/K)) = 2 or 4, respectively.

For long period it was believed that on a compact Lie group endowed with a bi-invariant
metric, any bi-invariant metric connection has skew-torsion (see [C+19] for details). We
prove that this conclusion is wrong. In particular in [C+419, Thm. 3.15] we show that
Lie group U(n) (n > 3) endowed with a bi-invariant metric, admits a class of bi-invariant
metric connections whose torsion is not a 3-form, but of vectorial type, and this provides
another contribution of this article.

In the final section of [C+19] we focus on the classification of invariant V-Einstein struc-
tures with skew-torsion on all compact non-symmetric SII homogeneous spaces. This
occurs as a direct application of the first part of the paper about the classification of in-
variant metric connections with skew-torsion on such homogeneous spaces, and allows us
to compute the dimension of the space of such structures for any coset in our classification.
The particular statements are presented in Theorems C, D and E in the introduction of
[C+19] and the proofs are given in the final section, where we refer for more details.

(D) Homogeneous 8-manifolds admitting invariant Spin(7)-structures. In [A/+420)]
we study simply connected compact homogeneous 8-manifolds admitting invariant Spin(7)-
structures and classify all canonical presentations G/H of such spaces, with G simply
connected. The motivation for the research in [A/+20] was the known classification of
invariant Go-structures ([LM12, R10]). In particular, a similar classification for Spin(7),
as in Ga-case was unknown.

Recall that every compact, simply connected, homogeneous space M admits a canonical
presentation, which means that we can identify M with a homogenous presentation G/H,
where G is a compact, connected, simply connected, semisimple Lie group and H is a closed
connected subgroup of GG. All compact, simply connected, homogeneous 8-dimensional
manifolds G/H of a compact, connected, simply connected Lie group G were classified
in [K88|, and in [A/+20] we rely on this classification. On the other hand, it is know
that Spin(7)-structures are topologically obstructed (see [LIMI89, 104, A/+20]). Thus, in
combination with [KK88], a topological examination allows us to present the following

Theorem 1.24. (a)The canonical presentations of all compact, simply connected, non-
symmetric almost effective homogeneous spaces admitting a Spin(7)-structure are exhausted

by
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SU(3)

R

o My=Clpm:= SU@) XUZU)Z): SU(Q), k>0>m>0, k>0, ged(k,l,m) =1;
1 SU@) X SU(2) xSU(2)  SU(2).

¢ M= ASU(2) U

[] M4 = 23%;; X SU(2),

As smooth manifolds, the spaces My and Mz are diffeomorphic to S* x S? x S%, while M,
is diffeomorphic to S® x S3.
(b) The compact simply connected symmetric spaces admitting a Spin(7)-structure are

exhausted by SU(3), HP?, Gra(C*), the exceptional Wolf space 50(24)
S3 xS xS? and S° x S3.

and the products

The manifold Cj, ., appearing in the above theorem is a torus bundle over the homo-
geneous Kéhler-Einstein manifold (SU(2)/U(1))*3, and hence a non-Kihler C-space (see
[CS21] for details on such spaces). When m = 0, Cy 4 is the direct product of S? with

the total space of a circle bundle over S? x S?. Furthermore, C1,0,0 = Spin(4) x SUU(—%)

On the other hand, the homogeneous space (SU(3)/SU(2)) x SU(2) is an example of a
Calabi-Eckmann manifold. This is a torus bundle over CP? x CP', and hence also a
non-Kahler C-space.

Using general properties of symmetric spaces, we see that there are no invariant Spin(7)-
structures on such manifolds. Combining this fact with a case-by-case analysis of the
homogeneous spaces appearing in the above theorem we obtain the following classification
result.

Theorem 1.25. The canonical presentations of all compact, simply connected, almost
effective homogeneous spaces admitting an invariant Spin(7)-structure are exhausted by

S?sf), the infinite family Cy ¢m, for k = £ +m, and the Calabi-Eckmann manifold %83 X

SU(2).

It is remarkable that there are just a few examples of 8-dimensional compact simply
connected homogeneous spaces admitting invariant Spin(7)-structures. This is different
from the case of Ga-structures, where examples of this type are abundant (see [R10], and
compare with the classification of compact almost effective homogeneous 7-manifolds given
in [Al419]).

Notice in [A/+20] we also describe the invariant Riemannian metrics and the invari-
ant differential forms for the homogeneous spaces Cj ¢, wWith & > £ > m > 0, and
(SU(3)/SU(2)) xSU(2). This allows us to obtain a 5-parameter family of invariant Spin(7)-
structures of mixed type (in terms of [F'86]) on both of them (the case of SU(3) was known
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by [F86]). In particular, for both spaces we show that there exists an invariant Spin(7)-
structure ® inducing the normal metric and whose characteristic connection V¢ (intro-
duced in [I04]), coincides with the canonical connection corresponding to the naturally
reductive structure induced by the induced invariant metric gp. Hence in this case V¢
has parallel torsion. Notice that the results of this paper are also useful to study compact
8-manifolds admitting other types of special structures, e.g., invariant PSU(3)-structures,
which is a work under preparation.

(E) Differential geometry of SO*(2n)-type structures. The article [C+22a] provides
the first systematic study of 4n-dimensional manifolds M (n > 1) admitting a reduction
of the frame bundle to the Lie subgroups SO*(2n), or SO*(2n) Sp(1) of GL(4n,R), and is
the first one in a series of articles devoted to such G-structures (see [C+22b, C+23b]).
Here, SO*(2n) = GL(n,H) N Sp(4n,R) denotes the quaternionic real form of SO(2n,C),
and SO*(2n)Sp(1) denotes the Lie group SO*(2n) xz, Sp(1). We show that these G-
structures arise from almost symplectic forms w which are H-Hermitian, respectively
Q@-Hermitian, where H denotes an almost hypercomplex structure and @@ C End(T'M)
an almost quaternionic structure. Hence, it is natural to refer to such G-structures by
the terms almost hypercomplex skew-Hermitian structures, denoted by (H,w), and almost
quaternionic skew-Hermitian structures, denoted by (Q,w), respectively. This terminology
is also motivated by the discussion in [H90] on the eight types of inner product spaces.

The main goal was to establish the symplectic analogue of almost hypercomplex-Hermitian
and almost quaternion-Hermitian geometries, and derive the intrinsic torsion submodules
of the corresponding G-structures. Notice the topic in its full generality was missing from
the literature, and only details for the integrable case (torsion-free case) was known by
previous works of Schwachhoéfer ([SO1a, SO01b]) and Cahen-Schwachhéfer ([CS09]). Hence
the article [C+4-22a] submitted in this thesis, in combination with the rest in this series
[C+22b, C+23b], aims to fill this gap.

To summarize, in [C+22a] we explore the underlying geometry of compatible pairs (H,w)
and (Q,w), as defined above. One of our results certifies the existence of three pseudo-
metric tensors gr, g7, gi, which are of signature (2n,2n) (but not of Norden type). These
tensors are globally defined on almost hypercomplex skew-Hermitian manifolds (M, H, w),
but they exist only locally in the case of almost quaternionic skew-Hermitian manifolds
(M, Q,w). However, using them we can introduce the fundamental 4-tensor associated to
such geometric structures, given by

Q=910 9r+95© 95+ 9x ©gx =Sym(gr ® gr + 97 ® 95 + 9k D gk ) -

This symmetric 4-tensor is globally defined for both cases, and establishes the counterpart
of the known fundamental 4-form € on an almost hypercomplex/quaternionic-Hermitian
manifold (see [S86, S91, A/M96]). We thoroughly investigate this tensor in our second
article [C+422b].

One of the main contributions in [C+22a] is the presentation of (adapted) SO*(2n)- and
SO*(2n) Sp(1)-connections, denoted by V< and V@, respectively, and moreover the
description of the intrinsic torsion of SO*(2n)- or SO*(2n)Sp(1)-structures (given in a

convenient way, in terms of the EH-formalism of Salamon [S86]). We thus compute the
(second) Spencer cohomology H%?(s0*(2n)) and H%?(s0*(2n) @ sp(1)) associated to the
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Lie algebras s0*(2n) and so*(2n) ®sp(1), respectively, and present the number of algebraic
types of such geometric structures. We obtain the following (see [C+22a, Corol. 4.15] for
details)

Theorem 1.26. For n > 3 the intrinsic torsion module corresponding to s0*(2n) @ sp(1)
decomposes into five SO*(2n) Sp(1)-irreducible submodules,

H(so*(?n) @Sp(l)) ZX PP ARAX D As.

Hence, there are five pure types of SO*(2n) Sp(1)-structures and a totality of 2° algebraic
types.

Geometric interpretations of some of these modules are given in Proposition 5.5 of [C+-22al].

On the other hand, the case for the Lie group SO*(2n) is rather complicated, due to the
appearance of multiplicities. Here we prove that (see [C+422a, Corol. 4.17] for details)

Theorem 1.27. For n > 3 the number of algebraic types of SO*(2n)-structures is equal
to 2'0. Moreover, there are seven special Sp(1)-invariant classes X1, ..., Xs, determined
in terms of Sp(1)-invariant conditions.

For the low-dimensional cases n = 2,3, we finally show that both structures under inves-
tigation include some extra algebraic types.

As for the adapted connections V7 and V@ are obtained by using the Obata connection
VH associated to any almost hypercomplex structure H, and an Oproiu connection V¢
associated to the almost quaternionic structure ), see Theorem 4.8 and Theorem 4.12 in
[C+22a] for the explicit description of these adapted connections. Based on our intrinsic
torsion decompositions, we also prove that these connections are the unique minimal
connections for our structures, with respect to certain normalization conditions given in
[C+22a, Theorem 5.3]. We then rely on these minimal connections to answer the question
of equivalence of such G-structures (see Section 5.2 of [C+22a]).

Another contribution of [C+22a] is the classification of symmetric spaces K/L with K
semisimple admitting an invariant torsion-free SO*(2n)Sp(1)-structure. Based on the
classification of the pseudo-Wolf spaces, given by Alekseevsky-Cortés in [A/CO05], and
using an older result by [G13] we prove that

Theorem 1.28. The symmetric space SO*(2n + 2)/SO*(2n) U(1) and the pseudo- Wolf
spaces

SU(2 +p.q)/(SU(2)SU(p, ) U(1)),  SL(n + 1,H)/(GL(1, H) SL(n, H))

are the only (up to covering) symmetric spaces K/L with K semisimple, admitting an
invariant torsion-free quaternionic skew-Hermitian structure (Q,w). In particular, the
corresponding canonical connections on any of these symmetric spaces coincides with the
associated minimal quaternionic skew-Hermitian connection V.

We finally present a local construction of torsion-free SO*(2n) Sp(1)-structures with spe-

cial symplectic holonomy, i.e., 79 = 0 and Hol(V¥ w) = SO*(2n)Sp(1), as a direct
application of a result by Cahen-Schwachhéfer ([CS09]), see Proposition 6.3 in [C+-22a)].
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At this point we mention that the investigation of the particular contributions of the
different intrinsic torsion components in the obstruction of the integrability of H, ) and
w, is described in the second paper devoted to this kind of geometries (see [C+22b]). In
the same article we provide a plethora of examples of manifolds admitting such structures
in the non-integrable case, and in particular we realize some of the intrinsic torsion types.
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0. Introduction

Motivation. Given ahomogeneous space M = G/K with a reductive decomposition g = ¢ & m, a G-invariant affine

connection V is nothing but a connection in the frame bundle F(M) = G xx GL(m) of M which is also G-invariant. The
first studies of invariant connections were performed by Nomizu [36], Wang [44] and Kostant [30] during the fifties. After
that, homogeneous connections on principal bundles have attracted the interest of both mathematicians and physicists,
with several different perspectives; for example Cartan connections and parabolic geometries [16], Lie triple systems and
Yamaguti-Lie algebras [23,12], Yang-Mills and gauge theories [27,31], etc. From another point of view, invariant connections
are crucial in the holonomy theory of naturally reductive spaces and Dirac operators, mainly due to the special properties of
the canonical connection (or the characteristic connection in terms of special structures, see [29,38,37,20,1,4,6]).

According to [44], given a G-homogeneous principal bundle P — G/K with structure group U, there is a bijective
correspondence between G-invariant connections on P and certain linear maps A : g — u, where g, uare the Lie algebras of G
and U, respectively. Wang’s correspondence was successfully used by Laquer [32,33] during the nineties to describe the set of
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Table 1
Invariant connections on compact irreducible symmetric spaces due to [32,33].
Type | M = G/K Invariant connections Affg(F(M))
Al SU, /SO, (n > 3) 1-dimensional family
All SU2,/Sp, (n > 3) 1-dimensional family
EIV Es/Fa 1-dimensional family
All the other cases Canonical connection = Levi-Civita connection
Type Il M = (G x G)/AG Bi-invariant connections Affcxc(F(M))
SU, (n > 3) 2-dimensional family
All the other simple Lie groups 1-dimensional family (inducing the flat £1-connections)

invariant affine connections, denoted by Aff;(F(G/K)), on compact irreducible Riemannian symmetric spaces M = G/K. For
most cases, Laquer proved that Aff;(F(G/K)) consists of the canonical connection (simple Lie groups admit a line of canonical
connections), except for a few cases where new 1-parameter families arise, see Table 1. By contrast, much less is known about
invariant connections on non-symmetric homogeneous spaces, even in the isotropy irreducible case. For example, the first
author in [17], considered invariant connections on manifolds G/K diffeomorphic to a symmetric space, which however do
not induce a symmetric pair (G, K), e.g. G5/SU3 = S° and Spin, /G, = S’. There, it was shown that the space of G,-invariant
affine or metric connections on the sphere S° = G,/SU(3) is 2-dimensional, while the space of Spin,-invariant affine or
metric connections on the 7-sphere S’ = Spin, /G, is 1-dimensional. This is a remarkable result, since the only SO;- (resp.
SOg)-invariant affine (or metric) connection on the symmetric space S® = SO,/SOg (resp. S’ = S0g/SO;) is the canonical
connection.

Motivated by this simple result, in this article we classify invariant affine connections on (compact) non-symmetric strongly
isotropy irreducible homogeneous Riemannian manifolds. A connected effective homogeneous space G/K is called isotropy
irreducible if K acts irreducibly on T,(G/K) via the isotropy representation. If the identity component K, of K also acts
irreducibly on T,(G/K), then G/K is called strongly isotropy irreducible. Obviously, any strongly isotropy irreducible space
is also isotropy irreducible but the converse is false, see [13]. Non-symmetric strongly isotropy irreducible homogeneous
spaces were originally classified by Manturov (see for example [13,45]) and were later studied by Wolf [46] and others.
Any SII space admits a unique invariant Einstein metric, the so-called Killing metric and in the non-compact case such a
manifold is a symmetric space of non-compact type. In fact, SII spaces share many properties with symmetric spaces and
indeed, any irreducible (as Riemannian manifold) symmetric space is strongly isotropy irreducible. A conceptual relationship
between symmetric spaces and SII spaces was explained in [45]. More recently, isotropy irreducible homogeneous spaces
endowed with their canonical connection V¢ was shown to have a special relationship with geometric structures with torsion
(see [20,19)).

Outline and classification results. After recalling preliminaries in Section 1 about (invariant) metric connections and their
torsion types, in Section 2 we fix a reductive homogeneous space (M = G/K,g = ¢ & m) and introduce the notion of
generalized derivations of a tensor F : ®m — m. When F is Ad(K)-invariant and 4 € Homg(m ® m, m) is a K-intertwining
map, we prove that i induces a generalized derivation of F if and only if F is V#-parallel, where V# is the invariant connection
on M associated to u (Theorem 2.5). Moreover, we conclude that for an invariant tensor field F the operation induced by a
generalized derivation © € Homg(m ® m, m), coincides with the covariant derivative V*F (Corollary 2.6). Then we consider
derivations on m and provide necessary and sufficient conditions for their existence (Theorem 2.8), generalizing results
from [17].

Next, in Section 3 we present a series of new results related to invariant connections and their torsion type, on compact,
effective, naturally reductive Riemannian manifolds. In particular, we examine both the symmetric and non-symmetric case
and we develop some theory available for the classification of all G-invariant metric connections, with respect to a naturally
reductive metric (see Lemma 3.9, Lemma 3.12, Theorem 3.13). In fact, in this way we correct some wrong conclusions given
in [6,17]. For example, for the compact Lie group U, (n > 3) endowed with a bi-invariant metric we present a class of
bi-invariant metric connections whose torsion is not a 3-form, but of vectorial type (Theorem 3.15, Proposition 3.20).

In Section 4 we focus on (compact) non-symmetric, strongly isotropy irreducible homogeneous Riemannian manifolds
(M = G/K, g = —B|,) with aim the classification of all G-invariant affine or metric connections. We always work with an
effective G-action, and based on our previous results on effective naturally reductive spaces we first prove that a G-invariant
metric connection on (M = G/K,g = —B|,,) cannot admit a component of vectorial type (Proposition 4.1). Then, in the
spin case we describe an application about the formal self-adjointness of Dirac operators associated to invariant metric
connections on such types of homogeneous spaces (Corollary 4.4).

Notice now that any (effective) non-symmetric SII space M = G/K admits a family of invariant metric connections
induced by the Ad(K)-invariant bilinear map n* : m x m — m with n*(X, Y) := 1’T"‘[X, Y1, In full details, this family, which
we call the Lie bracket family, has the form

VEY = VEY + %X, Y) = VEY + %TC(X, Y),
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where V¢ denotes the canonical connection associated to m and V# the Levi-Civita connection of the Killing metric.? Hence,
its torsion is an invariant 3-form on M, given by T¢ = « - T, where T* is the torsion of V¢ (see [1,17]). However, we will show
that in general the family V¥ does not exhaust all G-invariant metric connections, even with skew-torsion. In particular, for
the classification of invariant connections on M = G/K one needs to decompose the modules A(m) and Sym?(m) into
irreducible submodules. For such a procedure we mainly use the LiE program,’ but also provide examples of how such
spaces can be treated only by pure representation theory arguments, without the aid of a computer (see Section 4.5). As a
result, for any effective non-symmetric (compact) SII homogeneous Riemannian manifold (M = G/K, g = —B|,,) we state
the dimension of the space Homg(m ® m, m) (see Theorem 4.7, Tables 4, 5). In addition to this, for any such homogeneous
space we present the space of G-invariant torsion-free connections and classify the dimension of the space of G-invariant
metric connections. Moreover, we state the multiplicity of the (real) trivial representation inside the space A3(m) of 3-forms.
This last step yields finally the presentation of the subclass of G-invariant metric connections with skew-torsion. Note that
all these desired multiplicities were also obtained in [19], up to some errors/omissions, see Remark 4.5 and Table 4 for
corrections. We summarize our results as follows:

Theorem A.1. Let (M = G/K, g = —B|.,) be an effective non-symmetric SII space. Then:
(i) The family {V¥ : o € R} exhausts all G-invariant affine or metric connections on M = G/K, ifand only if G = Sp,,, orM = G/K
is one of the manifolds

SO14/Sps, SO4,,/Sp,, x Sp; (n > 2), SO7/G,, SO46/Sping,  G3/S0s3,
F4/(Gy x SU;),  E7/(Gy x Sps), E7/(F4 x SUy),  Eg/(F4 xGg3).

The same family exhausts also all SU,4-invariant metric connections on the homogeneous space SU,/SU, x SUq (q > 3), but not
all the SUq-invariant affine connections.

(ii) The family {V® : a € C} exhausts all G-invariant affine or metric connections on M = G/K, if and only if M = G/K is one of
the manifolds

SOs/SUs, G2/SUs, F4/(SUs x SU3), Eg/(SUs x SU3 x SU3),
E7/(SU3 x SUg), Eg/SUg, Eg/(Es x SU3).

For invariant metric connections different from V¥, we prove that

Theorem A.2. Let (M = G/K,g = —B|.) be an effective non-symmetric SII space which admits at least one invariant metric
connection, different from the Lie bracket family. Then, M = G/K isisometric to a space given in Table 2. In this table we present the
dimensions of the spaces Homg(m, A%m) and (A3m)X, which respectively parametrize the space of invariant metric connections
and the space of invariant metric connections with totally skew-symmetric torsion. In particular:

(i) Any homogeneous space in Table 2 whose isotropy representation is of real type and which is not isometric to SO1o/Sp,, admits
a 2-dimensional space of G-invariant metric connections with skew-torsion. For SO19/Sp,, the unique family of SOqo-invariant
metric connections with skew-torsion is given by V* (« € R). However, the space of all SOqq-invariant metric connections is
2-dimensional.

(ii) Any homogeneous space in Table 2 whose isotropy representation is of complex type, admits a 6-dimensional space of
G-invariant metric connections and a 4-dimensional subspace of G-invariant metric connections with skew-torsion.

For invariant connections induced by some 0 # 1 € Homg(Sym? m, m), we prove the following:

Theorem B. Let (M = G/K,g = —B|,) be an effective non-symmetric SII space, which admits at least one invariant affine
connection V*, induced by some 0 # . € Homg(Sym? m, m). Then:

(i) If the associated isotropy representation is of real type, then M = G/K is isometric to a manifold in Table 3. In this table, s states
for the dimension of the module Homy (Sym? m, m), which parametrizes the space of such invariant connections.

(ii) If the associated isotropy representation is of complex type, then M = G/K is isometric to one of the manifolds SO,2_,/SU,
(n > 4) or Eg/SUs, where the dimension of the space of such invariant connections is 2 and 4, respectively.

(iii) The G-invariant connection V* does not preserve the Killing metric g = —B|,,. Thus, V* is not metric with respect to any
G-invariant metric.

Now, a small combination of Theorems A.1, A.2 and B yields the desired dimension of the space of all G-invariant affine
connections for any non-symmetric (compact) SII space M = G/K,

N := dimg Affc(F(G/K)) = dimg Homg(m ® m, m).

We refer to Tables 4 and 5, where the number A is explicitly indicated. Note that for SIl homogeneous spaces M = G/K
of the Lie group G = SU,,, we can describe explicitly some of the SU,-invariant affine connections induced by a symmetric
K-intertwining map 0 # p € Homg(Sym? m, m)(and in a few cases all such connections, see Corollary 4.8). We also conclude
that the space of invariant torsion-free connections on a non-symmetric SII space M = G/K, denoted by AffGO(F(G/K s

2 The parameter « can be a real or complex number, depending on the type of the isotropy representation m.
3 http://wwwmathlabo.univ- poitiers.fr/~maavl/LiE/.
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Non-symmetric SII spaces carrying new G-invariant metric connections and the dimension of the space of global G-invariant 3-forms.

Real type

M = G/K (families)

dimg M

Invariant metric connections dimg Homg (m, A%m)

skew-torsion dimg(A%m)¢

SUpq/SUp x SUq (p, g > 3) (pz - 1)(q2 -1 2 2
SO nn=1) /SOy, (1 > 9) 3(6n —5n% — 2n® + n%) 3 2
2
SO -1yut2) /SO, (1 > 7) (8 —2n—o9n? +2n3 +n*) 3 2
2
SO(—1)2n+1)/SPn (1 > 4) 12+ n—9n% — 4n* + 4n*) 3 2
SOn(2n+1)/SPy (n = 3) 3(=3n —5n% + 4n° 4 4n*) 3 2
(low-dim cases)
50,1/S07 189 3 2
S025/S0s 350 4 3
SO14/S05 81 3 2
5020/S06 175 3 2
S010/5p, 35 2 1
(exceptions)
S014/Gy 70 2 2
SOz6/Fs4 273 2 2
S04, /Spy 825 2 2
SOs;, /Fa 1274 2 2
SO70/SUs 2352 2 5
SO243/Es 30380 2 2
SO7s/Es 2925 2 2
SO125/Spin;g 8008 2 2
SO433/E7 8645 2 2
E;/SU; 125 2 5
Complex type
M =G/K dimg M Invariant metric connections dimg Homg (m, A2(m)) skew-torsion dimg(A3m)<
SO,2_1/SUy (n > 4) 3(4—5n? +n*) 6 4
Eg/SUs 70 6 4
Table 3

Non-symmetric SII spaces of real type carrying G-invariant affine connections induced by

0 # p € Homg(Sym? m, m).

Real type
s=1 s=2 S =
SU10/SUs SU nn—1) /SU, (n > 6) S0,5/S0s
SO nn-1 /SO, (n > 9) SU@/SUn (n>3) E7/SUs

2
So(n—])z[n+2) /SO, (n>17)

S0,1/S07

S014/S05
SO(n-1)2n+1)/SPn (N = 4)
Son(2n+1)/spn (Tl = 3)
SUzq/SUZ x SUq (g=3)
5010/5p,

SU16/Spinyg

S070/SUg

Es/G2

Es /(G2 x SUs3)

$040/506

SUy7/Es
SUpq/SUp x SUq (P, q = 3)

is parametrized by an affine subspace of Homg(m ® m, m), which is modelled on Homg(Sym? m, m) and contains the
Levi-Civita connection, see Lemma 1.4 and Remark 1.6. In particular, for any G-invariant affine connection V# induced by
w € Homg(Sym? m, m), the invariant connection V := V# — %T“ is torsion-free. Thus, the following is a direct consequence
of Theorem B.

Corollary of Theorem B. The classification of non-symmetric SII spaces which admit new invariant torsion-free connections,
in addition to the Levi-Civita connection, is given by the manifolds of Theorem B. In particular, for a space in Table 3 we have
dimg AffGO(F(G/K)) = s, and for the almost complex homogeneous spaces in Theorem B it is dimg AffGO(F(G/K)) = 2 or4,
respectively.

Classification of V-Einstein structures with skew-torsion. After obtaining Theorems A.1, A.2 and B, in the final Section 5 we
turn our attention to more geometric problems. We use our classification results of Table 2 to examine V-Einstein structures
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The multiplicities a, s, A" and ¢ for (non-symmetric) SII homogeneous spaces—Classical families.
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Classical families and their associated low-dimensional cases

261

G M = G/K m~ a s N 14 Type
SU, (1) SU -1y /SU, (n > 6) R(y + mn—2) 1 2 3 1 r
2
(1%) SUq0/SUs R(my + 73) 1 1 2 1 r
(2) SUnn+]) /SU, (n > 3) R(2my + 27my-1) 1 2 3 1 r
(3) Squ/SU x SUq (p,q > 3) R(7t1 + 7p—1)®R(1 + 74-1) 2 2 4 2 r
(3%) SUyq/SU, x SU (g>3) RQ271)®R(m1 + q-1) 1 1 2 1 r
SO, (4) SO,2_,/SU, (n > 4) R(271 + 7n—2) ® R(z + 270-1) 6 2 8 4 c
(4,) SOg/SU3 R(371) ® R(373) 2 0 2 2 C
(5) SO -1y /SO, (n = 9) R(m1 + 73) 3 1 4 2 r
2
( ) 5021/507 R(ﬂ] + 2713) 3 1 4 2 r
(55) SO,5/S0sg R(mry + 73 + 74) 4 3 7 2 r
(6) SO m-1)n+2) nt2) /SOn (n>7) R(2mq + 72) 3 1 4 2 r
(64) 5014/505 R(2m1 + 2m3) 3 1 4 2 r
(6 ) 5020/505 R(27T1 + +7T3) 3 2 5 2 r
(7) So(n D@n+1)/SPn (= 4) R(my + 73) 3 1 4 2 r
(74 5014/Sp3 R(my + 73) 1 0 1 1 r
(8) SOn(2n+1)/Spy (1 > 3) R(2m1 + 2) 3 1 4 2 r
(84) SO10/Sp, R(2m1 + m3) 2 1 3 1 r
(9*) SO4n/Sp, X Sp; (n > 2) R(2)®R(271) 1 0 1 1 r
Spa (10) Spn/SOn x Spy (n >5) R(271)®R(27) 1 0 1 1 r
(104) Sp3/S03 x Sp; R(471)®R(271) 1 0 1 1 r
(104) Sp4/SO4 x Sp, R(271 + 272)®R(271) 1 0 1 1 r

with skew-torsion. Roughly speaking, such a structure consists of a n-dimensional connected Riemannian manifold (M, g)
endowed with a metric connection V which has non-trivial skew-torsion 0 # T € A3(T*M) and whose Ricci tensor has
symmetric part a multiple of the metric tensor, i.e. (see [25,5,3,17,18,22])

Scalv

Vo
Ricg =

For T = 0 the whole notion reduces to the original Einstein metrics. In fact, like Einstein metrics on compact Riemannian
manifolds, in [3] it was shown that V-Einstein structures can be characterized variationally. On the other hand, the
classification of V-Einstein structures with skew-torsion on a fixed Riemannian manifold (M, g), is initially based on the
classification of all metric connections on M whose torsion is a non-trivial 3-form. For example, for odd dimensional spheres
g2t ~ SUn+1/SU, endowed with their Sasakian structure, a classification of SU,-invariant V-Einstein structures with
skew-torsion has been very recently given in [22], and it follows only after the classification of SU,,-invariant metric
connections (with skew-torsion) and their description in terms of tensor fields related to the special structure (see also [3]).

As far as we know, most well-understood examples of V-Einstein manifolds appear in the context of non-integrable
geometries, where a metric connection with skew-torsion 0 # T is adapted to the geometry under consideration, the so-
called characteristic connection V¢ (see [25]). This connection, which in the homogeneous case coincides with the canonical
connection, plays a crucial role in the theory of special geometries and nowadays is a traditional approach to describing the
associated non-integrable structure in terms of V¢ (or the very closely related intrinsic torsion). Moreover, the articles [25,5,3]
provide some nice classes of V°-Einstein structures, e.g. nearly Kahler manifolds in dimension 6, nearly-parallel G,-manifolds
in dimension 7, or 7-dimensional 3-Sasakian manifolds. Notice that these special structures admit (V¢-parallel) real Killing
spinors and hence, in some cases one can describe a deeper relation between the V-Einstein condition and a class of spinor
fields, known as Killing spinors with torsion. These are natural generalizations of the original Killing spinor fields, satisfying
the Killing spinor equation with respect to a metric connection with skew-torsion. Their existence is known for several types
of special geometries (see [2,11,18]). For example, on 6-dimensional nearly Kdhler manifolds, 7-dimensional nearly parallel
G,-manifolds, or even on S> = SU,, such spinors are induced by the associated V¢-parallel spinors and their description
is given in terms of whole 1-parameter families {V° : s € R} of metric connections with skew-torsion. Moreover, their
existence imposes the following strong geometric constraint: Ric® = % Scal’ g for any s € R [18] (although in general this is
not the case, see [11]). The special value s = 1/4 corresponds to the characteristic connection (which has parallel torsion T),
while the parameter s = 0 induces the original Einstein metric related with the existent real Killing spinor.

Beside these classes of V-Einstein manifolds, the first author in [ 17] studies homogeneous V-Einstein structures for more
general manifolds, e.g. on compact isotropy irreducible spaces and a class of normal homogeneous manifolds with two
isotropy summands. An important result for us from [17], is that any effective compact isotropy irreducible homogeneous
space M = G/K which is not a symmetric space of Type I, is a V*-Einstein manifold for any parameter « # 0, where V¢
is the Lie bracket family. As a consequence of the results in Section 4, we conclude that any (effective) non-symmetric SII
homogeneous space (M = G/K, g = —B|,,) is a V*-Einstein manifold for any parameter « # 0. Moreover, our Lemma 3.12
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Table 5

The multiplicities a, s, A" and £ for (non-symmetric) SIl homogeneous spaces—Exceptions.
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Exceptions (“exceptions” in terms of [ 13, p. 203])

C

G M = G/K m a s N 14 Type
SU, SU16/Spinyg R(mt4 + 75) 1 1 2 1 r
SU,7/Es R(1 + 76) 1 2 3 1 r
SO, S07/G, R(7q) 1 0 1 1 r
5014/62 R(37T1) 2 0 2 2 T
SO46/Sping R(m3) 1 0 1 1 r
5025/F4 R(ﬂg) 2 0 2 2 r
SO42/Sp4 R(273) 2 0 2 2 r
SOs, /F4 R(3) 2 0 2 2 r
SO7¢/SUs R(mt3 + 75) 2 1 3 2 r
SOZ4S/E8 R(IT7) 2 0 2 2 r
SO73/E6 R(7T4) 2 0 2 2 T
SO128/Spin;g R(7g) 2 0 2 2 r
50133/]':7 R(ﬂ3) 2 0 2 2 r
SPa Sp,/SU, R(671) 1 0 1 1 r
Sp7/Sps; R(273) 1 0 1 1 r
Sp10/SUs R(273) 1 0 1 1 r
Sp16/Sping; R(27g) or R(27s) 1 0 1 1 r
Spas/E7 R(277) 1 0 1 1 r
G, Gz/SU3 R(ﬂ1)@R(7T2) 2 0 2 2 C
G,/S03 R(1071) 1 0 1 1 r
F, F4/(SU} x SU2) (R(271)®R(w1)) ® (R(272)®@R(a3)) 2 0 2 2 c
F4/(Gy x SUy) R(1)®R(4w1) 1 0 1 1 r
Eg Eg/SU3 R(4mq + 7)) @ R(rq + 4m3) 6 4 10 4 C
Es/(SU; x SU3 x SU3) (R(74 )@R((m)@R(O]))eB 2 0 2 2 c
(R(7r2 )OR(w2 )®R(62))
EB/GZ R(ﬂ] +7'[2) 1 1 2 1 T
Es/(Ga x SU3) R(7r1)®R(w1 + w) 1 1 2 1 r
E; E;/SU3 R(4my + 4my) 2 3 5 2 r
E7/(SU; x SUs) (R(r1)®R(w2)) ® (R(2 )®R(ws ) 2 0 2 2 c
E; /(G x Sps) R(771)®R(ws) 1 0 1 1 r
E;/(F4 x SUy) R(774)®R(2w1) 1 0 1 1 r
Eg Eg/SUg R(ﬂg)@R(J‘[g) 2 0 2 2 C
Eg/(F4 xG2) R(74)®R(w1) 1 0 1 1 r
Es/(Es x SU3) (R(r1)®R(w1)) @ (R(76)OR(2)) 2 0 2 2 c

in combination with Schur’s lemma, yield a natural parameterization of the set of G-invariant V-Einstein structures with
skew-torsion, by the space of invariant metric connections with non-trivial skew-torsion, or equivalently of the vector space
of (global) invariant 3-forms. Hence, in this case the space of all homogeneous V-Einstein structures with skew-torsion on
(M = G/K,g = —B|.), denoted by Eé"(SO(G/K, —B|.)), can be viewed as an affine subspace of the space of all G-invariant
metric connections. Combining with our classification results on G-invariant metric connections with skew-torsion (see
Theorems A.1, A.2, Table 2), we finally deduce that

Theorem C. Let (M = G/K,g = —B|,) be an effective non-symmetric SII space and assume that the family V* exhausts all
G-invariant metric connections. Then, the associated space of G-invariant V-Einstein structures with skew-torsion has dimension
either

dimg £(SO(G/K, —Bly)) =1, or dimg EX(SO(G/K, —B|,)) = 2,

for spaces with isotropy representation of real or complex type, respectively, and the manifold is one of the manifolds of Theorem A.1
or SO10/Sp,-

For the new invariant metric connections with skew-torsion, different from the family V#, an explicit description seems
difficult (for dimensional reasons, see Table 2). However, we prove that

Theorem D. Let (M = G/K, g = —Bl|,,) be an effective non-symmetric SII space of Table 2, whose isotropy representation y is of
real type and assume that M is not isometric to SO1o/Sp,. Then, the Ricci tensor associated to the 1-parameter family of invariant
metric connections with skew-torsion, orthogonal to the Lie bracket family V¢, is also symmetric. Moreover,

dimg £X(SO(G/K, —Bl)) = 2.

This result is based on Theorem A.2 (Table 2) and the fact (A*>m)X = 0 for real representations of real type. This means that the
space of skew-symmetric 2-forms A%m associated to a space M = G/K of Theorem D (or even for the space SO19/Sp,), does not
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contain the trivial representation, hence there do not exist G-invariant 2-forms. Consequently, the co-differential of the torsion
associated to any existent G-invariant affine metric connection on M must vanish and our assertion follows by Schur’s lemma in
combination with the expression of the Ricci tensor for a metric connection with skew-torsion.

Theorems C and D give the complete classification of all existent G-homogeneous V-Einstein structures on any effective,
non-symmetric, SII space M = G/K, except of the quotients SO,2_;/SU, (n > 4) and Eg/SUs. These are privileged
manifolds with respect to Theorem A.2; the associated space of G-invariant metric connections with skew-torsion is
4-dimensional. Moreover, they both admit an invariant almost complex structure and hence A%(m) contains a copy of the
trivial representation R (Lemma 5.4), i.e. there exist G-invariant (global) 2-forms. However, since we are interested only on
the symmetric part of Ric¥ and the isotropy representation is (strongly) irreducible, again a combination of the results of
Theorem A.2 with Schur’s lemma, yields that

TheoremE. Let (M = G/K, g = —B|,) be one of the manifolds SO,2_,/SU, (n > 4) or E¢/SUs. Then, the space of G-homogeneous
V-Einstein structures with skew-torsion has dimension

dimg £X(SO(G/K, —Bl)) = 4.
1. Preliminaries
1.1. Metric connections and their types

Consider a connected, oriented Riemannian manifold (M", g) and identify the tangent and cotangent bundle TM = T*M
via the bundle isomorphism provided by the metric tensor g. Any metric connection V : I'(TM) — ['(T*M ® TM) =
I'(TM ® TM) on M can be written as VxY = V§Y +A(X,Y)forany X, Y € I'(TM), for some tensor A € TM @ A?*(TM), where
V¢ is the Levi-Civita connection. Let us denote by A(X, Y, Z) := g(A(X, Y), Z) the induced tensor obtained by contraction
with g. The affine connections on M which are compatible with g, form an affine space modelled on the sections of the
tensor bundle

A={Ac®TM: AKX, Y,Z)+AX,Z,Y)=0} = TM ® A*(TM),
which has fibre dimension n?(n — 1)/2. It is well-known that A coincides with the space of torsion tensors
T={Ac@TM:AX,Y,Z)+AY,X,Z) =0} = AX(TM) ® TM.

Moreover, under the action of the structure group SO,, it decomposes into three irreducible representations A = A; ® A; P
Ajs, defined by

Ar=1{Ae A AX,Y,Z)=g(X,Y)p(Z) — gX,Z)p(Y), ¢ € [(T*M)} = TM,

Ay =1{Ae A: VAKX, Y,Z) =0, ®(A) = 0},

A3 = {Ae A:AX,Y,Z)+AY,X,Z) =0} = A*TM.
Here, the map @ : A — T*M is given by ®(A)(Z) = trA; = ), Ale;, e;, Z), for a vector field Z € I'(TM) and a (local)

orthonormal frame {e;} of M. The torsion T(X, Y) = VxY — VyX —[X, Y] of V satisfies the relation T(X, Y) = A(X, Y)—A(Y, X)
and conversely, A is expressed in terms of T by the condition

2AX,Y,2) =T(X,Y,Z) - T(Y,Z,X)+ T(Z,X,Y), V¥X,Y,Z e I(TM). (1.1)

We say that V is of vectorial type (and the same for its torsion) if A € A; = TM, of Cartan type, or traceless cyclic if A € A,
and finally (totally) skew-symmetric (or, of skew-torsion) if A € A3 = A3TM. Notice that for n = 2, 4 = R? is irreducible.
For n > 3, the mixed types occur by taking the direct sums of A1, A3, As3:

A @A ={Ac A:TAX,Y,Z) =0},

Ay ® A3 ={Ac A: DA) =0},

A @A ={Ac A AX, Y, Z)+AY,X,Z)=2g(X,Y)p(Z) — g(X, Z)p(Y)
—8&(Y,Z)p(X), ¢ € [(T*M)}.

Usually, connections of type A; & A, are called cyclic and connections of type A, & A3 are known as traceless connections.

Let us finally recall that a tensor field A € A satisfying VA = 0 = VR, where R denotes the curvature of the metric
connection V. = V& + A is called a homogeneous structure. The existence of a metric connection with these properties
implies that (M, g) is locally homogeneous and if in addition (M, g) is complete, then it is locally isometric to a homogeneous
Riemannian manifold. In particular, a complete, connected and simply-connected Riemannian manifold (M, g) endowed
with a metric connection V solving the equations VA = 0 = VR is a homogeneous Riemannian manifold, see [43] for more
details and proofs.
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1.2. Connections with skew-torsion and V-Einstein manifolds
Let (M", g) be a connected Riemannian manifold carrying a metric connection V with skew-torsion 0 # T € A3(TM), i.e.
g(VxY,Z)=g(ViY,Z)+ %T(X, Y,Z).

We normalize the length of T such that ||T||* := (1/6) Y_; ; &(T(ei, ;), T(e;, ¢;)) and we denote by VT = — Y| €;.V,,T the
co-differential of T. It is easy to check that 85T = §VT. It is also known that (see for example [28,21,25])

Lemma 1.1. The Ricci tensor associated to V is given by

1w 1
RicY(X,Y) = Ric(X, Y) = Ric*(X, Y) — 2 > a(T(ei, X), T(ei, Y)) — 5((ng)(x, Y).
i=1
Thus, in contrast to the Riemannian Ricci tensor Ric®, the Ricci tensor of V is not symmetric; it decomposes into a
symmetric and anti-symmetric part Ric = Rics + Ricy, given by

1 1
Rics(X, Y) := Ric¥(X, Y) — ZS(X, Y), Ricx(X,Y):= —E(agr)(x, Y),
respectively, where S is the symmetric tensor defined by S(X, Y) = Z?:l g(T(e;, X), T(e;, Y)).

Definition 1.2 ([3]). A triple (M, g, T) is called a V-Einstein manifold with non-trivial skew-torsion 0 # T € A3(TM), or for
short, a V-Einstein manifold, if the symmetric part Rics of the Ricci tensor associated to the metric connection V = V& + %T
satisfies the equation

. Scal
RICS = Tg, (1.2)

where Scal = Scal” is the scalar curvature associated to V and n = dimg M. If VT = 0, then (M, g, T) is called a V-Einstein
manifold with parallel skew-torsion.

Notice that in contrast to the Riemannian case, for a V-Einstein manifold the scalar curvature Scal¥ = Scal =
Scal® —% [IT||? is not necessarily constant (for details see [3]). For parallel torsion, i.e. VT = 0, one has §¥T = 0 and the
Ricci tensor becomes symmetric Ric = Rics. If in addition § Ric® = 0, then the scalar curvature is constant, similarly to an
Einstein manifold. This is the case for any V-Einstein manifold (M, g, V, T) with parallel skew-torsion |3, Prop. 2.7].

1.3. Invariant connections

Consider a Lie group G acting transitively on a smooth manifold M and let us denote by 7 : P — M a G-homogeneous
principal bundle over M with structure group U. Let K be the isotropy subgroup at the point 0 = m(py) € M with
po € P (this is a closed subgroup K C G). Then, there is a Lie group homomorphism A : K — U and hence an
action of K on U, given by ku = A(k)u. This induces a G-homogeneous principal U-bundle P, — M = G/K, defined by
P, :=GxxU=0Gx, U=GxU/~,where (g,u) ~ (gk, \(k-")u) forany g € G, u € U, k € K. Because the left action of
G on P restricts to a left action of K on the fibre P, of P over a base point 0 = eK € G/K, for the original bundle P we have
P = G xy P,. But fixing a point uy € P, we see that the map U — P,, u — ugu is a diffeomorphism and hence we identify
P =G xgP,=G xg U =P, seealso[16,32].

For G-homogeneous principal U-bundles P = P, — G/K, it makes sense to speak about G-invariant connections,
i.e. connections for which the horizontal subspaces #, are also invariant by the left G-action, (Lg)H, = Mg, forany g € G
and p e P. In other words, a connection in P, is G-invariant if and only if the associated connection form Z € 2'(P, u) is
such that (z;)*Z = Z, for allg € G, where 7, : P — P is the (right) U-equivariant bundle map.

Theorem 1.3 ([44]). Let P = P,, — G/K be a G-homogeneous principal U-bundle associated to a homomorphism A : K — U,
as above. Then, G-invariant connections on P, are in a bijective correspondence with linear mappings A : g — u satisfying the
following conditions:

(a) AX) = rX), forallX € t = T.K, where A, : ¢ — uis the differential of A,

(b) A(Ad(k)X) = Ad(A(k))A(X), forallX € g = TG, k € K.

1.4. Reductive homogeneous spaces
Consider now a reductive homogeneous space M = G/K, i.e. we assume that there is an orthogonal decomposition

g = tdmofg = T,G with Ad(K)m C m. Then we may identify m = T,M at o = eK € M and the isotropy
representation y : K — Aut(m) of K with the restriction of the adjoint representation Ad|x on m. Therefore, there
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is a direct sum decomposition Ad |K = Adg @x where Ady is the adjoint representation of K (see [10]). As a further
consequence, we identify the tangent bundle TM and the frame bundle F(M) of M = G/K with the homogeneous vector
bundle G x xm and the homogeneous principal bundle G x x GL(m), respectively, the latter with structure group GL(m) = GL, R
(Tl = dlmR m= dlmR M)

An invariant affine connection on M = G/K is a principal connection on F(G/K) that is G-invariant. By Theorem 1.3 such
an affine connection is described by a R-linear map A : m — gl(m) which is equivariant under the isotropy representation,
i.e. A(Ad(k)X) = Ad(k)A(X)Ad(k)~! forany X € m and k € K. Let us denote by Homg(m, gl(m)) the set of such linear maps.
The assignment A(X)Y = n(X, Y) provides an identification of Homy(m, gl(m)) (and hence of the space of G-invariant affine
connections on M = G/K) with the set of all Ad(K)-equivariant bilinear maps 7 : m x m — m, i.e.

n(Ad(k)X, Ad(k)Y) = Ad(k)n(X, Y), (1.3)

forany X, Y € mand k € K. Moreover, since any such map n : m x m — m induces a unique linearmap 7 : m® m — m
with (X ® Y) = n(X, Y), one may further identify (see [32, Thm. 5.1])

Affc(F(G/K)) = Homy(m, gi(m)) = Homy(m ® m, m),

where in general Aff;(P) denotes the affine space of G-invariant affine connections on a homogeneous principal bundle
P — G/K over M = G/K and Homg(m ® m, m) is the space of K-intertwining maps m ® m — m. Usually we shall work
with K connected and in this case we may identify Homg(m ® m, m) = Hom(m ® m, m). Due to the orthogonal splitting
m®m = A%m @ Sym? m we also remark that

Homg(m ® m, m) = Homg(A%m, m) @ Homg(Sym?, m). (1.4)

The linear map A : m — gl(m) is usually called Nomizu map or connection map (for details see [9,29]) and it satisfies the
relation A(X) = —(Vx — Lx),, where Ly is the Lie derivative with respect to X. Hence it encodes most of the properties of V;
for example, the torsion T € A%(m) ® m and curvature R € A?(m) ® & of V are given by:

T(X,Y)o = AX)Y — A(Y)X — [X, Y]m, R(X,Y), = [A(X), A(Y)] — A([X, Y]w) — ad([X, Y]e).

Lemma 1.4 ([29]). Let M = G/K be a homogeneous space with a reductive decomposition g = ¢®m. Let A, A’ € Homg(m, gl(m))
be two connection maps and let V, V' € Affs (F(G/K)) be the associated G-invariant affine connections. Set n :== A — A’. Then
(i) V and V' have the same geodesics if and only if 5 € Homg(A%m, m).

(ii) V and V' have the same torsion if and only if n € Homg(Sym? m, m).

Consider now a homogeneous Riemannian manifold (M = G/K, g). In this case G can be considered as a closed subgroup
of the full isometry group Iso(M, g), which implies that K and the Lie subgroup Ad(K) C Ad(G) are compact subgroups.
Hence, there is always a reductive decomposition g = ¢ & m with respect to some Ad(K )-invariant inner product in the
Lie algebra g. We shall denote by (, ) the Ad(K)-invariant inner product on m induced by g. We equivariantly identify
the K-modules so(m, g) = so(m) = AZ%(m) via the isomorphism X A Y +— (X,-)Y — (Y, )X, forany X, Y € m. Consider
the SO(m)-principal bundle SO(G/K) — G/K of (, )-orthonormal frames. This is a homogeneous principal bundle and an
invariant metric connection on M = G/K is a principal connection on SO(G/K) that is G-invariant. It follows that

Lemma 1.5. A G-invariant affine connection V on (M = G/K, g) preserves the G-invariant Riemannian metric g if and only if
the associated Nomizu map satisfies A(X) € so(m, g) forany X € m.

Notice that the existence of an invariant metric means that the isotropy representation of M = G/K is self-dual, m >~ m*.
Thus we may equivariantly identify

gl(m) ~ End(m) ¥ m ® m, Homg(m, End(m)) = (m* @ m* @ m)¥ ~ (@3m)¥.

In the last case, a K-equivariant map A on the left hand side is equivalent to a K-invariant tensor on the right hand side:
Homg (m, End(m)) = (®3m)X. The latter space has the following obvious K-submodules: A%m ® m, Sym? m ® m, m ® Sym? m
and m ® Am. Of these, the last space corresponds to the so(m)-valued Nomizu maps, i.e. the space of homogeneous metric
connections which we denote by M¢(SO(G/K)). In particular, there is an equivariant isomorphism

Mc(SO(G/K, g)) = Homg(m, A%m).

Remark 1.6. The other submodules have different interpretations. For example, Sym?> m ® m is the vector space on
which the affine space of invariant torsion-free connections Aff(?(F (G/K)) is modelled, and A’m ® m is the vector space
on which the affine space of possible invariant torsion tensors is modelled. In fact, since the rearrangement of indices is
equivariant (even with respect to the bigger algebra gl(m)), one has the following isomorphisms: A?m ® m ~ m ® A?m and
Sym?’m ® m =~ m ® Sym” m. Let us now relate this to the question of multiplicities of m inside ®*m = End(m). Suppose
we have a copy of m inside the invariant decomposition of A%m (or respectively, in Sym? m). This is equivalent to a map
6 : m — A?m (respectively m — Sym? m). We may then raise all indices of 6 to produce a K-invariant element of ®3m.
However through our freedom to rearrange indices, we may change to which of our four submodules this tensor belongs. For
example, one may interpret the tensor corresponding to the instance of m in A?m either as a metric connection in m ® A%m,
or a potentially non-metric connection in A?m ® m. These coincide up to a scalar when § € A3m.
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On a homogeneous Riemannian manifold (M = G/K, g) the Levi-Civita connection V# is the unique G-invariant metric
connection determined by (cf. [13,35])

(ViY,Z) = —%[([x, YIn Z) + ([Y, Z)w. X) = ([Z. X1 V)], VX.Y.Zem, (*)

On the other hand, the canonical connection on M = G/K is induced by the principal K-bundle G — G/K and depends on the
choice of the reductive complement m. It is defined by the horizontal distribution {#, := d{,(m) : g € G}, where £, denotes

the left translation on G and its Nomizu map is givenby A : g=¢t@®m Peop X so(m), i.e. A° = y, o pr,. Thus, A°(X) =0
for any X € m (cf. [29,9]). Both the torsion T°(X,Y) = —[X, Y], and the curvature R°(X, Y) = —ad([X, Y]¢) of V¢ are
parallel objects, in particular any G-invariant tensor field on M = G/K is V¢-parallel (cf. [36,29]). Hence, any homogeneous
Riemannian manifold (M = G/K, g) admits a homogeneous structure A € m ® A’m = A induced by the canonical
connection V¢ associated to the reductive decomposition g = £ @ m. In the following, we shall refer to this homogeneous
structure as the canonical homogeneous structure, adapted to m and G. Using (*) it is easy to see that A° := V¢ — V& satisfies
the relation

1
AX,Y,Z)= in(x, Y,Z)— (UX,Y),Z), VX,Y,Zem, (1.5)
where U : m x m — m is the symmetric bilinear mapping defined by

2(UX,Y),Z) =([Z,X]m, Y) + (X, [Z, Y]a). (1.6)
2. Invariant connections and derivations

Given a reductive homogeneous space M = G/K endowed with a G-invariant affine connection V, in the following we
examine Ad(K )-equivariant derivations on m induced by V in terms of Nomizu maps. For the case of a compact Lie group G,
this problem has been analysed in [17].

2.1. Derivations and generalized derivations

For the rest of this section let us fix a (connected) homogeneous manifold M = G/K with a reductive decomposition
g = £®m. For simplicity we assume that the transitive G-action is effective. We consider a bilinear mapping 4 : m®@m — m
and denote by A : m — gl(m) the adjoint map, defined by A(X)Y = u(X,Y).

Definition 2.1. The endomorphism A(Z) : m — m (Z € m) is called a derivation of m, with respect to the Lie bracket
operationad,, == [, |n : m x m — m, ad,(X,Y) := [X, Y], if and only if det*(X, Y; Z) = 0 identically, where for any
X,Y,Z € mwe set

det(X, Y5 Z) i= AQZ)X, Y — [AZ)X, Y]w — [X, AZ)Y ]
= WZ, X, Y]n) = [1(Z, X), Y] = [X, (Z, ¥ )]

From now on, let us denote by Der(ad,,; m) = Der(m) the vector space of all derivations on m. We mention that given a
bilinear map p : m ® m — m, the condition i € Der(m) is equivalent to say that the associated connection map A is valued
in Der(m), i.e. A € Hom(m, Der(m)). Restricting on K-intertwining maps u € Homg(m ® m, m) the vector space Der(m)
becomes a K-module, denoted by Derg(m). In fact, in this case we shall speak about Ad(K)-equivariant derivations on m. So,
let us focus on Ad(K)-equivariant derivations induced by invariant connections on M = G/K.

Proposition 2.2. Let V = V* be a G-invariant connection on M = G/K corresponding to u € Homg(m ® m, m). Then, V#
induces a Ad(K)-equivariant derivation ;. € Derg(m), if and only if ady, := [, 1. is V#-parallel, i.e. V* ad,, = 0 (which is
equivalent to say that the torsion T¢ of the canonical connection V¢ associated to the reductive complement m is V*-parallel,
ie. VAT =0).

Proof. The equivalence u € Der(ad,,; m) = Der(m) < V*ad,, = 0is an immediate consequence of the identity

et(X,Y;Z) = (V5 adn )X, Y) = —(VATO)NX,Y), VX,Y,Zem. (2.1)
The proof of (2.1) relies on the fact that G-invariant tensor fields are V¢-parallel, where V¢ is the canonical connection
associated to m. In particular, since V is a G-invariant connection we write V; = V; 4+ A(Z), for any Z € m, where

A :m — gl(m) is the associated Nomizu map. Then, for any X, Y, Z € m we obtain that
(V5 adn )X, Y) = V) adu(X, Y) — adn(Vy X, Y) — adn(X, V,Y)
= [Vsadu(X, Y) — adun(V5X, Y) — adu(X, V5Y)]
+[A(Z)adw(X, Y) — adw(A(Z)X, V) — adu(X, A(Z)Y)]
= (Vzad, )X, Y) + 0et"(X, Y; Z) = vt (X, Y; Z),

where the last equality follows since V¢ ad,, = 0. Similarly for the second equality in (2.1). O
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Example 2.3. The canonical connection V¢ associated to the reductive complement m induces a derivation on m (the
zero one, corresponding to 0 € Derg(m)), since VCT¢ = 0, or in other words since T is V*-parallel, where © = 0 €
Homg(m ® m, m).

Let us now generalize the notion of derivations on m, as follows:

Definition 2.4. Consider a tensor F : ®"m — m. Then, a bilinear mapping « : m ® m — m is said to be a generalized
derivation of F on m, if and only if u satisfies the relation

WZ, F(X1, .o Xp)) = F(u(Z, X1), Xa, oo, Xp) + -+ - + F(X1, oo Xpo1, (2, X)) &
AQFXi, ... Xp) = F(AZX1, Xou oo, Xp) -+ F(X1s o Koy AZIXy),
forany Z, Xy, ..., X, € m, where A € Hom(m, gl(m)) is the adjoint map induced by p.

For a tensor F : @m — m, the definition of a generalized derivation implies that if 11, 42 : m ® m — m are two such
bilinear mappings, then the linear combination au; + bu; is also a generalized derivation of F on m. Hence, the set Der(F; m)
of all generalized derivations of F on m is a vector space. Obviously, for F = ad,,, a generalized derivation is just a classical
derivation on m. Notice however that F can be much more general than the Lie bracket restriction, e.g. the torsion, or the
curvature of a G-invariant connection V on M = G/K induced by some ;1 € Homg(m ® m, m), or even p itself. In particular,
one may restrict Definition 2.4 on K-intertwining maps 4 € Homg(m®m, m); then, the space Der(F; m) becomes a K-module,
which we shall denote by Dery(F; m). If moreover we focus on G-invariant tensor fields, then similarly to Proposition 2.2 we
conclude that

Theorem 2.5. Let(M = G/K, g = t@dm) be a reductive homogeneous space endowed with an Ad(K )-invariant tensor F : " m —
m. Consider a K-intertwining map n € Homg(m ® m, m) and let us denote by V* the associated G-invariant affine connection.
Then, w is an Ad(K)-equivariant generalized derivation of F if and only if F is V*-parallel, i.e. u € Derg(F; m) <& VHF =0.

Proof. A direct computation shows that the evaluation of the covariant differentiation VF at the point o = eK € G/K gives
rise to the following Ad(K)-invariant tensor on m:

p
(VZF)X1, ... Xp) = VZF(Xp, o Xp) = Y F(Xa, .o, VX . Xp)
i=1
= VEF(X1. ... Xp) + AZF(Xn, ... Xp) = D F(X1, ..., ViXi, ..., Xp)

= Y F(Xa, .. AWK Xp)
= VEF(X1. ... Xp)— > F(X1..... ViXi. ... Xp)

p

+ AQZF (X1, ..., Xp) — ZF(Xl, A Xy)
i=1

= (VF)(X1, ..., Xp) + (DFF) X1, ..., Xp),

where we set (D’Z*F)(Xl, o Xp) = AFX, . Xp) — Zf=1 F(Xi,..., A(Z)Xi, ..., Xp). However, F is by assumption
G-invariant, hence V°F = 0 and our claim immediately follows. O

Moreover, we see that

Corollary 2.6. On a reductive homogeneous space (M = G/K, g = ¢ @& m), given an Ad(K)-invariant tensor F : @m — m and
some K-intertwining map p € Homg(m ® m, m), the operation

b
(DyF)Xi, ... Xp) = AZF (X, ... Xp) = D F(X1, ... AQZKXi, ... Xp)
i=1
coincides with the covariant differentiation of F with respect to the connection V. = V" induced on M = G/K by p,
ie. (VEF)X1,...,Xp) = (D, F)Xy, ..., Xp)forany Xy, ..., Xp, Z € m.
For a bilinear mapping 1 : m ® m — m let us now introduce the tensor c*, defined by
CH(X, Y3 Z) = (V5 )X, ¥) = (V4 p)(Y, X),

foranyX,Y,Z € m.If u € Homg(m®m, m), then we get the further identificationC*(X, Y; Z) .= (Dé‘,u)(x, Y)—(Dg,u)(Y, X).
In terms of C* it is easy to check that
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Proposition 2.7. Let V = V* be a G-invariant affine connection on a reductive homogeneous space (M = G/K, g = ¢ ® m),
corresponding to some . € Homg(m ® m, m). Then, u € Derg(m), if and only if
(V:TYX, Y) = (DLTYX, Y)=C*X,Y;Z), VX,Y,Zem,
where T = T" is the torsion associated to V.

Consequently, for some © € Homg(m ® m, m) the condition i € Derg(m) can also be read in terms of the Ad(K )-invariant
tensor C**, which geometrically, represents the difference

(VZT)X, Y) = (VZT)NX, Y) = (Dy T)X, Y) — (D, T)X, Y),
forany X, Y, Z € m. In particular, a combination of Proposition 2.7 and identity (1.4), yields that
Theorem 2.8. Let M = G/K an effective homogeneous space with a reductive decomposition g = ¢ @ m. Then the following hold:

(1) A G-invariant affine connection V.= V* on M = G/K corresponding to ;. € Homg(A?m, m), induces an Ad(K )-equivariant
derivation u € Derg(m), if and only if

(VITXX,Y) = (DyT)X,Y) = 26xy.ziu(X, u(Y, 2)), (2.2)
forany X, Y, Z € m. This is equivalent to say that
(ViT)X,Y) = (D, T)X,Y) = 2{R(Z,X)Y + A(YNAZX — [Z,X]w) + ad([Z,X]e)Y}, (2.3)

where R is the curvature tensor associated to V.

(2) A G-invariant affine connection V.= V* on M = G/K corresponding to ;1 € Homg(Sym?m, m), induces an Ad(K)-
equivariant derivation . € Derg(m) on m if and only if the torsion T associated to V* is V*-parallel.

(3) Let € Homy(A%m, m). Then w is an Ad(K)-equivariant generalized derivation of itself, i.e. ;1 € Derg(u; m) if and only if
C* = 0 identically.

Proof. For a skew-symmetric mapping & € Homg(A%m, m) a simple computation gives that
CHMX,Y;Z) = 26x y zpu(X, u(Y, Z)).

Hence, (2.2) is an immediate consequence of Proposition 2.7. For the second relation (2.3), using the definition of the
curvature tensor R and (2.7), for some ;. € Homg(A?m, m) we get that

(VzT)(X,Y) = (D7 T)X, Y) = 2R(Z, X)Y + 2A(Y Y A(Z)X — [Z. X]w)
+2ad([Z, X]e)Y —ver”(X, Y; Z), (24)

forany X, Y, Z € m and our claim immediately follows.

For the second statement and for a symmetric map u € Homg(Sym? m, m) it is easy to see that ¢* = 0. Therefore, our
assertion is a direct consequence of Proposition 2.7.

Let us finally prove (3). By definition, it is © € Derg(u; m) or equivalent A € Homg(m, Derg(u; m)), if and only if

wZ, WX, Y)) = m(u(Z,X),Y)+ n(X, u(z,Y))

for any X,Y,Z € wm, which is equivalent to say that Sxy zu(X, u(Y,Z)) = O identically. But since C*(X,Y;Z) =
26x.y zi(X, u(Y, Z)), we conclude. O

~

Remark 2.9. For a compact connected Lie group G = (G x G)/AG endowed with a bi-invariant affine connection V
corresponding to a skew-symmetric mapping ;1 € Homg(A?g, g), formula (2.3) has been described in [17, Prop. 2.4]. In
particular, in this case relation (2.4) reduces to

(VzT)X,Y)=2R(Z,X)Y + 2A(YJAZ)X — [Z, X]w) — Dery(X, Y; Z),
forany X,Y,Z € g = T.G, see also [ 17, Prop. 2.4].
Example 2.10. Let M = G/K an effective homogeneous space with a reductive decomposition g = ¢ & m. We consider the

restricted Lie bracket ad,, :== [—, —]. : m x m — m and denote the associated Nomizu map just by A,,. Obviously, ad,,
induces a derivation on m if and only if Jac,, = 0, where Jac,, : m x m x m — m is the trilinear map defined by

]acm(X, Yv Z) = 6X,Y,Z[X7 [Y7Z]m]m = [X, [Y, Z]m]m + [Y, [Zax]m]m + [27 [X» Y]m]m7

forany X, Y, Z € m. The same conclusion follows from Theorem 2.8. Indeed, let us denote by V™ the G-invariant connection
associated to ad,, and by T™ and R™ its torsion and curvature, respectively. It is T™(X, Y) = [X, Y],, and

(VIT™X,Y) = (DF*T™)X, Y) = Jac,(X, Y, Z),
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for any X, Y,Z € m. Moreover, R"(Z,X)Y = Jac,(X,Y,Z) — [[Z, X]s, Y] and since A,(Z)X = [Z, X],, an application of
Theorem 2.8, (1), shows that A,, € Homg(m, Der(m))if and only if Jac,(X,Y,Z) = Oforany X, Y, Z € m.In fact, for u = ad,,
itis cm(X,Y; Z) = 2Jac,(X, Y, Z), hence the same results follows by relation (2.2). Finally, for the same assertion one can
even apply Theorem 2.8, (3) for . = ad,,.

Note that if M = G/K is an effective symmetric space, then Jac,, is identically zero and ad,, is a derivation trivially. For
example, any compact connected Lie group M = G with a bi-invariant metric can be viewed as a symmetric space of the
form (G x G)/AG. The Cartan decomposition is given by g & g = Ag & m, where Ag := {(X,X) € gD g: X € g} = g
andm = {(X, —X) e g® g : X € g} = g, respectively. Obviously, in this case the condition Jac,, = 0 is the Jacobi identity
which leads to the well-known result that the adjoint representation A, = ad, is a derivation of g. In the following section
we examine the condition Jac,, = 0 also on non-symmetric, compact, effective and simply-connected naturally reductive
manifolds, see Corollary 3.6.

3. Invariant connections on naturally reductive manifolds

Next we describe a series of new results related to invariant connections (and their torsion type) on effective naturally
reductive spaces. Note that all these results can be applied on an effective, non-symmetric (compact) SII homogeneous
Riemannian manifold.

3.1. Naturally reductive spaces

A Riemannian manifold (M, g) is called naturally reductive if there exists a closed subgroup G of the isometry group
Iso(M, g) which acts transitively on M with isotropy group K and which induces a reductive decomposition g = ¢ & m
such that the torsion of the canonical connection V¢ associated to m, is a 3-form T¢ € A3(m). This is equivalent to say that
U = 0 identically, where U : m x m — m is the bilinear map defined by (1.6). Thus, an alternative way to define naturally
reductive manifolds is as follows:

Definition 3.1. A naturally reductive manifold is a homogeneous Riemannian manifold (M = G/K, g) with a reductive
decomposition g = ¢ @ m such that canonical homogeneous structure A° € m ® A%m adapted to m and G, is totally skew-
symmetric, i.e. 2A°(X, Y,Z) =TX,Y,Z)forany X,Y,Z € m.

A special subclass of naturally reductive manifolds M = G/K consists of the so-called normal homogeneous Riemannian
manifolds. In this case there is an Ad(G)-invariant inner product Q on g such that Q(¢, m) = 0,i.e.m = ¢ and Q|.= (, ).Thus,
a normal metric is defined by a positive definite bilinear form Q. Notice however that Q can be more general, see [30,13].
If Q = —B, where B denotes the Killing form of g, then the normal metric is called the Killing (or standard) metric; this is
the case if the Lie group G is compact and semi-simple. We mention that in this paper whenever we refer to a naturally
reductive space (M = G/K, g, g = £ & m) we shall always assume that G acts effectively on M and that g coincides with the
ideal g := m + [m, m]. On the level of Lie groups this condition means that G coincides with the transvection group of the
associated canonical connection V¢. Note that any compact normal homogeneous space satisfies this condition, see [41].

3.2. Properties of invariant connections in the naturally reductive setting
We start with the following simple observation.

Lemma 3.2. Let (M = G/K,g) be an effective compact homogeneous Riemannian manifold with reductive decomposition
g = ¢t ® m which is not a symmetric space of Type I. Then, there is always an instance of m inside A*(m), associated to the
restriction of the Lie bracket operation on the reductive complement m. In particular, this specific copy gives rise to a G-invariant
metric connection on M if and only if g is naturally reductive with respect to G and m.

Proof. Since M = G/K is not isometric to a symmetric space of Type I, the canonical connection V¢ has non-trivial torsion
T¢(X,Y) = —[X, Y], which gives rise to a non-trivial Ad(K )-equivariant skew-symmetric bilinear mapping ad,, : A?m — m.
The second statement is apparent due to the naturally reductive property. O

Remark 3.3. If (M = G/K, g)is a Riemannian symmetric space of Type I, then G is a compact simple Lie group and its Killing
form B gives rise to a reductive decomposition g = £¢®m such that [m, m] C & Moreover, the restriction (, ) = —B|,, induces
a G-invariant metric which is naturally reductive with respect to m. However, the K-module A?(m) never contains a copy of
m, see also [33]. This is in contrast to a Riemannian symmetric space (M = G, g = p) of Type Il endowed with a bi-invariant
metric p, where one can always find a copy of g inside A%(g), see also Remark 3.14. Geometrically, this copy represents the
existence of 1-parameter family of canonical connections on any compact simple Lie group G (cf. [29,6,17]). The same is true
in the more general compact case (cf. [38]).
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Lemma 3.4 ([1,17]). Let (M = G/K, g) be an effective naturally reductive manifold with reductive decomposition g = £ @ m such
that g = g. Then,

(i) A G-invariant metric connection V on (M = G/K, g) has totally skew-symmetric torsion T € A3(m)if and only if A(Z)Z = 0,
forany Z € m, where A is the associated Nomizu map.

(ii) There is a bijective correspondence between Ad(K)-equivariant maps A® : m — so(m), defined by A%(X)Y = 1’T"‘[X, Y =
(1—a)AS(X)Y forany X, Y € m, and G-invariant metric connections V* with totally skew-symmetric torsion T* € A3(m), such
that T* = «-T¢ for some parameter «, where T€ is the torsion of the canonical connection V¢ associated tom and A% : m — so(m)
the Nomizu map associated to the Levi-Civita connection V8.

Let us finally recall the following fundamental result by Olmos and Reggiani.

Theorem 3.5 ([38, Thm. 1.2], [37, Thm. 2.1]). Let (M™, g) be a simply-connected and irreducible Riemannian manifold that is not
isometric to a sphere, nor to a projective space, nor to a compact simple Lie group with a bi-invariant metric or its symmetric dual.
Then the canonical connection is unique, i.e. (M", g) admits at most one naturally reductive homogeneous structure.

Combining the observations in Example 2.10 and the results of Lemma 3.4 and Theorem 3.5, in the compact and simply-
connected case we obtain the following conclusion about derivations on m:

Corollary 3.6. Let (M = G/K, g) be an effective, compact and simply-connected naturally reductive manifold, irreducible as
Riemannian manifold, endowed with a reductive decomposition g = ¢ @ m such that g = g. Assume that M = G/K is not
isometric to a symmetric space of Type I, neither to a sphere or to a real projective space. Then, the bilinear mapping ad,, := [, ]u
gives rise to Ad(K)-equivariant derivation on m, if and only if M is isometric to a compact simple Lie group G endowed with a
bi-invariant metric.

Proof. A special version of Corollary 3.6 has been proved in [ 17, Lem. 4.5]. Here we improve this result. We omit some details
and only present the main idea. Assume that ad,, € Derg(m), i.e. Jac,(X,Y,Z) = O0forany X, Y,Z € m (see Example 2.10).
Then, for the family V* of Lemma 3.4, a small computation shows that V*T* = 0 for any «, see for example [1]. On the other
hand, one can easily see that [X, [Y, Z].]¢ + [Y, [Z, X]u]e + [Z, [X, Y].]e = O, for any X, Y, Z € m. Combining this identity
with Jac, (X, Y, Z) = 0, a long computation certifies that V*R* = 0 for any «, as well. But then, V¥ is a 1-parameter family
of canonical connections on M = G/K (in the sense of the Ambrose-Singer Theorem) and Theorem 3.5 yields the result. O

Notation: Let (M = G/K, g) be an effective compact naturally reductive Riemannian manifold with a reductive decomposi-
tiong = €@ m = §.If x : K — Aut(m) is of real type, we shall denote by s and a the multiplicity of m inside Sym?(m) and
A%(m), respectively (or twice the multiplicity of m inside Sym?(m) and A%(m), respectively, if x : K — Aut(m) is of complex
type). We also set

N =s+a = dimg Affc(F(G/K)) = dimg Homg(m @ m, m)
Ningr = dimg M(SO(G/K)) = dimg Homg(m, A%(m)) < N.

Since K is compact, and we treat finite dimensional K-representations, we conclude that

Lemma 3.7. The dimensions of modules Homg(A?m, m) and Homg(m, A%m) coincide,
dimg Homg(A?m, m) = dimg Homg (m, A%m),

or in other words @ = Npgr.

Remark 3.8. Note that there exists compact Lie groups, e.g. G = U,, admitting skew-symmetric Ad(G)-equivariant
maps A%(g) — g which do not induce bi-invariant metric connections with respect to the bi-invariant inner product
(X,Y) = —tr XY (see also the proof of Theorem 3.15). In fact, below we will show that Lemma 3.7 implies that [6, Lem. 3.1]
or [17, Corol. 2.3, Thm. 2.9] are in general false. In particular, the corresponding statements hold only for compact simple Lie
groups, but fail for general compact Lie groups.

Next, our aim is to clarify Remark 3.8. For simplicity, given an Ad(K)-equivariant bilinear mapping # : m x m —
m associated to a G-invariant connection V on (M = G/K, g) we shall use the same notation for the corresponding
K-intertwining map p : m ® m — m (and we shall identify them) and denote by /i the contraction of u with the Ad(K)-
invariant inner product (, ) : m x m — R associatedtog,i.e. (X, Y,Z) := (u(X,Y), Z),forany X, Y, Z € m. Notice that /1 is
an Ad(K)-invariant tensor on m. Initially, it is useful to examine invariant connections related to some . € Homg(Sym? m, m).
Then, the induced tensor it = [° is such that (X, Y,Z) = a(Y,X,Z)forany X, Y,Z € m = T,G/K and the corresponding
Nomizu map A := A% : m — Sym?(m) is also symmetric in the sense that A(X)Y = A(Y)X (since u(X,Y) = u(Y, X) for
any X, Y € m). Next we prove that when 0 # 1 € Homg(Sym? m, m) is non-trivial, then the induced connection cannot
preserve the naturally reductive metric (, ). We start with the non-symmetric case.
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Lemma 3.9. Let (M = G/K, g) be a connected, compact, non-symmetric, naturally reductive space of a compact Lie group G
modulo a compact subgroup K. Assume that the transitive G-action is effective and let us denote by g = € ® m = g the associated
reductive decomposition. If V is an invariant metric connection induced by some ;1 € Homg(Sym? m, m), then u = 0 and V
coincides with the canonical connection V¢ associated to m.

In fact, the non-existence of an invariant metric connection V* corresponding to a non-trivial element 0 # u €
Homg (Sym? m, m) can be proved also as follows. By the condition TS(X, Y) = —[X, Y]., and since (, ) is naturally reductive
with respect to G, one concludes that V* is an invariant connection with skew-torsion, which according to Lemma 3.4
is equivalent to say that A%(X)X = O for any X € m. But then, it is also AS(X + Y)X + Y) = Oforany X,Y € m,
i.e. AS(X)Y = —A%(Y)X, which gives rise to a contradiction (since & # 0). Let us now explain also the compact symmetric
case.

Lemma 3.10. Given a connected Riemannian symmetric space (M = G/K, g)of Typel(resp. (M = (Gx G)/ A(G), p) of Type I, for
some compact, connected, simple Lie group G with a bi-invariant metric p), then the unique G-invariant (resp. bi-invariant) metric
connection which is induced by a symmetric Ad(K )-equivariant mapping on m (resp, symmetric Ad(G)-equivariant mapping on
g), is the torsion-free Levi-Civita connection.

Proof. Consider first a symmetric space (M = G/K, g) of Type I, endowed with a G-invariant affine connection V* associated
toanelement u € HomK(Sym2 m, m). Then, T#(X,Y) =0foranyX,Y e m,i.e. 1 € Sym2 m@®m. Hence, assuming in addition
that V is metric with respect to g, the fundamental theorem in Riemannian geometry implies the identification of V with
the unique torsion-free metric connection on (M = G/K, g), i.e. the Levi-Civita connection, or the canonical connection
associated to m. In particular, . = O is trivial. The same conclusions, related this time to bi-invariant metric connections
corresponding to maps . € Homg(Sym? g, g), hold for a compact, connected, simple Lie group G = (G x G)/AG, endowed
with a bi-invariant metric p. 0O

Remark 3.11. Laquer proved in [33] the existence of (irreducible) compact symmetric spaces (M = G/K, g) which admit
invariant affine connections induced by non-trivial elements ;2 € Homg(Sym? m, m). And indeed, by [6] we know that these
G-invariant connections are not metric with respect to g = —B|,,, as it should be according to Lemma 3.10. The same is true
for compact simple Lie groups, such as SU,, see [32,6].

Let us now consider invariant connections whose torsion is a 3-form. We show that on an effective, non-symmetric,
compact, naturally reductive space (M = G/K, g) the G-invariant metric connections whose torsion is a 3-form necessarily
correspond to instances of the trivial representation inside the space A>m, and conversely. In particular, the torsion form is
a G-invariant 3-form. Let us denote by ¢ the multiplicity of the (real) trivial representation inside A3m.

Lemma 3.12. Let (M = G/K, g) be a naturally reductive manifold as in Lemma 3.9. Then, the dimension of the affine space
of G-invariant metric connections on M which have the same geodesics with the Levi-Civita connection V&, i.e. A(X)X = 0, or
equivalent whose torsion form T is a non-trivial G-invariant 3-form, is equal to ¢. In particular,

1<{<Npr=a<N.

Proof. First notice that 1 < £ < AN This follows since the induced Ad(K)-invariant inner product (, ) on m satisfies
the naturally reductive property and hence the torsion of the canonical connection T°(X,Y,Z) = —([X,Y].,Z) # Oisa
non-trivial G-invariant 3-form. Then, according to Lemma 3.4, the family V¢ = V¢ 4+ A% induces a 1-parameter family of
metric connections with skew-torsion T* := «T¢ # 0. Now, any instance of the trivial representation inside A3(m) induces
a G-invariant (global) 3-formon M = G/K,say 0 # T € A3(m)X.1f £ > 2, then we can also assume that T # T¥. But then,
one can define a 1-parameter family of metric connections with skew-torsion, say 2sT, given by V¥ = V& 4 sT. Obviously,
this family is G-invariant and preserves the metric. On the other hand, if M = G/K admits a G-invariant metric connection V
with skew-torsion T such that T # T¢, then T must be a global G-invariant 3-form and hence it corresponds to a new copy
of the trivial representation inside A%m. O

For a complete description of all G-invariant metric connections on (M = G/K, g), one has to encode the “defect”
€ :=Nnew — £ >0.
For this, it is useful to consider the tensor product
m=m@mOm = (A’m®Sym’m) @ m = (A2m®m) ) (Sym2m®m)

and its decomposition in terms of Young diagrams:

®m = o 2L o> EED

Ssym’m @  Lm) @  A’(m),
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where £(m) := ker(Psym) N ker(Pskew) is the section of the kernels of the equivariant projections
Poym : ®’m — Sym3(m), Pgiew : ®’m — A3(m)-

Notice that the kernel of the natural maps Sym?>m ® m — Sym>m and A%(m) ® m — A3(m) are isomorphic irreducible
GL(m)-modules of real dimension n(n — 1)(n + 1)/3, where n := dimgm = dimg M (for an example see [42, p. 246]).
Moreover, there is an equivariant isomorphism

£(m) = @? ker(m ® A% (m) - A3(m)).

The intersection of £(m) with the K-module m ® Am consists of metric connections and is isomorphic to the so-called
(2,1)-plethysm of the K-representation m:

P.(2,1):= £(m)N (m ® Azm).

Theorem 3.13. Let (M" = G/K,g = (, ), g = ¢ ® m) as in Lemma 3.9. The existence of the trivial representation inside the
n(n— 1)(n+ 1)/3-dimensional (2, 1)-plethysm P,,(2, 1) of m, gives rise to a G-invariant metric connection V. = V*# on M = G/K
corresponding to a K-intertwining bilinear mapping i : m ® m — m which has both non-trivial symmetric and skew-symmetric
part, i.e. ju = pFY 4+ ™ with 0 £ p¥* € Homg(A%m, m) and 0 # pu¥™ e Homg(Sym? m, m), respectively. In particular,
the torsion of V* is not totally skew-symmetric and the defect € :== N — £ > 0 coincides with the multiplicity of the trivial
representation inside P,(2, 1).

Proof. The trivial representation inside P,(2, 1) induces an Ad(K )-equivariant 3-tensor jt on m which is skew-symmetric
with respect the last two indices, i.e. i € m ® A?(m). Since the K-module m ® A%m corresponds to the set of so(m)-valued
Nomizu maps on M = G/K with respect to {, ), the induced invariant connection V = V* is necessarily metric. In order to
prove that its torsion is not a 3-form we rely on the definition of P,,(2, 1) and the orthogonal decomposition

@ m=Sym*m @ £(m) ® A3(m). (3.1)

Indeed, since the 3-tensor (X, Y, Z) = (uw(X, Y), Z) is induced by the trivial representation inside P,(2, 1) := £(m) N (m ®
Azm), the direct sum decomposition (3.1) together with Lemma 3.12, shows that the torsion T* of V# cannot be totally
skew-symmetric. We use now (1.4) and write u = u’®" 4 u™ for the corresponding K-intertwining bilinear mapping
w € Homg(m ® m, m). Since T* is not a 3-form, 4™ cannot be trivial, u®¥™ # 0. Indeed, if u»™ = 0, then u = ™" and
hence (X, X) = 0 for any X € m. But then, using Lemma 3.4, (i) we get a contradiction. Assume now that u is given by a
(non-trivial) symmetric K-intertwining bilinear mapping, i.e u**¥ = 0and u = p®™ where 0 # p¥™ : Sym’m — m.
Then, according to Lemma 3.9 our connection V# cannot be metric with respect to (, ), which contradicts to i € m® A%(m).
This shows that ;%" = 0, as well. Now, the identification of the defect € := N — £ > 0 with the multiplicity of the trivial
representation in P,,(2, 1) is a direct consequence of (3.1) and Lemmas 3.7,3.12. O

We mention that one cannot drop the naturally reductive assumption in Theorem 3.13, due to the fact that the proof
relies on Lemmas 3.9 and 3.12.

Remark 3.14. On a compact simple Lie group G, bi-invariant connections which are compatible with the Killing form are
induced by the copy of g inside A?(g). Indeed, recall that

so(g) = A%(g) =g @ gt, ¢ =kerd,,

where 8, : A%(g) — gisgivenby §,(X AY) = [X, Y]. Since §, is surjective, g always lies inside A%(g). However, the module
Py(2,1) :== £(g) N (g ® A%g), where £(g) is similarly defined by £(g) := @ ker(g ® A*(g) — A3(g)), never contains the
trivial summand. In contrast, as we noticed in Remark 3.8, for a compact Lie group the case can be different. Let us focus for
example on G = U, (n > 3).

3.3. Bi-invariant metric connections on the compact Lie group U,

According to Laquer [32], for n > 3 the space of bi-invariant affine connections on U, is 6-dimensional. In particular, the
following Ad(G)-equivariant bilinear mappings form a basis of Hom,(g ® g, g) for g = u(n):

Y)Y = XYL X, Y) = XY + YX),  ps(X,Y) = ite(X)Y } (32)

waX,Y)=1itr (Y)X, pwus(X,Y)=itr(XY)Id, jwe(X,Y)=itr(X)tr(Y)Id
where XY denotes multiplication of matrices and Id is the identity matrix. We also consider the linear combinations

VX, Y) = ps(X,Y) — pua(X, Y) = i(tr(X)Y — tr(Y)X) € Homg(A%g, g).
DX, Y) = us(X, Y) + pa(X, Y) = i(tr(X)Y + tr (Y)X) € Homg(Sym? g, g).
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Theorem 3.15. (1) The connection induced by the Ad(u(n))-equivariant bilinear mapping u = pu4 — us, i.e. u(X,Y) =
i(tr (Y)X — tr(XY)Id) for any X, Y € u(n), is a bi-invariant metric connection on U, (n > 3) with respect to the bi-invariant

metric induced by {, ) = — tr(XY). The symmetric and skew-symmetric part of u = u€" + u¥™ are given by
X, Y) = —(1/20(X, Y), and pM™(X,Y)=(1/2)9(X,Y)+i(X, Y)1d,
respectively, and its torsion has the form T*(X,Y) = —v(X,Y) + T(X, Y). In particular, the induced tensor T*(X,Y,Z) =

(T™(X,Y), Z) is not totally skew-symmetric.
(2) Consequently, forn > 3 the Lie group U, carries a 2-dimensional space of bi-invariant metric connections, i.e. Ny = €+£ = 2.

Proof. (1) The module £(g) associated to the adjoint representation of g = u(n) = R & su(n) contains the trivial
representation twice. The one copy corresponds to the invariant 3-tensor D(X, Y, Z) = (v(X, Y), Z) which is skew-symmetric
only with respect to the first two indices, i.e. b € £(g) N (A%g ® g) and thus v = u3 — 4 fails to induce a bi-invariant
connection on Uy, preserving { , ). The second copy corresponds to the invariant 3-tensor (X, Y, Z) = (u(X, Y), Z), where
W:g®g — gisgivenby u = 4 — pus. We will show that i is indeed inside the (2, 1) plethysm Py(2, 1) = £(g) N (g ® A?g),
i.e. € = 1, and hence the associated connection V* gives rise to 1-dimensional family of bi-invariant metric connections on
U,,. For simplicity, we set O(X, Y, Z) .= (u(X, Y), Z) + (Y, u(X, Z)), forany X, Y, Z € u(n). Then we get that

OX,Y,Z) = (i(tr (Y)X — tr (XY)Id), Z) + (Y, i(tr (Z)X — tr (XZ)1d))
= i(tr(Y)(X, Z) — tr(XY)(Id, Z) + tr(Z)(Y, X) — tr(XZ)(Y, Id))
= i(— tr(Y) tr(XZ) + tr(XY) tr(Z) — tr(Z) tr(XY) + tr(XZ) tr(Y)) = O,

forany X, Y, Z € u(n) and this proves our assertion. Now, according to Theorem 3.13, u has both non-trivial symmetric and
skew-symmetric part, namely u¥™(X,Y) = %[M(X, Y) 4+ u(Y,X)] and p¥V(X,Y) = %[M(X, Y) — (Y, X)], respectively,
and a small computation completes the proof.

(2) For the second statement, the mappingap (X, Y)(a € R)induces a 1-parameter family of bi-invariant metric connections
on U, with skew-torsion and this is the unique family of bi-invariant metric connections with skew-torsion (since the
multiplicity of the trivial representation inside A3g is one, i.e. £ = 1, see also the remark below). Then, according to
Theorem 3.13 it must be MVjnr = € + £ = 1+ 1 = 2, which also fits with the conclusion that w is a new bi-invariant metric
connection on Uy, and finally also with Lemma 3.7. This induces a 1-parameter family of bi-invariant metric connections V?
(b € R), corresponding to the bilinear mapping p?(X, Y) := b[i(tr (Y)X — tr(XY)Id)] = bu(X,Y), with X, Y € u(n). The
torsion T? € A%u(n) ® u(n) is not totally skew-symmetric. Indeed, the torsion of the mapping & = u4 — us is given by
THX,Y) = —v(X,Y)+ T¢X, Y). It is not totally skew-symmetric since for example u(X, X) # 0 and (, ) is a naturally
reductive metric. Similarly for «”. This finishes the proof. O

Remark 3.16. For a verification of the fact £ = 1 for U,, one can use the LiE program (and stability arguments), or even
apply the following. First, for dimensional reasons notice that

A¥(g) = A(u(n)) = AR @ su(n)) = A(su(n)) & (R ® A%su(n)). (%)

Using (4.3) we also see that R ® A2su(n) does not contain the trivial representation. For the decomposition of A3(su(n)),
recall first that any compact simple lie group G admits a non-trivial global G-invariant 3-from, the so-called Cartan
3-form wy(X,Y,Z) = B([X, Y], Z), where B denotes the Killing form on the Lie algebra g. On the other hand, the Ad(G)-
equivariant differential dj : A*(g) — A**1(g) on g is defined by d3(V A @) = di(¥) A ¢ + (—1)%V ¢ A dy(e) with
d;(9) = Y_(Zisw;) A (Zig) for some (—B)-orthonormal basis {Z;} of g. In these terms, in [34] it was shown that the splitting
A3Q) = spang{ws} ® (S@(A“(g)) ® dﬁ(ﬁL) defines an equivariant orthogonal decomposition of A3(§), where J; is the adjoint
operator of dy with respect to —B (see also Remark 3.14). From this decomposition, one deduces that £ = 1 for any compact
simple Lie group G, and since u(n) = R & g with § = su(n), by (x) we conclude the same for U,,.

We finally observe that © = u4 — us does not induces a derivation on m (apply for example Proposition 2.2 or
Theorem 2.8). In particular, [ 17, Thm. 2.9] holds only for G compact and simple (the direct claim is true even in the compact
case, but the converse direction fails for non-simple Lie groups, since [6, Lem. 3.1], or [ 17, Thm. 2.1], is valid only for a compact
simple Lie group).

3.4. Characterization of the types of invariant metric connections

Given an effective naturally reductive Riemannian manifold (M = G/K, g), our aim now is to characterize the possible
invariant connections with respect to their torsion type (for skew-torsion, see [ 1] or Lemma 3.4). We remark that next is not
necessary to assume the compactness of M = G/K.

Proposition 3.17. Let (M" = G/K, g) be a homogeneous Riemannian manifold which is naturally reductive with respect to a
closed subgroup G C Iso(M, g) of the isometry group and let g = ¢t @& m be the associated reductive decomposition. Assume
that the transitive G-action is effective, g = g and denote by V. = V" a G-invariant metric connection corresponding to
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w € Homg(m®m, m). Set (X, Y,Z) = (u(X,Y), Z),AX,Y) = VXY—V)g(Y andA(X,Y,Z)=(AX,Y),Z) foranyX,Y,Z € m,
where V& is the Levi-Civita connection. Then, the following hold:
(1) V is of vectorial type, i.e. A € Ay, if and only if there is a global G-invariant 1-form ¢ on M such that

X, Y,Z2)= %([X, YIn,Z) + (X, Y)p(Z) — (X, Z)p(Y), VX,Y,Z em.

(2) V is of Cartan type or traceless cyclic, i.e. A € Ay, if any only if the following two conditions are simultaneously satisfied:
(@) GxyzA(X.Y.Z)=3(X.Y]n.Z), VX.Y.Zem,
B) > imlZi,Z) =0,

where Z1, . .., Z, is an arbitrary { , )-orthonormal basis of m.

(3) Viscyclic,ie. A € Ay ® Ay, ifand only if S y 7 i(X, Y, Z)

= (X, V1w 2, VX, Y. Z €m.
(4) V is traceless, i.e. A € A, @ As, ifand only if ), u(Z;, Z;) = 0.

Remark 3.18. Before proceeding with the proof, let us first describe a useful formula. Recall that the torsion of V is given
by T(X,Y) = w(X,Y)— w(Y,X) — [X, Y], or in other words T(X,Y,Z) = u(X,Y,Z) — a(Y,X,Z) — ([X, Y]a, Z) for any
X,Y,Z € m. Therefore, a short application of (1.1) gives rise to
2AX,Y,Z) =TX,Y,Z)—-T(Y,Z,X)+ T(Z,X,Y)
= WX, Y, Z) = Y, X, Z) = (X, Y]n, Z) = (MY, Z, Z) + UZ, Y, X) + {[Y, Z]m, X)
+MZ, X, Y) = X, Z,Y) = ([Z,X], )
=2(X,Y,Z) = (X, Y], Z),

since (X, Y,Z)+ (X,Z,Y)=0forany X,Y,Z € mand (, ) is naturally reductive. Thus

AX,Y,Z)=(X,Y,Z)— = (X, Y]m, Z), VX,Y,Zem. (3.3)

1
2
Proof. (1) Assume that M = G/K carries a G-invariant metric connection V whose torsion is of vectorial type. Next we shall

identify m = T,M and for any X € m C g we shall write X* for the (Killing) vector field on M induced by exp(—tX). Recall
that [X*, Y*], = —[X, Y]} = —[X, Y].. Since V is a G-invariant connection, identifying (Vx=Y*), = VxY, we can write

(VxY,Z) = (VyY,Z) + (X, Y), Z) = (VgY,Z) + (A*(X)Y, Z)
:_([X7 Y]m!Z)_’_.&(XaYaZ)s (*)

where (Vg.Y*), = VyY = —[X, Y], = [X*, Y*], is the canonical connection with respect to m (cf. [38,41]). However, V is
of vectorial type, hence there is a 1-form ¢ on M = G/K such that
m® A’m = A3 AKX, Y, Z)= (X, Y)p(Z) — (X, Z)p(Y),

for any X, Y, Z € m. Using that (, ) is naturally reductive with respect to G and m, we compute (V)‘%*Y*)o = %[X*, Y*l, =
—3[X, Y] and

1
(VxY.Z) = (VgY,Z) +AX,Y.Z) = —5([X, Yln, Z) + (X, Y)o(Z) — (X, Z)e(Y).
Hence, a small combination with (x) gives rise to
1

However, j1 is an Ad(K)-invariant tensor (or in other words, it corresponds to a G-invariant tensor field on M = G/K), and
hence by () we conclude that ¢ must be a (global) G-invariant 1-form on M. This proves the one direction. Assume now
that (M = G/K, g) is endowed with a G-invariant tensor i € m ® A%m satisfying () for some G-invariant 1-form ¢ on
M and let us denote by V the associated G-invariant metric connection. Then, a combination of (3.3) and (xx) yields that
A € Ay, which completes the proof of (1).

(2) Assume that M = G/K carries a G-invariant metric connection V which is traceless cyclic. This means that the invariant
tensor A(X, Y, Z) must satisfy the conditions

GxyzAX,Y,Z)=0 and Y AZ,Z,2)=0, 1)

1

where {Z;} is an orthonormal basis of m with respect to (, ). By (3.3) we see that

Y A2.2.2)=0 & ) 2.2.2)=0.

i i
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However, Y, (Z;, Zi, Z) = Y (w(Zi, Z), Z) = (O MZi, Z;), Z) = (Y ; A(Z))Z;, Z), where A A" : m — so(m) is the
associated connection map. Thus, the traceless condition in (1) olds if and only if Y, u(Zi, Zi) = >; A(Z;)Z; = 0. Now, for
the cyclic condition in (1), using (3.3) we obtain the relation

. 3
GxyzAX,Y,Z)=6xyzil(X,Y,Z)— 5<[X» Y]n, Z)

and in this way we conclude the second stated relation. In fact, this follows also by the cyclic sum &x vy ;T(X,Y,Z) = 0,
where T is the torsion of V.
(3)Parts (3)and (4) are immediate due to the description given in (2) and the definition of the classes A1®.A,,and A, P.A3. O

Remark 3.19. If (M = G/K, g) is an effective Riemannian symmetric space endowed with a G-invariant metric connection
V = V* corresponding to some p© € Homg(m ® m, m), then the conclusions in Proposition 3.17 are simplified, i.e. for the
tensor A = V# — V& we deduce that

e A € Ay, ie. Visvectorial, if and only if 3 a global G-invariant 1-form ¢ on M such that
XY, Z)= (X, V)o(Z) — (X, Z)p(Y), VX,Y,Z em.

e A € A, ie. Vistraceless cyclic, if and only if &x vy (X, Y,Z) = 0and )_; A(Z)Z; = 0.
e Ac A ® Ay, ie. Viscydlic ifand only if & y (X, Y,Z) = 0forany X, Y,Z € m.

Because on a compact Riemannian symmetric space (M = G/K, g) of Type I, the G-invariant metric connections are
exhausted by the torsion-free canonical connection V¢ = V¢ associated to m, in the compact case the above conditions are of
particular interest for compact connected (non-simple) Lie groups endowed with a bi-invariant metric, where A = V# — V&
can be non-trivial. For example, below we apply these considerations for the Lie group U,. Finally notice that considering a
naturally reductive space as in Proposition 3.17 (or even a symmetric space as above), it is easy to certify that any G-invariant
metric connection of type A5 is also of type A; @ As, any G-invariant metric connection of type A, it is also of type .A; & A3,
etc.

Proposition 3.20. For n > 3, the bi-invariant metric connection V* on (U, ( , )) induced by the map u = pu4 — us of
Theorem 3.15 has torsion of vectorial type.

Proof. The Lie group U, has 1-dimensional centre Z; hence the quotient (U, x U,)/AU, is not yet effective, but the
expression (U, /Z)/(AU, /AZ) gives rise to an effective coset space. From now on we shall identify U, = (U, x U,)/ AU, =
(Un/Z)/(AU,/ AZ) and write u(n) @ u(n) = Au(n) @ m for the associated symmetric reductive decomposition, where

Au(n) = {(X,X) eun) @ u(n): X eun)}, m:={X,—X)ecun)®dun):X cun)}

are both isomorphic to u(n) as U,-modules. Because any compact connected Lie group G endowed with a bi-invariant metric
is a compact normal homogeneous space and moreover a compact symmetric space, the condition g = g of Proposition 3.17
is satisfied and we can apply the considerations of Remark 3.19. Consider the Lie algebra u(n) endowed with the bilinear
mapping u(X, Y) = i(tr(Y)X — tr(XY)Id), given in Theorem 3.15. Since (X, Y) = — tr(XY) we conclude that

X, Y, Z) = (X, Y), Z) = it(Y)(X, Z) — itr(XY)(ld, Z)
itr(Y)(X, Z) +i(X, Y)(ld, Z)
=itr(Y)X,Z) —itr(Z)(X,Y), (3.4)

forany X, Y, Z € u(n). Consider now the 1-form ¢ : u(n) — R, Y  ¢(Y) := —itr(Y).Itis easy to see that ¢ is a U,-invariant
1-form with kernel su(n). But then, based on (3.4) we obtain that

forany X, Y, Z € u(n) and using Remark 3.19 we conclude that A* := V*# — V& € A;. O

Remark 3.21. By Theorem 3.15, the group U, (n > 3) is equipped with a two dimensional space of bi-invariant metric
connections V/, given by the bilinear map f := aj; + b (a, b € R) where 11 and p are given by (3.2) and Theorem 3.15,
respectively. In general, V/ is of mixed type .4; @ As, but the conditions that the type of V/ is either purely .43 or purely

A1, naturally defines the one dimensional subfamilies aj; and by, respectively. Thus, we can express the space of bilinear
mappings inducing bi-invariant metric connections on U, as a direct sum of these families.

3.5. The curvature tensor and the Ricci tensor

Let us now examine the curvature tensor.
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Proposition 3.22. Let (M = G/K, g) be a naturally reductive Riemannian manifold as in Proposition 3.17. Then, the curvature
tensor R¥" = RY associated to a G-invariant metric connection V.= V* on M = G/K, induced by some u € Homg(m ® m, m),
satisfies the following relation

RV(X, Y)Z = Rg(X, Y)Z +AX, w(Y,Z)) =AY, u(X,Z2)) —A([X, Y], Z)
1
+ 5([x,A(Y, )l = [V, AKX, 2)ln).

forany X,Y,Z € m, where the tensor A is defined by the difference A = V — V& and R® is the Riemannian curvature tensor. If
(g, ©) is a symmetric pair, then the last three terms in the previous relation are cancelled.

Proof. The proof relies on a straightforward computation using the formulas
RY(X,Y)Z = (X, w(Y, Z2)) — (Y, (X, 2)) — u(IX, Y1w)Z — [IX, Y]e, Z1,

andAX,Y) = u(X,Y)—us(X,Y) = AX)Y—AS(X)Y where u8(X,Y) = A3(X)Y = %[X, Y].. is the bilinear map associated to
the Levi-Civita connection on M = G/K, see also (3.3). The last conclusion relies on the symmetric reductive decomposition,
in particular (3.3) reduces to A(X, Y,Z) = a(X,Y,Z)forany X, Y,Z e m. O

Consider now a G-invariant metric connection V of vectorial type. Let us denote by ¢ the associated Ad(K)-invariant
1-form on m and by £ € m the dual vector with respect to (, ). If |£]> # 0, then V is called a G-invariant connection of
non-degenerate vectorial type. In this case, by applying [7, Corol. 3.1] or by a direct calculation based on Proposition 3.22, we
get that

Corollary 3.23. Let (M = G/K, g) be an n-dimensional naturally reductive manifold as in Proposition 3.17, endowed with a
G-invariant metric connection V. = V* of non-degenerate vectorial type. Then
(1) Forany X, Y € m, the Ricci tensor Ric" associated to V satisfies the relation

. . 2—n
Ric” (X, ¥) = Ric* (X, Y) + (n = 2)(X, E)Y, ) + (2 = mIEI* (X, ¥) + —— (X, VI, ). (35)
(2) RicY is symmetric if and only if (g, €) is a symmetric pair and this is equivalent to say that g is a closed invariant 1-form.

Proof. We prove only the second claim. By (3.5) it follows that
RicV(X,Y) = Ric’(Y,X)=(n— 2)([X, Y], &), VX,Y em.

Hence, Ric¥ is symmetric if and only if ([X, Y., &) = 0. But since £ # 0, this is equivalent to say that (g, ) is a symmetric
pair, i.e. [m, m] C € By the definition of the differential of an invariant form (cf. [47, pp. 248-250]), or by [7, Prop. 3.2] we
get the last correspondence. O

Specializing to the Lie group U, we conclude that

Corollary 3.24. Consider the Lie group U, (n > 3) endowed with the bi-invariant metric connection V* induced by the map
i = lg4 — Ws, as described in Theorem 3.15. Then, the Ricci tensor Ric* associated to V* is given by the following symmetric
invariant bilinear form on u(n):

1
Ric“(X, Y) = 5{(2n2 —n—4)trXY + (5 — 2n?)trX trY},
forany X, Y € m = u(n).
Proof. We use the notation of Proposition 3.20 and view U, as an effective symmetric space endowed with the bi-invariant
metric induced by (X, Y) = — tr(XY). Consider the Nomizu map
AHX)Y = i(tr (V)X —tr(XY)Id), VX,Y € m = u(n).

By Proposition 3.20 we know that the bi-invariant metric connection Vf(‘ Y = VgY 4+ AX(X)Y has torsion of vectorial type,
associated to the Uy-invariant linear form ¢(Z) = —itr(Z) = i(ld, Z). The dual vector £ € m is defined by ¢(Z) = (Z, &)
for any Z € m and hence we conclude that £ = ild, in particular 0 # (£,&) = 1 = ||&||. Thus, the vectorial structure is
non-degenerate and we can apply Corollary 3.23, i.e.

Ric“(X, Y) = Ric*(X, Y) + (n* = 2)((X, §)(Y, §) — (X, Y))
= Ric*(X, Y) + (n* — 2)(tr(XY) — trX trY).
Now, ( , ) is a bi-invariant inner product and hence Ric¥(X,Y) = —%B(X, Y) for any X,Y € u(n), where B(X,Y) =
2ntrXY — 2tr X trY is the Killing form of U, (cf. [ 13,10] where the statement is given for a compact semi-simple Lie group,

but notice that Ric? satisfies the same formula for any bi-invariant metric g on a Lie group G). Thus, a small computation in
combination with the formula given above yields the result. O
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4. Classification of invariant connections on non-symmetric SII spaces
4.1. Strongly isotropy irreducible spaces (SII)

Consider a compact, connected, effective, non-symmetric SIl homogeneous space M = G/K. Since G is a compact simple
Lie group (see [46, p. 62]), any such manifold is a standard homogeneous Riemannian manifold. Passing to a covering G of G,
if G/K is not simply-connected but G is connected, then G acts transitively on the universal covering of G/K with connected
isotropy group, say K’, and it turns out that G/K is SII if and only if G/K’ is. Hence, whenever necessary we can assume that
G/K is a compact, connected and simply-connected, effective, non-symmetric SII space, with G being compact, connected
and simple and K C G compact and connected. In this setting, the strongly isotropy irreducible condition is equivalent to
an (almost effective) irreducible action of the Lie algebra ¢ = T.K on m = T,G/K. For a list of non-symmetric SII spaces we
refer to [ 13, Tables 5, 6, p. 203]. We remark however that there are misprints in Table 6 of [ 13], related to SIl homogeneous
spaces M = G/K of G = Sp, (compare for example with [46, Thm. 7.1]). We correct these errors in our Table 5.

Proposition 4.1. Let (M = G/K, g = —B|.,) be an effective, non-symmetric (compact) SIl homogeneous Riemannian manifold,
endowed with a G-invariant affine connection V* compatible with the Killing metric (, ) = —B|,,, where © € Homg(m ® m, m).
Then, the torsion T* of V* does not carry a component of vectorial type.

Proof. Assume that M = G/K carries a G-invariant metric connection V whose torsion is of vectorial type and let
g = ¢t @ m be the reductive decomposition with respect to the Killing metric. Then, by Proposition 3.17(1), we have that
X, Y,Z) = %([X, Y]n, Z) + (X, Y)o(Z) — (X, Z)p(Y), for some G-invariant 1-form ¢ on M = G/K. However, m is a self-
dual and (strongly) irreducible K-module over R; thus global G-invariant 1-forms do not exist, since dually the isotropy
representation needs to preserve some vector field £ and hence a 1-dimensional subspace of m, spanned by £. O

Corollary4.2. Let(M = G/K, g) be an effective, non-symmetric (compact) SIl homogeneous Riemannian manifold, endowed with
a non torsion-free G-invariant metric connection V. Then, the torsion 0 # T of V is totally skew-symmetric, T € A3 = A3TM, or
traceless cyclic T € A, or of mixed type T € A, @ As, i.e. traceless.

4.2. An application in the spin case

Consider an effective, non-symmetric (compact) SII homogeneous Riemannian manifold (M" = G/K, g). Assume that
M = G/K admits a G-invariant spin structure, i.e. a G-homogeneous Spin(m)-principal bundle P — M and a double
covering morphism A : P — SO(M, g) compatible with the principal groups’ actions. Recall that an invariant spin
structure corresponds to a lift of the isotropy representation y into the spin group Spin(m) = Spin,, i.e. a homomorphism
X : K — Spin(m)such that x = Ao, where A : Spin(m) — SO(m) s the double covering of SO(m) = SO,,. We shall denote by
kn : CL%(m) = End(A,,) the Clifford representation and by C£(X ® ¢) := k(X)) = X - ¥ the Clifford multiplication between
vectors and spinors, see [1] for more details. Set p := k o ¥ : K — Aut(A), where & = kyspinem): SPin(m) — Aut(A,,) is
the spin representation. The spinor bundle ¥ — G/K is the homogeneous vector bundle associated to P := G x5 Spin(m)
via the representation p, i.e. ¥ = G x, A,. Therefore we may identify sections of X' with smooth functions ¢ : G — A,
such that ¢(gk) = « (X(k™"))e(g) = p(k~")p(g) forany g € G, k € K.
_ Choose a G-invariant metric connection V on G/K, corresponding to a connection map A € Homyg(m, so(m)). The lift
A:=27"0A:m — spin(m)induces a covariant derivative on spinor fields (which we still denote by the same symbol)
V:I'(Y)— I'(TYG/K)® X), given by Vxvr = X() + A(X)y. Here, the vector X € m is considered as a left-invariant
vector field in G and A(X)¥ as an equivariant function A(X)y : G — m. The Dirac operator D := C£LoV : I'(X) — I'(X)
associated to V is defined as follows (cf. [1]):

DY) =Y knZNZ(Y) + AZWY = Y Zi- {Z(¥) + Az,
where Z; denotes a (, )-orthonormal basis of m.

Remark 4.3. Given a spin Riemannian manifold (M, g) endowed with a metric connection V, basic properties of the induced
Dirac operator D = C{£ oV are reflected in the type of the torsion of V. For example, by a result of Th. Friedrich [24] (see
also [26,40]), it is known that the formal self-adjointness of the Dirac operator D = C{ oV is equivalent to the condition
A € A, @ A3, where A = V — V& Hence, in our case as an immediate consequence of Corollary 4.2 we obtain that

Corollary 44. Let (M = G/K, g) be an effective, non-symmetric (compact) SIl homogeneous Riemannian manifold, endowed
with a G-invariant metric connection V and a G-invariant spin structure. Then, the Dirac operator D associated to V is formally
self-adjoint.

Note that the classification of invariant spin structures on non-symmetric SII spaces is an open problem (see [15] for
invariant spin structures on symmetric spaces and [8] for a more recent study of spin structures on reductive homogeneous
spaces).
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4.3. Classification results on invariant connections

For the presentation of the classification results, we use the notation of [39, p. 299]. In particular, for a compact simple Lie
group G we shall denote by R(;r ) the complex irreducible representation of highest weight 7. We mention that the isotropy
representation of a compact, non-symmetric, effective SII space turns out to be of either real or complex type. In fact, fixing
a reductive decomposition g = ¢ @ m, whenever the complexification m® splits into two complex submodules, these are
never equivalent representations (see also [46]). Hence, by Schur’s lemma we have the identification Homg(m, m) = C for
complex type and Homg(m, m) = R for real type. In the first case, the endomorphism J induced by i € C makes G/K a
homogeneous almost complex manifold. Note that the same conclusions are true for a symmetric space, see [32,33] (recall
that the adjoint representation of a compact simple Lie group is always of real type).

Remark 4.5. The multiplicities that we describe below have also been presented in the PhD thesis [19] (see Tables
.3.1-1.3.4, pp. 77-79), for a different however aim, namely the description of the components of the intrinsic torsion
associated to (irreducible) G-structures over non-symmetric compact SII spaces (see also [20]). We remark that there are
a few errors/omissions in [ 19], related with some low-dimensional cases, namely:

e the case p = 2, g > 3 of the family SU,q/SU,, x SUy,
e the case n = 5 of the family SU nu—1) /SU,,

o the case n = 6 of the family SOmfn(m) /S0, (due to isomorphism so(6) = su(4)).
2

In these mentioned cases, the general decompositions of A%m or Sym? m change and most times this affects to multiplicities
that we are interested in. Notice also that for the manifold SO4,/Sp, x Sp; the enumeration in [46,13] starts forn > 2 (as we
do), but in [19] it is written n > 3. We correct these errors in our Table 4 (they are indicated by an asterisk). Notice finally
that the author of this thesis uses the LiE program (as we do) and for infinite families he is based on stability arguments,
see [19, Rem. 1.3.9]. Below we also give examples of how such families can be treated even without the aid of a computer.

Remark 4.6. Given a reductive homogeneous space M = G/K of a classical simple Lie group G, there is a simple method
for the computation of the associated isotropy representation x : K — Aut(m), given as follows. Let us denote by
on SO, — Aut(R"), u, : SU, — Aut(C") and v, : Sp, — Aut(H") be the standard representations of SO,, SU, (or
U,), and Sp,,, respectively. Recall that the complexified adjoint representation Adg = Ad; ®C, satisfies

Adgon = A%py, Adgn = fn ® Uy, Adgcun D1 =, Q uy, Adgpn = Sym?v,,

where p} is the dual representation of 11, and 1 denotes the trivial 1-dimensional representation. Let G be one of the Lie
groups SO,, SU,, Sp, and let 7 : K — G be an (almost) faithful representation of a compact connected subgroup K. Using
the identity Ad |1< = Adg @y, we see that the isotropy representation x of G/ (K) is determined by A’7r = ad, @y in
the orthogonal case, by 7 @ 7* = 1 @ ad, @ in the unitary case and finally by Sym? = = ad, @ in the symplectic case
(see [10,46]).

Theorem 4.7. Let (M = G/K,g = —B|.) be an effective, non-symmetric (compact) SIl homogeneous space. Consider the
B-orthogonal reductive decomposition g = ¢ @ m. Then, the complexified isotropy representation m® and the multiplicities a, s, N'
and ¢ are given in Tables 4 and 5.

4.4. On the Theorems A.1, A.2 and B—Conclusions

The results in Tables 4 and 5 allow us to deduce that several non-symmetric SII spaces are carrying new families of
invariant metric connections, in the sense that they are different from the Lie bracket family n“(X,Y) = 1%"‘[X ,Ya
(see Lemma 3.4). In combination with Lemma 3.12, we also certify the existence of compact, effective, non-symmetric SII
quotients M = G/K which are endowed with additional families of G-invariant metric connections with skew-torsion,
besides n“. In full details, this occurs in the following two situations:

e when2 < ¢ < aand the isotropy representation is not of complex type (since for complex type we may have £ = 2 = a,
but due to Schur’s lemma all these invariant connections must be exhausted by the family n*(X, Y) = "T“[X , Y], with
o € C) or

o when the isotropy representation is of complex type but £ (and hence a) is strictly greater than 2.

This observation, in combination with Lemmas 3.7, 3.12 and the results in Tables 4 and 5, yields Theorems A.1 and A.2.
Theorem B it is also a direct conclusion of the multiplicity s given in Tables 4 and 5 and Lemma 3.9. In fact, for affine
connections induced by symmetric elements ;. € Homg(Sym? m, m), we also conclude that

Corollary 4.8. Let (M = G/K,g = —B|,) be an effective, non-symmetric, SII homogeneous space associated to the Lie group
G = SUy,. Then, there is always a copy of m inside Sym? m, induced by the restriction of the Ad(SU,)-invariant symmetric bilinear
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mapping
2
n :su(n) x su(n) - su(n), n(X,Y):=i{Xy +YX — - tr(XY)Id}
on the corresponding reductive complement m. If M is isometric to one of the manifolds
SU19/SUs,  SUyq/SUz x SUq (g = 3), SUje/Spinyg,

then the 1-parameter family of SU,-invariant affine connections on M = SU,,/K associated to the restriction n|,: m x m — m,
exhausts all SU,-invariant affine connections induced by some 0 # 1 € Homg(Sym? m, m).

Proof. The first part is based on [33, Thm. 6.1]. Notice that » is known by [32, p. 550]. Now, using the results of Tables 4 and
5 about the multiplicity s of m inside Sym? m, we obtain the result. O

4.5. Some explicit examples

Let us now compute the desired multiplicities a, s and ¢, for general families of (non-symmetric) SII spaces, without
the aid of computer. For this we need first to recall some preliminaries of representation theory (for more details we refer
to [14,42,19]).

If 7 is a complex representation of a compact Lie algebra ¢, then 7 = 7* where 7 denotes the complex conjugate
representation and 7z * the dual representation. If 77 is a complex representation of £ on V, then there is a symmetric (resp.
skew-symmetric) non-degenerate bilinear form on V invariant under s, if and only if there is an anti-linear intertwining
map t with 72 = Id (resp. 2 = —Id) [ 14, Prop. 6.4.]. If & is irreducible then Schur’s lemma ensures the uniqueness of such
a bilinear form. A complex representation carrying a conjugate linear intertwining map t with 2 = Id (resp. 2> = —1Id) is
called of real type (resp. quaternionic type). Finally we call a complex representation 7 : ¢ — gl(V) of complex type if it is
not self dual, i.e. V 2 V*,

Let (7r, V) and (;r/, W) be representations of a connected (not necessarily compact) Lie group H on two vector spaces V
and W, respectively. It is important to note that even if 7 and n’ are irreducible, then the tensor product representation
V®W,definedbyr @ 7' : H — Aut(V @ W), (r @ n’)(h)(u ® w) = w(h)u ® 7'(h)w, is always reducible. Let us denote by
A¥*7 and Sym* 7 the kth exterior power and kth symmetric power, respectively. For k = 2, it is easy to prove that

{AZ(V@W) AV (VW) AW,

Sym*(Ve W) = Sym?’Vaé(VeW)dSym?>Ww. 41
If (r, V) and (7r/, W) are representations of two connected Lie groups H and H’, respectively, then the vector space V @ W
carries a representation of the product group H x H’, say (7 &', V @ W), given by 7 ®x’(h, i’ )(u ® w) = w(h)u ® 7'(h w.
This representation is called the external tensor product of 7r and 7’. In the finite-dimensional case, 7 @z’ is an irreducible
representation of H x H’, if and only = and 7" are both irreducible. In particular, if H, H are compact Lie groups, then a
representation of H x H' in GL(C") is irreducible if and only if it is the tensor product of an irreducible representation of H
with one of H'. Finally, one has the following equivariant isomorphisms:

(VOW) ® (V'&W') (Ve VI&Wew)
A2(VRW) = (A2VQSym? W) ® (Sym? V®A2W) (4.2)
Sym?(VRW) (Sym? V® Sym? W) @ (A2V® AZW)

We finally remark that if V, W are complex irreducible representations of two compact Lie groups H and H’ respectively,
then VQW is of real type if V, W are both of real type or both of quaternionic type, V&W is if complex type if at least one
of V, W are of complex type and finally, VW is of quaternionic type if one of V, W is of real type and the other one of
quaternionic type.

Lemma4.9. Consider the homogeneous space Mp g := G/K = SU,q/SU,, x SUq Withp, q > 2, p+q > 4. Then, the multiplicities
of the isotropy representation m = Adsy, ® Adgy, inside A%m and Sym? m are given as follows: forp =2,q > 3itisa=s = 1,
while for p, q > 3itisa = s = 2. Moreover, the dimension of the trivial submodule (A3m)<is¢ =1forp=2,q>3and £ = 2
forp,q=3.

Proof. The inclusion 7w : K — G is given by the external tensor product of the standard representations u, and 4 of SU,
and SUg, respectively. Thus, a short application of Remark 4.6 in combination with the relation Adfn = R(mq + ), yields
that

m® = (Adgup & Ad‘SCUq) = R(mty + mp_1)®R(7r1 + 74-1).

Consequently, the isotropy representation m = Adsy, ® Adsy, of My ¢ = SUpq/SU, x SUy is irreducible over R and is of real
type, since it is the external tensor product of two representations of real type. Now, by [39] we also know that

A’Ady = RQ2my + 70_1) ® R(my + 2m,) ® Ay, 1> 3 (4.3)
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Sym’* Adj;,

_ {R(2n1+2nn)®R(n2+nn 1)@ Ady ®1, ifn>3, (4.4)

(2771 + 27,) ® AdS D1 ifn=2.

Certainly, for su, = so3 = sp, one gets a 3-dimensional irreducible representation A (AdEUZ) = AdgU2 = R(27m). Moreover,
itis Sym (Adguz) R(471)® 1. Notice also that Az(Ad ) R(371) ®R(37m7) @Adsu , since Ad§U3 = R(;r1 + 72). Due to this

small speciality of SU, and the different decomposition of Sym? Adfn (forn = 2 and n > 3, respectively) one has to separate
the examination into two cases:

Case A: p = 2, q > 3. Then we have M,; = SU,,/SU, x SUg and
m® = Adgy, ® Adgy, = R2m1)®R(m1 +7g-1), (@ = 3).
Hence, a combination of (4.2), (4.3), (4.4) and A%(Adg;,,) = Adg,;, = R(2m1) shows that
A} (m®) = (RQ271)& Sym® Adgy, ) @ ((R(4m1) @ 1)@ A Adg;,)
= (Rm1)®R2m: + 27-1)) ® (RR271)®R(72 + 7)) @ (Adgy, ® Adgy,) ® RQ271)
@ (R(471)®R(271 + 74-2)) ® (R(41)ER(; + 274-1)) ® (R(471)® Adgy, )
BR(Q271 + 74-2) ® Rz + 274-1) ® Ady, -

We deduce that m® appears once inside A?(m®) and since m is of real type, it follows thata = 1.
Let us treat the decomposition of the second symmetric power. We start with the low dimensional case p = 2,q = 3,
i.e.m® = Adg,, ® Adgy,. A combination of (4.2), (4.3) and (4.4), yields
Sym?(m€) = ((R(4n1) ® 1)®(R(2m1 + 2,) ® Adg, @1)) ® (Adgu2 &(R(3m1) ® R(37m) @ AdSU3))
= (R(4m1)®R(271 + 272)) @ (R(471)® Adgy,,) @ R(4m1) @ R(271 + 2m,) @ Adgy, @
@ (Adg,, ®R(371)) @ (Adgy, ®R(372)) @ (Adgy, ® Adgy, ).

Hence, there is a copy of m€ inside Sym?(m®) and as above we conclude that s = 1.In a similar way, forp = 2 and q < 4,
we get that

Sym*(m®) = (R(471) ® 1)&(R271 + 2714-1) ® Rz + 74-2) © Adgy, 1)
@(Adguz ®(R(27T1 + mq—2) @ R(my + 274 1) @ Adguq))
= (R(47T1 )®R(2my + 27Tq—1)) S (R(47T1 J®R(, + 7Tq—2)) S] (R(sz + 7g—2)® Ad(scuq)
®R(471) @ R(2m1 + 27m4—1) ® R(mmz + 74—2) ® AdgcU &1
® (Adgy, ®RQ271 + 74-2)) @ (Adgy, ®R(72 + 271-1)) @ (Adgy, & Adgy, ).
Thus again we conclude s = 1.

Case B: 3 < p < q. In this case, a combination of (4.2), (4.3) and (4.4) yields the following decomposition for any p > 3 and
q=p:
A*(m®) = (A’R(m + 7p—1)® Sym® R(mry + 74-1)) @ (Sym® R(mry + mp—1)® A*R(7r1 + 7q—1))
= (R(Zm +7mp_2) ®R(my + 27y 1) D AdEUp)é)(R(Zm +2mg—1) D R(m2 + 14—2) ® AdSUq @1)
®(RQ271 +275-1) ® Rz + 7p-1) @ Adgy, ©1)&(R(271 + 7g-2) ® R(m2 + 2714-1) © Adgy, ).

These two external tensor products each contain one copy of m®, hence we have a = 2 in this case. Passing to the second
symmetric power and working in the same way we get that

Sym*(m®) = (Sym® Adgy, & Sym® Adg;, ) @ (A° Adg,, ® 4% Adg, )
= (RQ2m1 + 27mp—1) B R(mz + mp—2) Ad;CUp ®1)®(R(2m1 + 27q—1) ® R(m2 + 74—2) ® Ad‘SCUq ®1)
®(R(2m1 + 7p—2) D R(m2 + 271p_1) @ Adgcup)®(R(2n1 + 7q—2) ® R(mmy + 274—1) @ Adguq).

It follows that there are two instances of m€ inside Sym?(m®), i.e.s = 2.
To compute the dimension of the space of invariant three-forms, consider the additional equivariant isomorphism

AVRW)=(AVRSym’ W) & (Pr(2,1) ® Pw(2, 1)) @ (Sym’ V ® A*°W),

where Py(2, 1) and Py/(2, 1) are the (2,1)-plethysms of V and W, respectively. From this we deduce that any invariant 3-form
on V ® W can be projected to component forms induced from the following cases:
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e An invariant 3-form on V and an invariant symmetric 3-tensor on W
e The product of two invariant elements of the (2,1)-plethysms of V and of W
e An invariant symmetric 3-tensor on V and an invariant 3-form on W

Let us first compute such objects for V := Adgup = R(my 4 mp—1). We have
APR(my 4+ 7, 1) @ PRy m,_1)(2, 1) = APR(71 + 7p-1) ® R(1 + 70p-1),

and by (4.3) we have A2 Adgup = A?R(m1 + 7mp_1) = R(7w1 + mp—1) ® R2m1 + 7p_2) ® R(mwy + 27,_1). The first part of the
computation is

Ad(s:up ®Ad§CUp = R(mm1 + 7mp—1) @ R(mmy + 7p—1) = R(271 + 27p_1) ® R(mm1 + 71p—1) O R,

where the trivial term R corresponds to the tensor of the Killing form of su(p) (see Remark 3.16). This yields the first invariant
3-form on R(my 4 mp—1). Now we are left with the task of computing unsymmetrized tensor products of irreducible SU,-
modules, and this can be done via the Littlewood-Richardson rule. The result is that the products R(27r1 47,2 )QR(7w1 +7p-1)
and R(m, + 2m,—1) ® R(;r1 4 m,—1), do not contain the trivial representation. Hence the (2,1)-plethysm of R(;r1 + mp_1) also
does not admit any trivial modules. By (4.4) we also deduce that the multiplicity of V in Sym? R(r; + mp—1)isOforp = 2, or
1 for p > 3. Furthermore, we have

Sym?® R(7r1 + 7p—1) & Py 4m, (2, 1) = Sym* R(7r1 + 7mp—1) ® R(m1 + 7p_1)

and the tensor product between R(my + mp—1) C Sym? R(m; + mp—1) and the rightmost factor R(wr; + mp—1) contains
a trivial submodule, corresponding as before to the tensor of the Killing form. This trivial submodule is contained in
Sym>R(mr; + mp—1), Since we have already shown that PR(,,1+,TP71)(2, 1) contains no such. Note that the computations for
W= AdEUq = R(m1 + my—1) are identical (except for switching the label p to q). Therefore, we finally get a one dimensional
trivial submodule in A3(V ® W) for the case p = 2 (or g=2), and when p, g > 3 we get a two dimensional trivial submodule
in A3(V ® W). In our notation, this means £ = 1forp = 2,q > 3 and £ = 2 for p, g > 3. This completes the proof. O

Lemma 4.10. Consider the homogeneous space M = G/K = Sp,,/(SO, x Sp;) with n > 3. Then, the isotropy representation
m = R(271)®sp(1) has multiplicity a = 1 inside A%m and multiplicity s = 0 inside Sym? m. Moreover, the dimension of trivial
submodule (A3m)Xis ¢ = 1.

Proof. An embedding of a compact Lie group K into Sp,, is equivalent to a (faithful) representation ¢ : K — GL(H"). This is
a representation of real dimension 4n with an invariant quaternionic structure. Since K = SO, x Sp; is compact, the image
of ¢ will be inside some conjugacy class of Sp,. We are looking for the unique isotropy irreducible embedding, which means
that ¢ should be an irreducible representation. Let R(w1, w2) = R(w1)so, QcR(wy Jsp, denotes the associated real irreducible
representation. The obvious candidate is ¢ = R(7r1, 71) = R"®gH = R"®gC2. This irreducible representation is obviously
of quaternionic type. Recall now the adjoint representation of Sp,, is the real submodule inside Adgpn = Sym?v, = Symé H".
Thus we must take into account the complex structure on ¢, which is defined by its action on the right tensor factor H ~ C2.
By applying (4.2), we compute

Sym% ¢ = SymA(R"®rC?) = (SymZ R"®p Sym2 C?) @ (AZR"® AZC?)
= (R(2m1) ® R(0)) ® Adg,, & Adg,, .
This immediately yields the isotropy representation
m = sp(n)/(so(n) & sp(1)) = R(271)®sp(1) = R(271, 2711),

which is irreducible. Since m has real type and its tensor factors also have real type, we can apply complex representation
theory without performing any extra complexifications. We proceed with the decomposition of A2m and Sym? m. For
any n > 4 note the following decompositions of SO,-modules: A%R(2m;) = R(27w; + m3) & R(,) and Sym? R(2m;) =
R(47m1) ®R(271) ® R(27,) ® R(0). For Sp; we have that A%sp(1) = sp(1) and Sym? sp(1) = R(471)®R(0) = R(4m1)® 1. Hence
we conclude that only those terms in the tensor square that contain a factor of Sym? R(27;) and A2sp(1) will yield copies of
m. In particular, the decomposition

A’m = A*(R(271)®sp(1)) = (A°R(271)® Sym? sp(1)) @& (Sym? R(271)® A%sp(1))
contains precisely one instance of m, i.e. a = 1. One the other hand,
Sym® m = Sym*(R(21)®sp(1)) = (A’R(271)® A%sp(1)) & (Sym? R(271)® Sym® sp(1)),

hence s = 0. This proves the claim for n > 4. For completeness we examine the low-dimensional cases. Let first n = 3. The
defining representation ¢ of K = SO3 x Sp; must be of real dimension 12 = 3 x 4 and hence the only irreducible possibility
is ¢ = R*®H = R(2m)®R(7r1). Thus we get

Sym2 ¢ = Sym2(R*®=C?) = (R(4m1)®sp(1))” @ (sp(1) @ 50(3)) "
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Hence in this case m = R(4m1)®sp(1). As so(3)-modules, we have that
A’R(4m1) = R(6m1) @ s0(3), Sym? R(4m;) = R(871) @ R(4m1) @ R(0).

Therefore, only products of Sym? R(47;) and A%sp(1) yield copies of m. Consequently, the result is the same as above, the
multiplicity of m is one in A%?m and zero in Sym? m.

Assume now that n = 4. The defining representation of K = SO4 x Sp; is ¢ = R*®H, but R* = R(ry + ) in terms of
highest weights, instead of being R(7r1) as before, because SO, is non-simple. We get

Sym? ¢ = SymA(R'&xC?) = (R(271 + 2m2)@sp(1)) " @ (sp(1) @ s0(4))"
and thus m = R(27; + 27,)®sp(1) in this case. As so(4)-modules, we see that

A’R(271 + 273) = R(271 + 47m3) @ R(4my + 275) @ s0(3),
Sym2 R(Z]Tl + 27'[2) = R(47T1 =+ 47'[2) D R(47'[1) &) R(47T2) D R(Z]T] + 27'[2) b R(O),

and the same argument as previously yields thata = 1 and s = 0.

Now, our assertion for (A3m)X can be deduced very easily as follows: Any invariant element of A>m induces an equivariant
map in Homg(m, A%m). For any n > 3 we have shown that a = dimg Homg(m, A?m) = 1. Thus, dimg(A3m)X < 1, but
by Lemma 3.12 we also get dimg(A3m)X > 1 and the result follows. Note that this method for the computation of the
multiplicity ¢, applies on any non-symmetric SI space M = G/K whose isotropy representation is of real type and hasa = 1
(or whose isotropy representation is of complex type and has a = 2, e.g. S® & G,/SU3). O

5. Classification of homogeneous V-Einstein structures on SII spaces
5.1. Homogeneous V-Einstein structures

Similarly with invariant Einstein metrics on homogeneous Riemannian manifolds, on triples (M", g, T) consisting of a
homogeneous Riemannian manifold (M" = G/K, g) endowed with a (non-trivial) invariant 3-form T, on may speak of
homogeneous V-Einstein structures. In particular,

Definition 5.1. A triple (M", g, T) of a connected Riemannian manifold (M, g) carrying a (non-trivial) 3-form T € A3T*M, is
called a G-homogeneous V-Einstein manifold (with skew-torsion) if there is a closed subgroup G C Iso(M, g) of the isometry
group of (M, g), which acts transitively on M and a G-invariant connection V compatible with g and with skew-torsion T,
whose Ricci tensor satisfies the condition (1.2).

In this case, g is a G-invariant metric, the Levi-Civita connection V& is a G-invariant metric connection and since
2(V—Ve&) = T, the torsion T of V is given necessarily by a G-invariant 3-form 0 # T € A3(m)X, where m = T,M is areductive
complement of M = G/K with K C Gbeing the (closed) isotropy group. In particular, the V-Einstein condition (1.2) is Ad(K)-
invariant, in the sense that the Ricci tensor Ric" is a G-invariant covariant 2-tensor which is described by an Ad(K )-invariant
bilinear form on m, and the same for its symmetric part. Moreover,

Proposition 5.2. On a homogeneous Riemannian manifold (M = G/K, g) carrying a G-invariant (non-trivial) 3-form T €
A3(m)X, the scalar curvature Scal = Scal” associated to the G-invariant metric connection V := V& + %T is a constant function
on M.

Proof. It is well-known that on a reductive homogeneous space, the scalar curvature Scal® of the Levi-Civita connection
(related to a G-invariant Riemannian metric g, or the corresponding Ad(K)-invariant inner product {, ) on the reductive
complement m) is independent of the point, i.e. it is a constant function on M [13,35]. Let V be a G-invariant metric
connection on (M = G/K, g) whose skew-torsion coincides with the invariant 3-form 0 # T € A3(m)X. Due to the identity
Scal = Scal® —% IIT|I? it is sufficient to prove that ||T||? is constant, which is obvious since T corresponds to a G-invariant
tensor field. Consequently, Scal” : G/K — R is constant. O

5.2. On the proofs of Theorems C-E

Let us focus now on an effective, non-symmetric (compact) strongly isotropy irreducible homogeneous Riemannian
manifold (M = G/K,g = -—B|,), where g = £ @ m is the associated B-orthogonal decomposition. We denote by
MK(SO(G/K, g)) € MG(SO(G/K, g)) € Affe(F(G/K)) the space of G-invariant affine connections on M = G/K which are
compatible with the Killing metric g = —B|,, and have invariant 3-forms 0 # T € (A3m)X as their torsion tensors. For
the corresponding set of homogeneous V-Einstein structures, we will write 5(5;"(50(6/1( , 8)). As stated in the introduction,
Lemma 3.12 and Schur’s lemma allow us to parametrize 5%" (SO(G/K, g)) by the space of global G-invariant 3-forms. Hence,
this finally yields the identification £¥(SO(G/K, g)) = (SO(G/K, g)). With the aim to clarify this identification and give
explicit proofs of Theorems C-E in introduction, let us recall first the following important result of [17].
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Theorem 5.3 ([17, Thm. 4.7]). Let (M" = G/K, g) be an effective, compact and simply-connected, isotropy irreducible standard
homogeneous Riemannian manifold (M"™ = G/K, g) of a compact connected simple Lie group G, which is not a symmetric space
of Type I. Then, (M"™ = G/K, g) is a V¥-Einstein manifold for any parameter « # 0, where V* = V& + %T“ = V¢ + A% is the
1-parameter family of G-invariant metric connections on M, with skew-torsion 0 = T* = « - T¢ (see Lemma 3.4).

Note that for a symmetric space M = G/K of Type ], the associated space of G-invariant affine metric connections is always
a point, i.e. V¢ = V¢ = V& and no torsion appears. On the other hand, Theorem 5.3 generalizes the well-known fact that a
compact simple Lie group G is V¥-Einstein with (non-trivial) parallel torsion for any 0 # o € R, with the flat +1-connections
of Cartan-Schouten being the trivial members (see for example [3, Lemma 1.8] or [17, Thm. 1.1]). Notice however, that
if M = G/K is not isometric to a compact simple Lie group, then the V¥-Einstein structures described in Theorem 5.3
have parallel torsion only for « = 1. We finally remark that both S® = G,/SUs, S’ = G,/Spin, are (strongly) isotropy
irreducible and non-symmetric, hence they are V*-Einstein manifolds with skew-torsion, forany 0 # « € C,0 # « € R,
respectively (due to the type of their isotropy representation). The same applies for any compact, non-symmetric, effective
SIl homogeneous Riemannian manifold and this gives rise to Theorem C which is an immediate consequence of Theorem A.1
and Theorem 5.3.

Let us proceed now with a proof of Theorems D and E.

Proof of Theorem D. If M = G/K is a manifold in Table 2 whose isotropy representation is of real type, different than
SO10/Sp,, then Theorem A.2(i) ensures the existence of a second (real) 1-parameter family of G-invariant connections
V! £ V4, compatible with the Killing metric and with skew-torsion T® such that T* # T¢ ~ T* (forany t, « € R), where T¢ is
the torsion of the (unique) canonical connection corresponding to m. Thus, we can write V! = V& + %Tr with V¢ #£ V¢, Since

RicY' = Ric' is G-invariant, the same is true for 86Tt = §V'T¢, in particular we can view the codifferential of T¢ € (A3m)X as
a G-invariant 2-form. However, x is of real type, hence the trivial representation R does not appear in A%m, i.e. (A?m)X = 0.
Hence, we deduce that 8T = 0 = §T! and since m is (strongly) isotropy irreducible over R and the Ricci tensor Ric*
is symmetric, by Schur’s lemma it must be a multiple of the Killing metric, i.e. (M = G/K, —B|,,, V') is V¢-Einstein with
skew-torsion. Our final claim follows now in combination with Theorem 5.3. O

It is well-known that an effective SIl homogeneous space M = G/K admits an (integrable) G-invariant complex structure
if and only if is a Hermitian symmetric space [46]. Moreover, the existence of an invariant almost complex structure
J € End(m) on a strongly isotropy irreducible space implies that the isotropy representation is not of real type, hence
X = ¢ @ ¢ for some irreducible complex representation with ¢ 2 ¢. Consequently, any manifold which appears in
Tables 4, 5 and whose isotropy representation is of complex type, is a G-homogeneous almost complex manifold (see also

[46, Cor. 13.2]). Notice also

Lemma 5.4. Let ¢ be a compact Lie algebra and let p : € — End(m) be a faithful (irreducible) representation of ¢ over R, endowed
with an invariant inner product B,,,. Assume that dimm > 2. If m admits an ad(&)-invariant complex structure J (as a vector space),
then A?m contains the trivial representation R.

Proof. We only mention that since m is an irreducible complex type representation of a compact Lie algebra ¢, it is unitary,
therefore the ad(t)-invariant Kahler form w(X, Y) = B,(JX, Y) gives rise to an ad(¢)-invariant element inside A?m. O

Consider now the spaces SO,2_;/SU, (n > 4) and Eg/SUs. Since their isotropy representation is of complex type,
Lemma 5.4 certifies the existence of G-invariant 2-forms. Thus, in contrast to Theorem D, we cannot deduce that the Ricci
tensor of all predicted G-invariant metric connections with skew-torsion must be necessarily symmetric (although this
is the case always for Ric*). However, since we are considering the isotropy irreducible case, we obtain Theorem E as
follows:

Proof of Theorem E. Assume that (M = G/K,g = —B|,) is one of the manifolds SO,2_;/SU, (n > 4) or Eg/SU3. By
Theorem A.2(ii) (see also Table 2) we know that M = G/K admits a 4-dimensional space of G-invariant metric connections
with skew-torsion. Now, the V-Einstein condition is related only with the symmetric part of the Ricci tensor associated to
any such connection. Since this tensor is G-invariant, Schur’s lemma ensures that the V-Einstein equation is satisfied for any
available G-invariant metric connection V with skew-torsion. Therefore, the space of G-invariant V-Einstein structures has
the same dimension with the space of G-invariant metric connections with skew-torsion. This proves Theorem E. O
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