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Preface

In this work we study the interrelations between two important concepts from the qualitative
theory of differential equations. These are the Riccati differential equation and the separation or
comparison properties of zeros of solutions of linear differential systems (called the Sturmian theory).
These two concepts are connected by the well known mathematical object — the linear Hamiltonian
differential system.

This work has been written for obtaining the academic qualification Associate Professor (docent)
at the Masaryk University in Brno, Czech Republic. It contains research results achieved by the
author in the years 2016-2021 and published in the papers

1. P. Sepitka, Genera of conjoined bases for (non)oscillatory linear Hamiltonian systems: ex-
tended theory, Journal of Dynamics and Differential Equations, 32 (2020), no. 3, 11391155,

2. P. Sepitka, Riccati equations for linear Hamiltonian systems without controllability condition,
Discrete Continuous Dynamical Systems Series A, 39 (2019), no. 4, 1685-1730,

3. P. Sepitka, R. Simon Hilscher, Comparative index and Sturmian theory for linear Hamiltonian
systems, Journal of Differential Equations, 262 (2017), no. 2, 914-944,

4. P. Sepitka, R. Simon Hilscher, Singular Sturmian separation theorems on unbounded intervals
for linear Hamiltonian systems, Journal of Differential Equations, 266 (2019), no. 11, 7481—
7524,

5. P. Sepitka, R. Simon Hilscher, Singular Sturmian comparison theorems for linear Hamiltonian
systems, Journal of Differential Equations, 269 (2020), no. 4, 2920-2955.

These publications are considered as the main sources, see items [77, 78,84, 86, 87] in the list of
references and Appendices A-E for more details. We also present some additional results in the
context of the current literature, which are closely related to those in the above mentioned references,
such as in papers [34,85,88,89] and in the monograph [58]. The habilitation thesis is considered as
an extended commentary to the published results in the attached papers. We comment on our results
in a broader context of the historical literature and the current development of the subject.

In Chapter 1 we discuss the Riccati matrix differential equations for possibly uncontrollable linear
Hamiltonian systems. We show the variability of these Riccati matrix equations depending on the
choice of a genus of conjoined bases, to which the considerations are restricted. The theory of genera
of conjoined bases is presented as an introductory part. The results in Chapter 1 are based on the
first two papers from the above list.

In Chapter 2 we present the Sturmian theory for linear Hamiltonian systems (i.e., the Sturmian
separation and comparison theorems), which is based on the properties of the Riccati quotients — sym-
metric solutions of Riccati matrix differential equations. As a connecting tool we use the comparative
index. This object was introduced by J. Elyseeva in 2007 in the connection with discrete oscillations.
It was implemented into the continuous time theory by Elyseeva in 2016 and independently by the au-
thor and R. Simon Hilscher in 2017 (in the third paper from the above list). By using the comparative
index we are able to develop both regular and singular Sturmian theory, including the multiplicities
of focal points at infinity.

Finally, we wish to mention that along with our investigations in the theory of possibly uncon-
trollable linear Hamiltonian systems we sometimes derive new results in other fields of mathematics,
in particular in linear algebra (matrix analysis, theory of the Moore-Penrose pseudoinverses, and
orthogonal projectors) or mathematical analysis (linear control systems). This is documented, for
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example, in the third section of the first paper mentioned above (Appendix A), in the last section of
the fifth paper mentioned above (Appendix E), as well as in our previous papers [79, Appendix 1]
and [80, Appendix 1]. We derived these results as needed tools for our investigations, but they may
be of independent interest for other researchers.

I would like to express gratitude to my collaborator, colleague, friend, and former advisor Ro-
man Simon Hilscher for his continual support, willingness, fruitful discussions, and his advices and
comments. Many thanks belong also to the heads of our scientific team, Zuzana Dosla and Petr Hasil.

Last, but not least, I thank my family, friends, and especially my Little Sun for their support.

Brno, May 2021 Peter Sepitka



CHAPTER 1

Riccati matrix differential equations

In this chapter we will present the theory of Riccati matrix differential equations associated to
linear Hamiltonian differential systems. In particular, we will focus on our recent results on this
subject, where we do not impose some traditional assumptions (as we explain below).

1.1. Introduction

Let n € N be a given dimension, let Z C R be a given interval, and let H : T — R?"X2" he
a given piecewise continuous matrix-valued function. Typically we will consider a compact interval
Z = [a, b] or an unbounded interval Z = [a,00). As a main object of our study we consider the linear
Hamiltonian system
y/ = j%(t) y, tel, (H)
where J is the canonical skew-symmetric 2n x 2n matrix. In the n x n block notation we have

-Ct) AT(t 0 I
H(t) = ( A(i)) B((t))), LeT, Ji= (1 0), (1.1)
where A, B,C : T — R™™ are piecewise continuous functions such that B(t) and C(t) are symmetric.
System (H) then has the equivalent form

o =At)z+Bt)u, v =Ct)z—AT(t)u, teT. (1.2)
With system (H) we associate the Riccati matriz differential equation
Q+QAN+ATMQ+QBHQ-C() =0, tel. (R)
The connection of the Riccati equation (R) with system (H) is studied in many classical works see
e.g. [21,46,58,67-69]. It is known that under the Legendre condition
B(t) >0 forallt € [a,o0) (1.3)
the Riccati equation (R) has many applications in various disciplines, such as in the oscillation and
spectral theory [11,21,58,67-69], filtering and prediction theory [57,68], calculus of variations and
optimal control theory [8,12,22,43,47 49 58 63,72,73,102-104], systems theory and control [55,56],
exponential dichotomy of perturbed linear Hamiltonian systems [43,56,64], and others (engineering,

etc.). We recall that the Riccati matrix differential equation (R) has the distinguished property among
the first order differential equations, namely it preserves the ordering of its solutions along the interval

[a,00), see [74,75].
Classical theory of system (H) and equation (R) involves a complete controllability assumption,
see e.g. [11,21,46,58,67,69]. This assumption says that vector solutions (z,u) of system (1.1) are

not degenerate on Z. Specifically, if the function x vanishes on a subinterval of Zy C Z, then also u
vanishes on Zy, and hence (x,u) = (0,0) by the uniqueness of solutions. This condition is also known
as the identical normality of system (H) on Z. A characterization of this condition in terms of focal
points of conjoined bases of system (H) is presented in Proposition 2.1. When system (H) does not
satisfy this complete controllability (identical normality) assumption or when this assumption is not
imposed, then we say that system (H) is (possibly) uncontrollable or abnormal.

Let us recall several important results in this area. In [65], Reid showed that, under condition (1.3)
and when system (H) is completely controllable and nonoscillatory, the Riccati equation (R) has the
so-called distinguished solution Q(t) at infinity. More precisely, it is the smallest symmetric solution
of (R) existing on an interval [, 00) for some @ > a. In the subsequent paper [66], Reid derived the
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2 CHAPTER 1. RICCATI MATRIX DIFFERENTIAL EQUATIONS

existence and the minimality of the distinguished solution of (R) at infinity also for a noncontrollable
system(H) by considering invertible principal solutions (X,U) of (H) at infinity.

1.2. Genera of conjoined bases

Recently, in [79-83] the author and Simon Hilscher developed the theory of principal solutions
at infinity and antiprincipal solutions at infinity (called also nonprincipal solutions at infinity in
some literature) for a general nonoscillatory and possibly abnormal system (H). These notions will
be recalled in Section 1.4. They showed the existence of principal and antiprincipal solutions at
infinity, whose first component has the rank equal to any integer in the range between n — do and
n, where the number d, is the maximal order of abnormality of (H), see below. The above general
approach to principal and antiprincipal solutions at infinity naturally requires using the Moore—Penrose
pseudoinverse [13,19,59], which in this context substitute the traditionally used invertible matrices.
In the above references we also derived a classification of principal and antiprincipal solutions at
infinity and their mutual limit properties at infinity. These results are based on the investigation of
conjoined bases (X,U) of (H), which have eventually the same image of X(¢). The set of all such
conjoined bases of (H) is called, according to [80, Definition 6.3], as

e a genus of conjoined bases of system (H),

and it is denoted by G. This notion turned out to be a key tool for the study of analytic properties
of conjoined bases of system (H), but also for the understanding of the algebraic structure of the
set of all conjoined bases of (H). We showed that every genus G contains some principal solution
of (H) at infinity, as well as some antiprincipal solution of (H) at infinity. Moreover, the orthogonal
projector representing each genus G of conjoined bases satisfies a symmetric Riccati matrix differential
equation. This result then allowed to obtain an exact description of the structure of the set of all genera
of conjoined bases, in particular it forms a complete lattice. The minimal element of this lattice is
the so-called minimal genus Guin, which contains all conjoined bases (X, U) with the eventual rank of
X (t) equal to smallest possible value n — d. On the other hand, the maximal element of this lattice
is the so-called mazimal genus Gpax, which contains all conjoined bases (X,U) with the eventual
rank of X (t) equal to largest possible value n, i.e., with X (¢) eventually invertible. Note that in the
completely controllable case we have d, = 0, and hence the minimal and maximal genera coincide,
i.e., there exists only one single genus G = Gnin = Gmax. Therefore, in the study of abnormal systems
(H) we obtain much wider structural variability and the theory of genera of conjoined bases provides
a true guideline for potential development of the qualitative theory of these systems.

In [78] we extended the theory of genera of conjoined bases to arbitrary systems (H) by removing
two key assumptions. Given the unbounded interval Z = [a,c0), we consider the case when

e the Legendre condition (1.3) is not assumed, and/or
e the system (H) may be oscillatory.

More precisely, in the new general definition of a genus G corresponding to a conjoined basis (X, U)

of (H), see [78, Definition 4.3|, we consider the subspace

Im X (¢) +Im Ry (t), tE€ [a,o00), (1.4)
where R, (t) is the orthogonal projector onto the maximal subspace of eventually degenerate solutions
(x = 0,u) of (H) at the point t. It is important to note that, according to [78, Theorem 4.7,

every genus G can be represented by an orthogonal projector Rg(t) satisfying the Riccati type matrix
differential equation

R,— A(t)Rg — Ry AT(t) + Ry [A(t) + AT ()] Rg =0, t € [a,00). (1.5)

Also in this much more general case it is possible to show that the set of all genera of conjoined bases
of system (H) forms a complete lattice, see [78, Theorem 4.14].

In general, following the standard notation used in [66, Section 3| and [82, Section 2|, for a given

a € [a,00) we denote by Afa, 0o) the linear space of n-dimensional piecewise continuously differentiable
vector-valued functions u which correspond to the solutions (x = 0,u) of system (H) on [a, 00). The
space Ao, 00) is finite-dimensional with d[a, 00) := dim A[a, 00) < n. The number d[a, 00) is called
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the order of abnormality of system (H) on the interval [o,00). According to [80, Section 6] there
exists the limit
doo := lim d[t,00) = max d[t,00), 0<dy <n, (1.6)
t—o0 t€la,00)
which we call the maximal order of abnormality of (H). Moreover, we define the point
o :=min{a € [a,00), d[a,00) =dx}. (1.7)
Following [78] we consider the orthogonal projector
Ru(t) :== Py, where W := Ao, 0), T € [oo, 00). (1.8)

Here the set Aifaso, 00) is the subspace in R™ of the values u(t) of functions u € Afas, 00) at the
point t € [, 00). The orthogonal projector R, (t) plays a crucial role in the new theory of genera
of conjoined bases of system (H). In the remaining part of this section we present the main results
from [78], see also Appendix A.

Definition 1.1 (Genus of conjoined bases). Let (X1,U;) and (X2, Usz) be two conjoined bases of (H).
We say that (X1,U;) and (X2, Uz2) have the same genus (or they belong to the same genus) if there
exists a € [aog, 00) such that

Im X (t) + Im Raoo (t) = Im Xo(t) + Im Ry (¢), t € [or, 00),
where o is defined in (1.7).

From Definition 1.1 it follows that there exists a partition of the set of all conjoined bases of (H)
into disjoint classes of conjoined bases with the same genus. We will interpret each class G as a genus
itself. The following result provides a fundamental property of conjoined bases of (H) with the same
genus.

Theorem 1.2. Let (X1,U1) and (X2,Us) be conjoined bases of (H). Then the following statements
are equivalent.

(i) The conjoined bases (X1,U1) and (X2,Us) belong to the same genus G.
(ii) The equality Im X (t) + Im Rao.(t) = Im Xo(t) + Im R, (t) holds for every t € [aoo, 00).
(iii) The equality Im X;(t) +Im Ry (t) = Im X5 () + Im Ra..(t) holds for some t € [ao, 00).

Given a genus G of conjoined bases of (H), the subspace Im X (¢) + Im R,..(¢) does not depend
on the particular choice of such a conjoined basis (X, U) belonging to G. Therefore, the orthogonal
projector onto Im X (t) + Im R, (t), i.e., the matrix

Rg(t) :==Py,, where V,:=ImX(t)+ImRy..(t), 1€ [ax,0), (1.9)

is uniquely determined for each genus G. The following two theorems provide basic properties of
orthogonal projectors Rg(t) defined in (1.9). Moreover, they show how to classify a genus G of
conjoined bases of (H) via its associated projector Rg(t) in (1.9).

Theorem 1.3. Let G be a genus of conjoined bases of (H) and let Rg(t) be the orthogonal projector
defined in (1.9). Then the matriz Rg(t) is a solution of the Riccati equation (1.5) on [aeo,00) and the
inclusion Im Ry, (t) C Im Rg(t) holds for every t € [aog, 00).

Theorem 1.4. Let o € [ao,00) be fized and let R € R™™ be an orthogonal projector satisfying
ImR, (o) C ImR. Then there exists a unique genus G of conjoined bases of (H) such that its
corresponding orthogonal projector Rg(t) in (1.9) satisfies Rg(a) = R.

We note that for every genus G its associated orthogonal projector Rg(t) in (1.9), as a solution of
(1.5) on [aeo, 0), has constant rank on the whole interval (oo, ), i.€.,

1 :=rank Rg(t), € [0, 00). (1.10)
In this context, we may adopt for the number r; the terminology rank of the genus G and write
rank G := rg, compare also with [81, Remark 6.4]. In particular, we have

n —ds <rankG < n. (1.11)
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Let us denote by the symbol I" the set of all genera of conjoined bases of (H). In the next
definition we introduce an ordering on the set of all genera of conjoined bases of (H) in terms of their
corresponding orthogonal projectors in (1.9).

Definition 1.5. Let G and H be two genera of conjoined bases of (H) and let Rg(¢) and Ry (t) be their
corresponding orthogonal projectors in (1.9), respectively. We say that the genus G is below the genus
H (or that the genus H is above the genus G) and we write G < H if the inclusion Im Rg(t) C Im R, (%)
holds for all ¢ € [, 00).

Theorem 1.6. The relation < from Definition 1.5 is an ordering on the set I.

We note that the genera G and H satisfy G < H if and only if the inclusion Im Rg(«) C Im Ry, ()
holds for some « € [0, o0). In particular, if the orthogonal projector Rg(t) satisfies Rg(t) = Rano(t)
on [(eo, 00), then the genus G = Gy is called minimal, while if Rg(t) = I on [, 00), then the genus
G = Gmax is called mazimal.

Theorem 1.7. The ordered set (I', ) is a complete lattice. In particular, the minimal genus Guin 1S
the least element of I' with respect to the ordering =, while the maximal genus Gmax s the greatest
element of I' with respect to <.

We can describe explicitly the infimum G A H and the supremum G V H of two genera G and H of
the set I". More precisely, if Rg(t) and Ry (t) are the orthogonal projectors associated to the genera G
and H, then G A H is the genus of conjoined bases corresponding to the orthogonal projector onto the
subspace Im R (t) NIm R4 (t) on [oe, 00), and GV H is the genus of conjoined bases corresponding to
the orthogonal projector onto the subspace Im Rg(t) + Im Ry, (t) on [ce, 00).

The next theorem characterizes the conjoined bases of (H) belonging to the minimal genus Giy.
We also show that the principal solution of (H) at the point « € [0, 00) belongs to the minimal genus
Gmin- The principal solution of (H) at the point « is defined as the matrix solution of (H) satisfying
the initial condition

Xo(a) =0, Uyla)=1, (1.12)

Theorem 1.8. Let (X,U) be a conjoined basis of (H). Then (X,U) belongs to the minimal genus Gmin
if and only if the inclusion Im X (t) C Im R,..(t) holds for some (and hence for every) t € [coo, ).
In particular, for every a > oo the principal solution (Xa,Uy) at the point o belongs to Gumin.-

In the final theorem of this section we provide important properties of nonoscillatory conjoined
bases from a given genus G.

Theorem 1.9. Let G be a genus of conjoined basis of (H) with the corresponding orthogonal projector
Rg(t) in (1.9). Moreover, let (X,U) be a conjoined basis of (H) with constant kernel on [a,00) C
[(too, 00) such that (X,U) belongs to G and let R(t) be the orthogonal projector onto the subspace
Im X (t) for every t € [a,00). Then the equality Rg(t) = R(t) holds for all t € [a, 00).

In the final paragraph of this section we comment on the connection of the above results with
those in [80], where it is assumed that the Legendre condition (1.3) holds and that system (H) is
nonoscillatory. In particular, for every conjoined basis (X,U) of (H) there exists a € [a, 00) such
that (X, U) has constant kernel on [o, 00). Moreover, let G be the genus of conjoined bases such that
(X,U) € G and let Rg(t) be its corresponding orthogonal projector in (1.9). Then the rank r; of G
defined in (1.10) coincides with the rank r of any conjoined basis (X, U) of the genus G. In view of
(1.11) we then obtain that

n—de <rank X(t) <n, tE€ [a,00), (1.13)
for every conjoined basis (X, U) of system (H) with constant kernel on the interval o, 00). Moreover,
by Theorem 1.9 we have that Im X (¢) = Im R¢(¢) on [, 00). Therefore, from (1.9) and Definition 1.1
it follows that two conjoined bases (X1,U;) and (X2, Us) of (H) belong to the same genus if and only
if there exists o € [0, 00) such that the equality Im X () = Im X5(¢) hold for every ¢ € [, 00).
This observation shows that the concept given in Definition 1.1 generalizes the definition of genus of
conjoined bases introduced in [80, Definition 6.3] for a nonoscillatory system (H). We also note that
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the result about the structure of the set of all genera of conjoined bases presented in Theorems 1.6
and 1.7 are in full agreement with the corresponding results in [82, Section 4]. Finally, the result in
Theorem 1.8 generalizes [82, Proposition 4.7] to a possibly oscillatory system (H).

1.3. Riccati matrix differential equations

The study of Riccati matrix differential equations associated with uncontrollable linear Hamilton-
ian systems is also motivated by several situations in the literature. For example, in [73, pg. 886], [&,
pp. 621-622|, [48, Sections 4 and 6], and [49, pp. 17-18] the authors use a cascade system of three
differential equations for the investigation of calculus of variations or optimal control problems with
variable endpoints — the Riccati equation (R), a linear differential equation, and an integrator. These
three differential equations are together equivalent to a Riccati equation in dimension 2n, which cor-
responds to an uncontrollable system (H) in dimension 4n. This connection is discussed in details

in [48, Remark 6.3]. Among other situations we also mention the occurrence of the symmetric solu-
tions of the implicit Riccati equation
Ry(t)[Q +QA[) + AT () Q+QB(t)Q — C(t)] Re(t) =0, teT, (1.14)

in the study of nonnegative quadratic functional associated with possibly an uncontrollable system
(H), see [50, Section 6].

The above mentioned extended theory of genera of conjoined bases of system (H) based on the
subspaces Im R (t) in (1.9) points to new possibilities how to deal with the Riccati matrix differential
equations in the context of abnormal linear Hamiltonian systems (H). In particular, it shows how
to implement in a proper way the theory of the Riccati type differential equations (R) or (1.14) into
the theory of linear Hamiltonian systems (H). Consider the unbounded interval Z = [a,00). The
presented approach is novel in three aspects. Namely,

e we do not require any controllability assumption on system (H),
e for every genus G we associate a Riccati equation

Q+QAM+ AT Q+ QB! Q-C(t) =0, € an,00), (R)
where the coefficients A(t), B(t), and C(t) are given by
A(t) = A(t)Rq(t) — AT(t) [I — Rg(t)],
B(t) := B(t), t € [, 00), (1.15)
C(t) := Rg(t) C(t) Ro (1),
with the corresponding orthogonal projector Rg(t) defined in (1.9),
e we show that every such a Riccati equation (R) possesses a distinguished solution at infinity

(defined in a suitable way), which corresponds to a principal solution of (H) at infinity from
the genus G.

Given a genus G of conjoined bases of (H), we show a fundamental connection between the sym-
metric solutions Q(t) of (R) on [, 00) with some o > a satisfying
ImQ(t) CIm Rg(t), t€ [a,00), (1.16)

and the conjoined bases (X, U) of (H) with constant kernel on [, c0), which belong to G. This allows
us to define in a proper way a distinguished solution Q(t) at infinity for each Riccati equation (RR),
which corresponds to a principal solution (X U ) of (H) at infinity in G. Then for every symmetric
solution Q(t) of (R) on [a, 00) with (1.16) there exists a distinguished solution Q(t) of (R) satisfying
the inequality
Q(t) > Q) on [a,00). (1.17)
The above results are particularly important for the minimal genus G = G, which is formed by
the conjoined bases (X, U) of (H) with minimal possible rank of the matrix X (¢), i.e., with rank X (¢) =
n — do on [, 00). In this case the associated distinguished solution Qmin(t) at infinity is unique and
minimal among all symmetric solutions Q(t) of (R) satisfying (1.16). This latter situation generalizes
the classical controllable results of Reid and Coppel [21,65,67], since in this case do, = 0 and the
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orthogonal projector Rg(t) = I on [a,00), so that the Riccati equation (R) reduces to (R). We
note that the original results by Reid [66,68] for noncontrollable system (H) and Riccati equation
(R) correspond in our new theory to the maximal genus G = Gmax of conjoined bases (X,U) with
eventually invertible matrix X (¢), i.e., to Rg(t) = I on [a,00). Therefore, the present study can be
regarded as a generalization and completion of the theory of the Riccati equations (R) for completely
controllable systems (H) using the minimal genus G = G, as well as the noncontrollable systems
(H) using the maximal genus G = Gpax. In the remaining part of this section we present the main
results from [77, Sections 4-6], see also Appendix B.

In the first set of results (Theorems 1.10-1.13) we describe basic properties of solutions of the
Riccati equation (RR).

Theorem 1.10. Let G be a genus of conjoined bases of (H) with the corresponding orthogonal projector
Rg(t) in (1.9) and let Q(t) be a solution of the Riccati equation (R) on [a,00) C [eo, 00) wWith s in
(1.7). Then also the matrices Rg(t) Q(t), Q(t) Rg(t), and Rg(t) Q(t) Rg(t) solve (R) on [a, 00).

Theorem 1.11. With the assumptions and notations of Theorem 1.10, the matriz Q(t) satisfies the
inclusion Im Q(t) C Im Rg(t), resp. the inclusion Im QT (t) C Im Ry(t), for all t € [, 00) if and only
if the inclusion Im Q(tg) C Im Rg(to), resp. the inclusion Im Q™ (tg) C Im Rg(to), holds for some point
to € o, 00).

Theorem 1.12. Let G be a genus of conjoined bases of (H) with the corresponding matriz Rg(t) in
(1.9) and let Q(t) and Q(t) be symmetric solutions of the Riccati equation (R) on [, 00) C [(og, 00).
Then the quantities

rank [Q(t) — Q(t)] and ind [Q(t) — Q(t)] are constant on [a, o0). (1.18)

In particular, the inequality Q(t) > Q(t) holds on [, 00) if and only if Q(a) > Q(ev), and the inequality
Q(t) > Q(t) holds on o, 00) if and only if Q(a) > Q(av).

Theorem 1.13. Assume (1.3) and let G be a genus of conjoined bases of (H) with the corresponding
matriz Rg(t) in (1.9). Let Q(t) be a symmetric solution of the Riccati equation (R) on [a,00) C
[0, 00) and let Q(t) be a symmetric solution of (R) satisfying the initial condition Q(a) > Q(a).
Then the matriz Q(t) solves (R) on the whole interval [, 00) such that the inequality Q(t) > Q(t)
holds for all t € [, 00).

Theorem 1.14. Let G be a genus of conjoined bases of (H) and let Rg(t) be its corresponding matriz
in (1.9). Moreover, let Q(t) be a symmetric solution of (R) on [a,0) C [, 00) satisfying condition

(1.16). Let f € [a,0) and K € R™™ be given and consider the solution Q(t) of (R) with Q(8) = K.
Then the following statements are equivalent.

(i) The matriz Q(t) solves the Riccati equation (R) on the whole interval [ar, 00) such that
Rs(t) Q(t) Rg(t) = Q(t) holds for every t € [a, 00).
(ii) The matriz K satisfies the equality Rq(5) KRg(B) = Q(f).

Let G be a genus of conjoined bases of (H) and let Rg(t) be its representing orthogonal projector
in (1.9). For a given solution Q(t) of the Riccati equation (R) on a subinterval [a, 00) C [teo, 00) We
consider the following system of first order linear differential equations

o = [A() + B Q1) ©, } telos),  (119)
Y = A) Q@+ [I - Rg(t){CO(t) — [A(t) + AT(1)] Q(1)} O,
together with the initial conditions

O(a) =K, Qa)=1L, (1.20)
where the matrices K, L € R™"*™ satisfy

ImK C ImRg(a), ImL C KerRg(r), rank(KT LT)T =n. (1.21)
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The initial value problem (1.19)—(1.20) serves for the formulation of the main results of this section.
The first equation in (1.19) is motivated by the approach in [68, Chapter 2, Lemma 2.1], which is
adopted here to the setting of uncontrollable systems (H).

According to [77, Remark 4.8 and Proposition 4.9] initial value problem (1.19)—(1.20) with (1.21)
has always the solution (60, 2), which is unique up to a right nonsingular constant multiple. Moreover,
the matrix ©(¢) has a constant kernel on [o, c0) and

ImO(t) = Im Ry(t), ImQ(t) = Ker Rg(t), rank (0T (t), QT ()T =n, t€ [a,0). (1.22)

These properties of the matrix O(¢) allow us to define the function
/ O'(s) B(s) O (s)ds, t € [a,o0), (1.23)

which will be referred to as the F-matriz corresponding to the solution @Q(t) with respect to the genus
G. We note that for an invertible O(¢) the matrix F,(¢) in (1.23) was considered in [68, Section 2.2].
Here we allow O(t) to be singular. By [77, Remark 4.11] it follows that F,(¢) is symmetric and the
inclusion Im F,,(¢) C Im Rg(«) holds for every ¢ € [a,00). Moreover, under (1.3) the matrix Fy(t) is
nonnegative definite and nondecreasing and the limit

Do := lim FI(t). (1.24)

exists, where the matrix D, is symmetric and nonnegative definite with Im D, C Im Rg(«).

The next two results extend the well known correspondence between the symmetric solutions Q(t)
of the classical Riccati equation (R) on [a, 00) and conjoined bases (X, U) of (H) with X (¢) invertible
on [a, 00), i.e.,

Q) =U(t) X '(t) on [a,0) (1.25)
to the case of possibly noninvertible X (¢) on [a, 00). For this purpose we utilize the Moore-Penrose
generalized inverse X(t) of the matrix X (¢), called also the pseudoinverse, see e.g. [13], [14, Chap-

ter 6], and [19, Section 1.4]. Given a conjoined basis (X, U) of (H) and a point a € [a, 00), the matrix
Q(t) defined by

Q) :=Xt) XT(t)U@) XT(t) = Rt)U(t) X'(t), te€ [a,o0), (1.26)

is called the Riccati quotient associated with the conjoined basis (X, U) on the interval [a, 00). Here
R(t) := X (t) XT(t) is the orthogonal projector onto the subspace Im X (t) for all t € [, 00). By [71,
pg. 24] the matrix Q(t) is symmetric and satisfies on [a, 00) the properties

X)W X)) =x"()U(t), ImQ(t) CImR(t), Q) X(t)=R()U(®). (1.27)
In addition, if (X,U) has constant kernel on [a, 00), then by [19, Theorems 10.5.1 and 10.5.3] the
matrix XT(t) is piecewise continuously differentiable on [a, 00), and hence also the matrix Q(t) is

piecewise continuously differentiable on [a, 00). Note that when X (¢) is an invertible matrix, then the
Riccati quotient Q(t) in (1.26) reduces to (1.25).

Theorem 1.15. Let G be a genus of conjoined bases of (H) with the orthogonal projector Rg(t) in
(1.9). Moreover, let (X,U) be a conjoined basis of (H) belonging to G such that (X,U) has constant
kernel on a subinterval [a, 00) C [eo, 00) and let Q(t) be the corresponding Riccati quotient in (1.26).
Then the matriz Q(t) is a symmetric solution of the Riccati equation (R) on [a,00) such that the

condition in (1.16) holds and the matrices ©(t) and Q(t) defined by
o) = X(1), 0(t) :=U(t) — QU X(t), t€ [a,00), (1.28)
solve the initial value problem (1.19)—(1.20) on [a, 00) with (1.21).

Theorem 1.16. Let G be a genus of conjoined bases of (H) with the orthogonal projector Rg(t) in
(1.9) and let Q(t) be a solution of the Riccati equation (R) on [a, 00) C [eo, 00) such that the matrix
R;(t) Q(t) Rg(t) is symmetric on [a, 00). Moreover, let (©,€) be a solution of (1.19)-(1.20) on [a, 00)
with (1.21) and define the matrices

X(t):=0(t), Ut):=Q(t)O(t) +Qt), tEe [a,o0). (1.29)
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Then the following statements hold.

(i) The pair (X,U) is a conjoined basis of (H) such that (X,U) has a constant kernel on o, 00)
and belongs to the genus G.

(ii) The matriz Rg(t) Q(t) Rg(t) is the Riccati quotient in (1.26) associated with the conjoined
basis (X,U) on [a,00), i.e., the equality Rg(t) Q(t) Rg(t) = R(t)U(t) XT(t) holds for all
t € [a,00), where R(t) is the corresponding orthogonal projector onto Im X (t).

Let G be a genus of conjoined basis of (H) with the associated matrix Rg(t) in (1.9) and let
[, 00) C [(roo, 20) be a given interval. The results in Theorems 1.15 and 1.16 provide a correspondence
between the set of all conjoined basis (X, U) of (H) with constant kernel on [a, 00), which belong to the
genus G, and the set of all symmetric solutions Q(t) of the Riccati equation (R) on [a, 00) satisfying
condition (1.16). More precisely, for every such a conjoined basis (X, U) its Riccati quotient Q(¢) in
(1.26) is a symmetric solution of (R) on [, o) with (1.16). Conversely, if Q(¢) is a symmetric solution
of (R) on [, c0) satisfying (1.16), then there exists a conjoined basis (X, U) of (H) from the genus G
with constant kernel on [, 00) such that Q(t) is its corresponding Riccati quotient from (1.26).

The last part of this section is devoted to the implicit Riccati equations (1.14) and

Ro() [ + QA1) + AT() Q + QB(t) Q — C()] Ro(t) = 0, [, 00), (1.30)
with @ € [aso,00). These implicit Riccati equations were used in [50, Section 6] in several criteria
characterizing the nonnegativity and positivity of the associated quadratic functional.

Theorem 1.17. Let G be a genus of conjoined bases of (H) and let Rg(t) be the corresponding or-
thogonal projector in (1.9). Moreover, let Q(t) be a symmetric matriz defined on (o, 00) C [(oo, 00)
such that condition (1.16) holds. Then the following statements are equivalent.
(i) The matriz Q(t) solves the Riccati equation (R) on [a, 00).
(ii) The matriz Q(t) solves the implicit Riccati equation (1.30) on [or, 00).
(i) The matriz Q(t) solves the implicit Riccati equation (1.14) on [a, 00).

The above result shows that under a certain assumption we can transfer the problem of solving the
implicit Riccati matrix differential equations (1.30) and (1.14) into a problem of solving the explicit
Riccati matrix differential equation (R).

1.4. Distinguished solutions of Riccati equations

In this section we study, for a given genus G, symmetric solutions of the Riccati equation (R),
which correspond to principal solutions of (H) at infinity belonging to the genus G (to be defined
below). This correspondence is based on the results in Theorems 1.15 and 1.16. In particular, we
establish the results about distinguished solutions of (R) at infinity regarding their relationship to
principal solutions at infinity and to the nonoscillation of system (H), their interval of existence, their
mutual classification within the genus G, and their minimality in a suitable sense.

It may be surprising that these results comply with the known theory of distinguished solutions of
the Riccati equation (R) for a controllable system (H) only partially. In many aspects the presented
theory for general uncontrollable system (H) is substantially different. This is related to the nature
of the problem, since for each genus G of conjoined bases of (H) there is a different Riccati equation
(R), but even within one genus G there may be many distinguished solutions of (R) at infinity. We
discuss these issues in Remark 1.31 at the end of this section. We note that the true uniqueness and
minimality of the distinguished solution of (R) at infinity is satisfied only in the minimal genus Gpin
(see Theorem 1.30).

The following definition extends the notion of a distinguished solution (also called a principal
solution) of (R) at infinity for a controllable system (H) in [21, pg. 53].

Definition 1.18. Let G be a genus of conjoined bases of (H) with the orthogonal projector Rg(t) in
(1.9). A symmetric solution Q(t) of the Riccati equation (R) is said to be a distinguished solution at
infinity if the matrix Q(t) is defined on an interval [, 50) C [ass,0) and its corresponding matrix
F,(t) in (1.23) satisfies Fjl(t) — 0 as t — oo.



SECTION 1.4. DISTINGUISHED SOLUTIONS 9

The notion in Definition 1.18 also extends the distinguished solution of the Riccati equation (R)
introduced by W. T. Reid in [66, Section IV] and [68, Section 2.7], which in our context corresponds
to the maximal genus G = Gnmax (for which Rg(t) = 1).

The main results of this section compare the properties of distinguished solutions at infinity of the
Riccati equation (R) with the properties of principal solutions of system (H) at infinity belonging to
the genus G. For this purpose we recall the definition of the latter object. Following [80, Definition 7.1],
we say that a conjoined basis (X,U) of (H) is a principal solution at infinity if (X,U) has constant
kernel on [, 00) and its corresponding matrix S, (t) defined by

So(t) := /tXT(s)B(s)XTT(s)ds, t € [ar, 00), (1.31)

satisfies S'L(t) — 0 as t — oo. In this case we will say that (X,U) is a principal solution of (H)
at infinity with respect to the interval [o,00). By (1.13), the principal solutions of (H) can be
classified according to the rank of X (t) on [a,00). In particular, the minimal principal solution
(Xmin, ﬁmin) of (H) at infinity satisfies rank Xmin(t) = n — d, while the mazimal principal solution
(Xmax, Umax) of (H) at infinity is determined by rank Xmax(t) = n, hence Xmax(t) is invertible on
[, 00), see [80, Remark 7.2].

In the next proposition we recall from [80, Theorem 7.6] and [79, Theorems 7.6] the characteriza-
tion of the nonoscillation of system (H) by the existence of a principal solution of (H) at infinity with
any possible rank, as well as the uniqueness of the minimal principal solution.

Proposition 1.19. Assume that (1.3) holds. Then the following statements are equivalent.
(i) System (H) is nonoscillatory.
(ii) There exists a principal solution of (H) at infinity.
(iii) For any integer r satisfying n—d < r < n there exists a principal solution of (H) at infinity
with rank equal to r.
In particular, system (H) is nonoscillatory if and only if there exists a minimal principal solution of

(H) at infinity. In this case the minimal principal solution is unique up to a right nonsingular constant
multiple.

In [80, Equation 7.4] we defined for a nonoscillatory system (H) the point dmin € [a, 00) by

Gmin == inf {& € [a, 00), (Xmin, Umin) has constant kernel on [a, 00) }, (1.32)

A

where (Xmin, Unin) is the minimal principal solution of (H) at infinity. We note that the equality
d[or,0) = ds holds for every a > Gupin, see [80, Theorem 7.9]. In turn, combining this fact with
formula (1.7) we obtain that

d[Gmin, ©0) = doo, 1€, GQmin > Qoo-

In the remaining part of this section we present the main results from [77, Sections 3 and 7],
see Appendix B. The following two results show that in the context of Theorems 1.15 and 1.16 the
distinguished solutions of the Riccati equation (R) correspond to the principal solutions of (H) at
infinity from the genus G.

Theorem 1.20. Let G be a genus of conjoined bases of (H) and Rg(t) be the orthogonal projector
in (1.9). Moreover, let Q(t) be a distinguished solution of (R) at infinity with respect to the interval
[ar,50) C [to, 00). Then every conjoined basis (X,U) of (H), which is associated with Q(t) on [, 00)
via Theorem 1.10, is a principal solution of (H) at infinity with respect to [, 00) belonging to G.

Theorem 1.21. Let (X,U) be a principal solution of (H) at infinity with respect to the interval
[ar, 00), which belongs to a genus G. Moreover, let Q(t) be the Riccati quotient in (1.26) associated
with (X,U) on [a,00). Then Q(t) is a distinguished solution of the Riccati equation (R) at infinity
with respect to [a, 00).
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From Theorems 1.20 and 1.21 it follows that the property of the existence of a principal solution
of (H) at infinity in the genus G, as stated in [80, Theorem 7.12], transfers naturally to the existence
of a distinguished solution of the associated Riccati equation (R).

Corollary 1.22. Let G be a genus of conjoined bases of (H) with the orthogonal projector Rg(t) in
(1.9). Then there exists a principal solution of (H) at infinity belonging to the genus G if and only
if there exists a distinguished solution of the Riccati equation (R) at infinity. In this case, the set of
all Riccati quotients in (1.26), which correspond to the pmnczpal solutions (X U) of (H) at infinity
from the genus G, coincides with the set of all matrices Rg QRg, where Q is a distinguished solution

of (R) at infinity.

In the following result we characterize the nonoscillation of system (H) in terms of the existence
of a distinguished solution of (R) in a given (or every) genus G. This corresponds to Proposition 1.19
regarding the principal solutions of (H) at infinity.

Theorem 1.23. Assume that (1.3) holds. Then the following statements are equivalent.
(i) System (H) is nonoscillatory.
(ii) There exists a distinguished solution of the Riccati equation (R) for some genus G.
(iii) There exists a distinguished solution of the Riccati equation (R) for every genus G.

The result in Theorem 1.23 justifies the development of the theory of genera of conjoined bases for
possibly oscillatory system (H) in Section 1.2. Of course, assuming that system (H) is nonoscillatory,
then it is sufficient to use the theory of genera of conjoined bases from [80, Section 6] and [82, Section 4]
for the construction of distinguished solutions of the Riccati equation (R) for a genus G. It is the
converse to this implication, which requires a more general approach, since in this case we need to
define the coefficients of equation (R) without the assumption of nonoscillation of system (H).

In the following result we present a mutual classification of all distinguished solutions of (R). This
classification is formulated in terms of the initial values of the involved distinguished solutions at some
point « from the maximal interval (Gmin, 00).

Theorem 1.24. Assume that (1.3) holds and system (H) is nonoscillatory with Gmin and Ra..(t)
defined in (1.32) and (1.8), respectively. Let G be a genus of conjoined bases of (H) and let Rg(t)
be the matriz in (1.9). Moreover, let Q(t) be a distinguished solution of the Riccati equation (R) at
infinity. Then a symmetric solution Q(t) of (R) defined on a neighborhood of some point o € (Gupin, 00)
is a distinguished solution at infinity if and only if

Ry (@) Q) Ryso(ar) = Ryoo () Q(a) Ry (). (1.33)

In the next three results we study the minimality of distinguished solutions of (R). This minimality
property needs to be understood in the following sense. For every symmetric solution Q(t) of (R) there
exists a distinguished solution of (R), which exists on the same interval and is at the same time smaller
than @Q(t) on this interval (Theorems 1.25 and 1.26). On the other hand, any symmetric solution of
(H), which is smaller than a distinguished solution of (H) on some interval, is a distinguished solution
itself with respect to this interval (Theorem 1.27). However, in general there is no universal “smallest”
distinguished solution of (R), see Remark 1.28 below. We note that in the first result we consider the
case when the solutions satisfy condition (1.16), while in the second and third result this assumption
is removed.

Theorem 1.25. Assume (1.3). Let G be a genus of conjoined bases of (H) with the matriz Rg(t) in
(1.9) and let Q(t) be a symmetric solution of the Riccati equation (R) on [, 00) € (oo, 00) such that
inclusion (1.16) holds. Then there exists a distinguished solution Q(t) of (R) at infinity with respect
to [a, 00) satisfying(1.16) such that Q(t) > Q(t) for every t € [a, 00).

Theorem 1.26. Assume (1.3). Let G be a genus of conjoined bases of (H) with the orthogonal
projector Rg(t) in (1.9). Let Q(t) be a symmetric solution of the Riccati equation (R) on [a,00) C
[(va, 00). Then there exists a distinguished solution Q(t) of (R) at infinity with respect to [a, 00) such
that the inequality Q(t) > Q(t) holds for every t € [a, c0).
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We note that the converse to Theorem 1.26 also holds. More precisely, if Q(t) is a distinguished

solution of (R) at infinity with respect to the interval [a, 00), then every symmetric solution Q(t) of
(R), which satisfies the condition Q() > Q(v), exists on the whole interval [a, c0) and the inequality
Q(t) > Q(t) holds for every ¢ € [, 00). This observation is a direct application of Theorem 1.13 with
Q:=Qand Q := Q.
Theorem 1.27. Assume (1.3) and let G be a genus of conjoined bases of (H) with the matriz Rg(t)
n (1.9). Let Q(t) be a distinguished solution of the Riccati equation (R) with respect to the interval
[, 00) C [ttoo, 00). Moreover, let Q(t) be a symmetric solution of (R) on [a, 00) satisfying the initial
condition Q(a) > Q(c). Then Q(t) is a distinguished solution of (R) at infinity with respect to [, c0)
and the inequality Q(t) > Q(t) holds for all t € o, 00).

Remark 1.28. Given a genus G of conjoined bases of (H) with the matrix Rg(t) defined in (1.9),
let Q(t) be a distinguished solution of (R) at infinity with respect to the interval [, 00) C [too, 00).
Then there exist distinguished solutions @ (t) and Q.. (t) of (R) satisfying

Q.(t) < Q) < Quu(t), t € [a,00). (1.34)
The solutions Q. (t) and Q. (t) are given, for example, by the initial conditions
Q(0) =Q(a) = I+ Ryo() and Quu(e) = Q(a) + I — Ryo(), (1.35)

where R, (t) is the orthogonal projector defined in (1.8). Therefore, for the case of a general (not
necessarily controllable) system (H) the partially ordered set of all distinguished solutions of (R) has
neither a minimal element nor a maximal element.

The considerations in Theorems 1.24 and 1.25 show that for the minimal genus G, i.e., for
R;(t) = Raso(t), there exists a uniquely determined distinguished solution of (R) with

A(t) == A(t) R (t) — AT() [I — R (1)),
B(t) := B(t), t € [aoo, 00), (1.36)
C(t) := Ryoo(t) C(t) Rano(2),

which is the smallest element in the set of all symmetric solutions Q(t) of (R) satisfying (1.16).

Definition 1.29. Let Gyin be the minimal genus of conjoined bases of (H) with the minimal orthogonal
projector Ry..(¢) in (1.8). A symmetric solution Q(t) of the Riccati equation (R) with the coefficients
in (1.36) is said to be a minimal distinguished solution at infinity if the matrix Q(t) is defined on
an interval [, 00) C [ao0, 00) such that

ImQ(t) CIm Ry (t), t € |, 00), (1.37)
and its corresponding matrix Fy,(t) in (1.23) satisfies ﬁg(t) — 0 as t — oo.

The following result shows the existence and uniqueness of the minimal distinguished solution of
(R) for the minimal genus Gy, as well as its minimality property.

Theorem 1.30. Assume (1.3). Then system (H) is nonoscillatory if and only if there exists a minimal
distinguished solution Q(t) of the Riccati equation (R) with the coefficients in (1.36). In this case, the
minimal distinguished solution Q(t) is determined uniquely and any symmetric solution Q(t) of (R)
on [a,0) C [aeo, 00) with (1.37) satisfies Q(t) > Q(t) on [ar, 00).

The minimal distinguished solution of (R) at infinity in Theorem 1.30 will be denoted by Qmin.
The minimal distinguished solution Qi plays for the theory of Riccati differential equations (R) or

(R) a similar role as the minimal principal solution (Xmin, Umin) of (H) at infinity for the theory of
principal solutions at infinity.

Remark 1.31. When system (H) is completely controllable, the main results of this section give the
classical statements about the distinguished solutions at infinity of the Riccati equation (R). More
precisely, the following holds.



12 CHAPTER 1. RICCATI MATRIX DIFFERENTIAL EQUATIONS

e The results in Corollary 1.22 and Theorem 1.24 yield the correspondence between the unique
principal solution of (H) at infinity and the unique distinguished solution of (R) at infinity,
see [21, pg. 53] or [68, pp. 45-46].

e The result in Theorem 1.23 provides a characterization of the nonoscillation of system (H)
in terms of the existence of the unique distinguished solution of (R) at infinity, see the
necessary condition in [67, Theorem VIIL.3.3]. Note that the nonoscillation of (H) is defined
in [67, Section VIL.3] in terms of disconjugacy of (H), i.e., in terms of the nonexistence of
mutually conjugate points, which is a stronger concept than the nonoscillation of (H). We
note also that the sufficiency part of Theorem 1.23 is new also in the completely controllable
case.

e The results in Theorems 1.26 and 1.27 yield the minimality property of the unique distin-
guished solution of (R) at infinity, see [21, Theorem 8, pg. 54] or [68, Theorem IV.4.2].

Indeed, in this case doo = 0 and there is only one minimal/maximal genus of conjoined bases of (H).
This implies that as, = a and the orthogonal projector Ry, (t) in (1.8) satisfies Ra..(t) = I on [a, 00).
Therefore, the unique Riccati equation (R) associated with the minimal/maximal genus coincides with
the classical Riccati equation (R). Moreover, under the Legendre condition (1.3) the nonoscillation
of system (H) is then equivalent with the existence of a unique (minimal) distinguished solution @ of
(R) at infinity. In addition, the matrix Q constitutes the smallest symmetric solution of the Riccati
equation (R), that is, every symmetric solution @ of (R) on [, 00) C [a, 00) satisfies inequality (1.17).

1.5. Riccati quotients and comparative index

The Riccati quotient Q(t) defined in (1.26), resp. in (1.25), represents an important tool in the
investigations related to the Sturmian theory of system (H). In particular, the results in Section 2.1
show that the changes in the index (i.e., the number of negative eigenvalues) of the difference of two
such Riccati quotients determine the difference between the numbers of focal points of two conjoined
bases of a completely controllable system (H).

A mathematical tool, which describes in full generality such behavior, is the comparative index
invented by Elyseeva [32,33]. The comparative index ;(Y,Y) and the dual comparative index p*(Y,Y)
of two constant real 2n x n matrices Y = (X,U) and Y = (X, U) satisfying

YITY = 0, Y7y = 0, rankY =n= rank Y (1.38)
are nonnegative integers (between 0 and n) defined by the equations
uw(Y,Y) :=rank M +ind P, p*(V,Y) :=rank M + ind(-P), (1.39)
where
M:=I-X'X)yW(Y,Y), P=V[WYV)XIXV, V.=1-MM (1.40)

are n x n matrices with W (Y,Y) := YTJY being the Wronskian of ¥ and Y. The 2n x 2n matrix
J is defined in (1.1). Here ind P denotes the index (i.e., the number of negative eigenvalues) of the
symmetric matrix P. Originally, the comparative index was developed for the discrete oscillation
theory (see below) due to its connection with the “discrete focal points” [27,32,33]. This new
approach allowed to solve several difficult open problems pertaining e.g. exact Sturmian separation
and comparison theorems on compact interval (Section 2.2), a detailed distribution of focal points
of conjoined bases throughout the given interval (Theorem 2.8), singular Sturmian separation and
comparison theorems on unbounded intervals (Section 2.3), or the development of the oscillation theory
of system (H) without the Legendre condition (1.3) in [38-40]. Comparative index also produced
several important generalizations in the spectral theory [37-39)].

The definition of the comparative index shows that it can be expressed in terms of the Riccati
quotients as in (1.27), which are associated with the matrices ¥ and Y. More precisely, let Q and Q
be any symmetric n X n matrices such that

XTox = xTu, XTQXx =X"U. (1.41)
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For example, according to (1.26) we can choose the symmetric matrices

Q:=XXUX!, Q:=XX'UXT (1.42)
Then the matrix P in (1.40) has the form
P=VXT(Q-Q)XV, (1.43)
see e.g. [27, Theorem 3.2(iii)]. In particular, if the matrices X and X are invertible, then M = 0,
V =1, and equations (1.39), (1.42), and (1.43) yield that
p(V,Y)=ind(Q - Q), p(YV,Y)=ind(Q-Q), Q:=UX"! Q:=UX""L (1.44)

In the next chapter we will demonstrate the utility of the comparative index and the dual comparative
index for the development of a precise Sturmian theory of system (H).






CHAPTER 2

Sturmian theory for linear Hamiltonian systems

Oscillation theory of linear Hamiltonian systems and Sturm—Liouville differential equations repre-
sents a classical topic in the qualitative theory of differential equations. Standard references include
the monographs [11,21,30,46,58,67,69] by Atkinson, Coppel, Elias, Hartman, Kratz, and Reid, or
more recently [9,56,70] by Amrein et al., Johnson, Obaya, Novo, Nunez, Fabbri, and Rofe-Beketov
and Kholkin. In this chapter we present an overview of the Sturmian separation and comparison
theorems for linear Hamiltonian systems and our recent contributions to this subject.

Linear Hamiltonian systems (H) without the complete controllability assumption are intensively
studied in the literature. For example, Johnson, Novo, Niunez, and Obaya proved in [54, Theorem 3.6]
a formula connecting the rotation number of system (H) with the number of left proper focal points
of a conjoined basis (X,U) of (H) in (a,b] when b — oo. Uncontrollable systems (H) were also
considered in [41,53,55] in the relation with the notion of a weak disconjugacy of (H) and dissipative
control processes, and in [66,76,79-83] when studying the principal solutions of (H) at infinity. Let
us mention that the transformation theory of linear Hamiltonian systems developed by Dosly and
Elyseeva in [23-25,35,36] is an important tool in the investigations of their qualitative properties,
both in the context of the controllable and uncontrollable systems.

In this chapter we consider nonoscillatory linear Hamiltonian systems, as defined in [92]. If the
systems are oscillatory, then it is possible to measure a comparison of two such systems by means
of the concept of relative oscillation. For completely controllable systems it was developed by Dosly
in [26], which was extended to possibly uncontrollable systems by Elyseeva in [38&].

2.1. Review of Sturmian theory for controllable systems

Regarding the compact interval Z = [a,b], basic Sturmian separation and comparison theorems
for the second order Sturm-Liouville differential equations are presented in [46, Theorem XI.3.1]
or [69, Theorem I1.3.2(a)]. An extension of these results to completely controllable linear Hamiltonian
systems (H) was derived in [20, Theorem 4] by Coppel, in [10, pg. 252] by Arnold (also quoted in [70,
Theorem 4.8]), and in [58, Section 7.3] by Kratz. The notion of a completely controllable system (H)
was defined in Section 1.1. In particular, we remark that Kratz proved in [58, Theorem 4.1.3] the
following result.

Proposition 2.1. Assume that the Legendre condition (1.3) holds on the interval Z. Then system
(H) is completely controllable on Z if and only if for every conjoined basis (X,U) of (H) the matriz
X(t) is singular only at isolated points in the interval Z.

As it is demonstrated in the above proposition, the development of the classical Sturmian theory
for linear Hamiltonian system (H) is based on two assumptions. Namely,

e the validity of the Legendre condition (1.3) on the interval [a,b] and
e the complete controllability (or the identical normality) of system (H) on [a, b].

The above result justifies the following definition. A point ¢y € Z is a focal point of a conjoined basis
(X,U) of (H) if X (to) is singular, and then

m(ty) := def X (tg) = dimKer X (t9), m(ty) < mn, (2.1)
is its multiplicity. Here we use the terminology defect of a matrix (denoted by def) for the dimension
of its kernel. For convenience we denote by m(Z) and m(Z) the total number of focal points of the

15
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conjoined bases (X, U) and (X,U) of (H) in the interval Z, that is,
m(I):=Y _m(t), MI):=» m(t), (2.2)

tel tel

where 7(to) is the multiplicity of the focal point to of (X,U) defined according to (2.1). Under the
Legendre condition (1.3) the sums in (2.2) are finite when the interval Z is compact or when the
interval Z is unbounded from above and system (H) is nonoscillatory. If we deal with an interval Z
with specific endpoints, such as the intervals Z = (a, b] or [a,b) or (a,b) or (a,00) etc., then we write
m(a,b] or m(a,b] etc. for simplicity in the corresponding context.

2.1.1. Sturmian separation theorems. In [67, Corollary 1, pg. 366] or [69, Corollary 1,
pg. 306], Reid proved the following Sturmian separation theorem for a completely controllable system
(H) on an arbitrary bounded interval Z. The numbers of focal points in the interval Z of any two
conjoined bases (X, U) and (X, U) of system (H) differ by at most n (which is the maximal multiplicity
of a focal point), i.e.,

im(Z) — m(Z)| < n. (2.3)
Moreover, an improved estimate was derived in [69, Corollary 3, pp. 307-308] saying that
Im(Z) — m(Z)| < n—m, (2.4)

where m is the defect (i.e., the dimension of the kernel) of the Wronskian of the two conjoined bases
(X,U) and (X,U). In addition, for one conjoined basis (X,U) of (H) the difference between the
numbers of its focal points in (a, ] and in [a,b) equals to the value

def X (b) — def X (a) = rank X (a) — rank X (b). (2.5)

Specific results were also obtained for the principal solution (X, Us) of system (H) at the point s € Z,
which we defined in (1.12). In this case we denote the number of focal points of (X, Us) in the interval
Z by ms(Z) in the spirit of (2.2). Then the result in [67, Corollary 2, pg. 366] or [69, Corollary 2,
pg. 307] states that for any conjoined basis (X, U) of system (H) we have

mg(a,b) —n < m(a,b) < mgy(a,b) +n, (2.6)
ma(a,b] —n < m(a,b] < mg(a,b] + n, (2.7)
while from [69, Theorem 8.3] we obtain that
ma(a,b) = mp(a,b), mg(a,b] =mpla,b). (2.8)
As a continuation of the above results, Kratz derived in [58, Section 7.3] exact formulas for the

difference of focal points in the open interval Z = (a,b) of two conjoined bases (X,U) and (X, U) of
system (H) by using the index (i.e., the number of negative eigenvalues) of the difference between the
associated Riccati quotients. Namely, the results in [58, Theorem 7.3.1, pg. 194] states that

m(a,b) — m(a,b) = ind(Q — Q)(b7) — ind(Q — Q)(a™), (2.9)
m(a,b) — m(a,b) = ind(Q — @)(at) — ind(Q — Q)(b7), (2.10)
where Q(t) := U(t) X~ (t) and Q(t) := U(t) X~'(t) according to (1.25) and where ind(Q — Q) (tF)
denote the one-sided limits of the index of the matrix Q(t) — Q(t). Note that ind[Q(t) — Q(t)] is
a piecewise constant quantity in the interval (a,b) under the Legendre condition (1.3) and that the
difference on the right-hand side of (2.9) and (2.10) is always less or equal to n, which complies with

the earlier estimate by Reid in (2.3). Moreover, by using the principal solutions at a and b, Kratz
obtained in [58, Corollary 7.3.2, pg. 196] that for any conjoined basis (X,U) of (H) we have

m(a,b) = mg(a,b) +ind(Q, — Q)(b™) > my(a,b), (2.11)
m(a,b) = mp(a,b) +ind(Q — Qp)(a™) > my(a,b), (2.12)
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A singular Sturmian separation theorem for a completely controllable and nonoscillatory system
(H) on Z = [a,00) was derived in [29] by Dosly and Kratz. The main ingredient is the concept of
the principal solution of system (H) at infinity, which we discussed in Section 1.4. Following (1.31),
the principal solution of (H) at infinity is defined as a conjoined basis (Xoo, Uso) such that Xoo(t) is
invertible on an interval [a, 00) for some o > a and the matrix

t -1

Too =0, where T := lim </X001(S)B(S) XT1(s) ds) . (2.13)
t—00 @

The principal solution (X, Us) at infinity exists and is unique (up to a constant right invertible

multiple) by Proposition 1.19. Then in [29, Theorem 1] it is shown that, under the Legendre condition

(1.3), for any conjoined basis (X, U) of (H) we have the estimate

mla, 00) > meola, ), (2.14)

where mq[a, 00) denotes the number of focal points of the (unique) principal solution of (H) at infinity
in the indicated interval [a,00). Moreover, the result in [29, Corollary 1] states that if the interval
Z =R = (—00,00), then the numbers of focal points of the principal solutions of (H) at infinity and
at minus infinity in the whole interval R satisfy

Moo (—00,00) = M_so(—00, 00), (2.15)

which is a singular version of the first equality in (2.8). Moreover, by taking the limit for @ — —oc in
(2.14) we obtain for any conjoined basis (X, U) of (H) the estimate

m(—00,00) > Moo (—00,0). (2.16)

2.1.2. Sturmian comparison theorems. Next we review the Sturmian comparison theorems,
which provide estimates for the numbers of focal points of two conjoined bases of two possibly different
completely controllable linear Hamiltonian systems. Thus, together with system (H) we consider
another linear Hamiltonian system

g =JHt) g, tel, (H)
where the coefficient matrix # : Z — R2"%2" is piecewise continuous and symmetric on Z. Moreover,
we assume that the matrices #(t) in system (H) and H(¢) in system (I1) are related by the Sturmian
majorant condition

H(t) > H(t) foralltel. (2.17)
In this setting we say that system (H) is a Sturmian majorant of (H), or that system (H) is a Sturmian

minorant of (H). In addition to (2.17) we assume that the minorant system (H) satisfies the Legendre
condition

A~

B(t)>0 forallteZ. (2.18)

Here B(t) is the lower right n x n block of H(t), i.e., we partition the matrix H(t) similarly to (1.1) as
; ~C(t) AT(1)

t) = . A tel 2.19

o= (5 B e (2.19)

where A(t), B(t), C(t) are piecewise continuous n x n matrix-valued functions on Z with B(t) and
C(t) being symmetric for t € Z. Assumption (2.17) then implies that the Legendre condition (1.3)
holds also for the majorant system (H). Given a conjoined basis (X, U) of system (H), we denote by
m(Z) the total number of its focal points in the interval Z, following the notation in (2.2).
In [20, Theorem 4], Coppel derived under assumptions (2.17) and (2.18) a comparison result on
a bounded interval Z for the principal solutions (X,,U,) and (X4, U,) of systems (H) and (H) at the
point a in the form
mg(a, b] > me(a,b]. (2.20)
Such estimates are also known in the works by Arnold in [10, pg. 252], which is also quoted in [70,
Theorem 4.8] by Roffe-Beketov and Kholkin. However, the latter two references use the majorant
condition (2.17) together with the strengthened Legendre condition B(t) > 0 on the interval Z. On
the other hand, in [58, Theorem 7.3.1, pg. 194], Kratz derived the Sturmian comparison theorem for
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the open interval Z = (a, b) saying that for any two conjoined bases (X, U) and (X, U) of systems (H)
and (H) we have the estimates

m(a,b) — fia,b) > ind(Q — Q)(b) — ind(Q — Q)(a*), (2.21)

m(a,b) — fia, b) > ind(@ — Q)(a*) — ind(Q — Q)(b"), (2.22)

where Q(t) := U(t) X (t) and Q(¢t) := U(t) X~1(¢) as we discussed above. Moreover, by using the

principal solutions at a and b of system (H) in the place of (X,U), Kratz obtained in [58, Corol-
lary 7.3.2, pg. 196] that for any conjoined basis (X, U) of (H) we have the estimates

m(a,b) > Mq(a,b) +ind(Q, — Q)(b™) > Mala,b), (2.23)

m<a7 b) > T/Y\Lb(a, b) + lnd(Q - Qb)(a+) > mb(av b)7 (224>

where Q,(t) := U,(t) X7 (t). Note that according to the Sturmian separation theorem in (2.8) applied

to system (H) we have my(a,b) = mq(a,b) in (2.24). By taking (X,U) := (X,, U,) being the principal
solution of system (H) at a we obtain from (2.23) and (2.24) the inequality

ma(a,b) > mg(a,b), (2.25)

which complements the earlier estimate in (2.20) by Coppel.

Regarding an open or unbounded interval Z, a singular Sturmian comparison theorem for the
second order Sturm-Liouville differential equations was obtained in [1, Theorem 1(i)] by Aharonov
and Elias. Moreover, a singular comparison theorem for completely controllable and nonoscillatory
systems (H) and (H) on Z = [a, 00) was derived in [29, Theorem 2] by Dosly and Kratz. More precisely,
for any conjoined basis (X, U) of (H) we have the estimate

mla,00) > Meola, 00), (2.26)

where M[a, 00) denotes the number of focal points of the (unique) principal solution of the minorant
system (F) at infinity. Moreover, if assumptions (2.17) and (2.18) hold on the unbounded interval
Z = (—00,00), then we obtain from (2.26) by taking the limit for @ — —oo for any conjoined basis
(X,U) of (H) the estimate

m(—00,00) > Mo (—00,0). (2.27)

Note that additional results about the singular Sturmian comparison theorems for completely control-
lable systems (H) and (H) will be presented in Corollary 2.26 and in Subsection 2.3.3.

In the next sections we will show how the above estimates are generalized to possibly abnormal
systems (H) and (H) on bounded and/or unbounded intervals Z. Moreover, we will also see that
several results regarding possibly uncontrollable linear Hamiltonian systems are new even for systems,
which are completely controllable.

2.2. General Sturmian theory on compact interval

The Sturmian separation and comparison theorems on the compact interval Z for possibly abnormal
(or uncontrollable) systems (H) were derived in [60, Corollary 4.8] and [91, Theorems 1.2-1.5] by Kratz
and Simon Hilscher. This new theory employs the notion of a generalized (or proper) focal point of
a conjoined basis of (H), which was introduced in [59] by Kratz and subsequently more specified [96]
by Wahrheit, who defined the corresponding multiplicities of left and right proper focal points, see
equations (2.30) and (2.31) below.

In this section we consider the compact interval Z = [a, b]. In the previous section we saw that the
classical Sturmian theory for linear Hamiltonian system (H) is based on the complete controllability
assumption. When this assumption is removed, Kratz and independently Fabbri, Johnson, and Ntnez
showed in [59, Theorem 3] and [42, Proof of Lemma 3.6(a)] the following result.

Proposition 2.2. Assume that the Legendre condition (1.3) holds on Z = [a,b]. Then for any con-
joined basis (X,U) of system(H) the kernel of X (t) is piecewise constant on [a,b]. More precisely, for
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a giwen conjoined basis (X,U) of (H) there exists a partition a = tg < t; < --- <ty = b such that
Ker X (t) is constant on the open interval (tj,tj41) for all j € {0,1,...,m — 1} and
Ker X(¢;) CKer X(t;), j€{l,2,...,m}, (2.28)
Ker X (t]) C Ker X(t;), j€{0,1,...,m—1}. (2.29)

The quantities Ker X (tji) in (2.28) and (2.29) denote the limits of the constant set Ker X (¢) as
t— t]j-[. The inclusions in (2.28) and (2.29) follow from the continuity of the matrix X (¢) on [a,b].

In the subsequent work [96], Wahrheit defined the point ty € (a,b] to be a left proper focal point of
(X,U) if Ker X (ty ) & Ker X(t), with the multiplicity
mr(to) := def X (t9) — def X (t,) = rank X (¢;) — rank X (to). (2.30)

In a similar way we define ty € [a,b) to be a right proper focal point of (X,U) by the condition
Ker X (t7) S Ker X (tg), with the multiplicity

mp(to) == def X (t9) — def X (t§) = rank X (tJ) — rank X (to). (2.31)

The notations def X (t) and rank X (tF) represent the one-sided limits at to of the piecewise constant
quantities def X (t) and rank X (¢).

Let (X,U) and (X,U) be two conjoined bases of system (H). Moreover, given a point s € [a, b]
let (X, Us) be the principal solution of (H) at the point s € [a,b] as we defined in (1.12). We set

V(1) = <)U<((f))> V() = (ggi) Yi(t) = (5((3) tela b, (2.32)

which are 2n x n matrix solutions of system (H). This notation will be used in particular when we
deal with conjoined bases of system (H) combined together with the comparative index. It will be
also useful for calculating the Wronskian of two conjoined bases, as it is shown in (1.38).

For convenience we denote by mp(a,b], mr(a,b], and mrs(a,b] the total number of left proper
focal points of Y, ¥, and Y; in the half-open interval (a,b], respectively. Similarly, we denote by
mpgla,b), mgla,b), and mpgs[a,b) the total number of right proper focal points of Y, Y, and Y, in the
half-open interval [a,b), respectively. We note that the left and right proper focal points are always
counted including their multiplicities. By (2.30) and (2.31) we then have the equalities

mp(a,b] = Z mr(t), mgla,b) = Z mp(t). (2.33)
te(a,b] te(a,b)

Under (1.3) these sums are always finite, compare with the notation in (2.2).

The first Sturmian separation theorems for a possibly uncontrollable system (H) on bounded
interval Z were derived in [91] by Simon Hilscher by using the eigenvalue theory for a certain perturbed
linear Hamiltonian system. In [91, Theorem 1.4] and [60, Remark 4.7] it is shown that under (1.3)
for any conjoined basis (X, U) of system (H) we have the estimates

mrq(a,b] < mr(a,b] < mpq(a,b] +n,
mRb[aa b) < mR[a> b) < mRb[aa b) +n.

N.)

(2.3
(2.3

N.)

4)
5)
These inequalities imply, see [91, Theorem 1.5, that for any conjoined bases (X,U) and (X,U) of
(H) we have the estimates
n, (2.36)
<n, (2.37)
which generalize the results in (2.3) and (2.7 ) to possibly uncontrollable systems. Moreover, from [60,
Corollary 4.8] we know that
mrq(a,b] = mppla,b). (2.38)

The first Sturmian comparison theorems for two possibly uncontrollable systems (H) and (ﬁ) satisfying
the majorant condition (2.17) and the Legendre condition (2.18) were also derived in [91]. Note that
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the roles of the systems (H) and (H) in [91] are interchanged. More precisely and with the notation
in (2.17), the result in [91, Theorem 1.2] states that for any conjoined basis (X, U) of system (H) we
have the estimate

mr(a,b] < mpq(a,b] +n, (2.39)
while [91, Theorem 1.3] states that for any conjoined basis (X, U) of (H) we have the estimate
mr(a,b] > mrq(a,b]. (2.40)
By using [60, Remark 4.7] the estimates in (2.39) and (2.40) can be reformulated as
mpla,b) < mpgpla,b) + n, (2.41)
mpla,b) > mppla,b). (2.42)

We will comment about our contribution to this subject in Section 2.3.

2.2.1. Sturmian separation theorems. Using the above notation we can formulate a precise
Sturmian separation theorem for system (H), which involves the comparative index when dealing with
the left proper focal points and the dual comparative index when dealing with the right proper focal
points. In this subsection we present the mains results from [84, Sections 46|, see Appendix C. We
also add some closely related results from [89, Section 1 and 3]. The next result was independently
obtained also in [34, Theorem 2.3] by Elyseeva.

Theorem 2.3 (Sturmian separation theorem). Assume that (1.3) holds. Then for any conjoined bases
Y and Y of (H) we have the equalities

mL(av b] - mL(av b] = M(Y(b)’ Y(b)) - H(Y(a)’ Y(a))v (2'43)

mgla,b) — mgla,b) = p* (Y(CL), Y(CL)) - (Y(b)v Y(b)) (2.44)

In the following we provide a formula, which relates the number of left proper focal points in (a, b]
and the number of right proper focal points in [a,b) for one conjoined basis of (H). This extends the
information provided in (2.5) to possibly uncontrollable system (H).

Theorem 2.4. Assume that (1.3) holds. Then for any conjoined basis (X,U) of (H) its numbers of
left proper focal points in (a,b] and right proper focal points in [a,b) satisfy
mp(a,b] + rank X (b) = mpgla,b) + rank X (a). (2.45)
The next two results demonstrate that the principal solutions Y, and Y} of system (H) at the
points a and b play a prominent roles in the presented Sturmian theory of (H). The numbers
mrq(a,bl, mpela,b), mrp(a,b], mpgpla,d) (2.46)
turn out to be essential parameters of system (H) on the interval [a,b]. More precisely, they are
optimal bounds for the numbers of left and right proper focal points of any conjoined basis (X, U)

in (a,b] and [a,b), respectively. In the next results we use the notation from (2.32) regarding the
principal solutions Y, and Y, of (H).

Theorem 2.5. Assume that (1.3) holds. With the notation in (2.46) we have for the left and right focal
points of the principal solutions (X4,U,) and (Xp, Up) in (a,b] and [a,b), respectively, the equalities

mpp(a,b] = mrq(a,b] + rank X, (b) = mpq(a, b] + rank Xp(a), (2.47)
Mpala,b) = mppla, b) + rank Xy(a) = mppla, b) + rank X, (b), (2.48)
MmRpala,b) = mrp(a,b], mrq(a,b] =mpyla,b). (2.49)

Note that the second equality in (2.49) is known in (2.38), while the first equality in (2.49) is new.

Theorem 2.6 (Sturmian separation theorem). Assume that (1.3) holds. Then for any conjoined basis
(X,U) of (H) we have the inequalities

mra(a,b] < mrg(a,b] < mpry(a,b], (2.50)

mppla,b) < mgla,b) < mpgfa,b). (2.51)
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According to (2.49) in Theorem 2.5, the lower bounds in (2.50) and (2.51) are the same, as well
as the upper bounds in (2.50) and (2.51) are the same. Moreover, these lower and upper bounds are
independent on the conjoined basis (X, U). Since these bounds are attained for the specific choices of
(X,U) = (Xq4,Uy) and (X, U) := (Xp, Up), the inequalities in (2.50) and (2.51) cannot be improved —
in the sense that the estimates (2.50) and (2.51) are satisfied for all conjoined bases (X, U) of (H).

In the context of Theorem 2.3 the principal solutions Y, and Y} can be viewed as reference solutions
of system (H) when counting the number of left and right proper focal points in (a,b] and [a,b),
respectively. More precisely, every conjoined basis Y of system (H) satisfies the exact formulas

mi(a,b] = ma(a,b] + u(Y (b), Ya(b)), (2.52)
mala,b) = mula, b) + u*(Y (a), Yi(a)). (2.53)

Inequalities (2.50)—(2.51) together with (2.47)—(2.48) imply directly the optimal and the universal
bound for the difference between the numbers of proper focal points of any two conjoined bases of

system (H). This result improves the estimates in (2.36) and (2.37). Note that this result is also new
in the controllable case, where it generalizes the estimate presented in (2.3).

Corollary 2.7 (Sturmian separation theorem). Assume that (1.3) holds. Then for any conjoined
bases (X,U) and (X,U) of (H) we have the estimates

| mp(a,b] — Mg (a,b] | < rank X,(b) = rank Xy(a) < n, (2.54)
| mg[a,b) — mg[a,b) | < rank Xp(a) = rank X,(b) < n, (2.55)
| mp(a,b] — Mgla,b) | < rank X,(b) = rank X,(a) < n. (2.56)

The results in Theorem 2.6 also pose the natural question, whether for any given integers ¢ and
r within the lower and upper bounds in (2.50) and (2.51) there exists a conjoined basis Y of system
(H), for which the equalities

mr(a,b)=¢ and mgla,b) =7 (2.57)

hold. And if so, then how to determine such a conjoined basis. The answers to both these questions
are presented in the next statement from [89, Theorem 1.1].

Theorem 2.8. Assume that (1.3) holds. Then for any integers £ and r satisfying
mrq(a,b] <€ <mpp(a,b] and mppla,b) <r < mpyla,b) (2.58)

there exists a conjoined basis Y of (H) such that (2.57) holds. Moreover, if £ > r, then the conjoined
basis Y can be chosen with X(a) = I, and if £ < r, then the conjoined basis Y can be chosen with
X(b) = 1. In particular, when € = r the conjoined basis Y may be chosen with both X (a) and X (b)
invertible.

In the case when system (H) is completely controllable on [a,b], then Theorem 2.8 represents

a generalization of the classical result by Reid, see e.g. [69, Theorem V.6.3, pg. 284-285] or [67, The-
orem VIL5.1] in combination with [59, Theorem 1]. We display this result explicitly for an easy
comparison with the results in Section 1.3 regarding the explicit Riccati equation (R), see [89, Theo-

rem 3.2 and Remark 3.3] for more details.

Theorem 2.9. Assume that (1.3) holds and system (H) is completely controllable on [a,b]. Then the
following statements are equivalent.

(i) There exists a conjoined basis (X,U) of (H) such that X (t) is invertible on (a,b].
(ii) For any integer r with 0 < r < n there exists a conjoined basis (X,U) of (H) such that X(t)
is invertible on (a,b] and m(a) = r.
(iii) There exists a conjoined basis (X,U) of (H) such that X(t) is invertible on [a,b).
(iv) For any integer £ with 0 < { < n there exists a conjoined basis (X,U) of (H) such that X (t)
is invertible on [a,b) and m(b) = £.
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The results in Theorem 2.9 are important for applications. For example, in the theory of Riccati
matrix differential equations, see e.g. [58,67,68,77], they provide a sufficient and also a necessary
condition for the existence of a symmetric solution of (R) on the whole intervals [a, ], (a, b], or [a,b)
by considering the Riccati quotient Q(¢) = U(t) X 1(¢) in (1.25). We remark that the conjoined basis
(X,U) in part (ii) of Theorem 2.9 can be constructed by prescribing the initial conditions at the point
b. More precisely, all such conjoined bases (X,U) (up to a constant right nonsingular multiple) are
determined as

X(b)=1, U®b)=D+Qub), D<0, indD=rankD =n—r, (2.59)
where @, is the Riccati quotient in (1.26) associated with the principal solution Y,. Similarly, all
conjoined bases Y (up to a constant right nonsingular multiple) in part (iv) of Theorem 2.9 are
constructed by the initial conditions at the point a. Namely, we have

X(a)=1, U(a)=D+Qp(a), D>0, ind(—D)=rankD =n—/, (2.60)

where @y is the Riccati quotient in (1.26) associated with the principal solution Y.

The above results from the Sturmian theory of system (H) allow to derive additional properties of
the comparative index involving two conjoined bases of (H). These properties are of a local character
and they are expressed in terms of the limit of the comparative index, see [84, Theorems 6.1 and 6.3]
and [34, Theorem 2.3].

Theorem 2.10. Assume that (1.3) holds. Then for any two conjoined bases Y and Y of system (H)
the following properties are satisfied.
(i) The comparative index M(Y(t),f/(t)) is piecewise constant on [a,b] and right continuous on
[a,b). In addition,

lim :U’(Y(t)’ }A/(t)) = H(Y(tO)a Y(tO)) - mL(tO) + mL(tO)a o € (CL, b]v (261)

t—ty

and p(Y (1), Y(t)) is not left continuous at to € (a,b] if and only if mr(to) # mr(to).
(ii) The dual comparative index p*(Y (t), Y(t)) is piecewise constant on [a,b] and left continuous
on (a,b]. In addition,

tlglg w (Y (1), Y (1) = 1 (Y (t0), Y (o)) — mr(to) + mr(to), to € [a,b), (2.62)

and p* (Y (t), f/(t)) is not right continuous at to € [a,b) if and only if mg(to) # mr(to).

The next result shows how to compute the multiplicities in (2.30) and (2.31) of left and right
proper focal points of Y at some point tg by a limit involving the comparative index.

Theorem 2.11. Assume that (1.3) holds. LetY be a conjoined basis of (H) and letY; be the principal
solution of (H) at the point t in (2.32). Then we have

mp(to) = tﬁH{ 1(Y (t0), Yz (to)),  to € (a,b], (2.63)
mR(to) = tlir]{l+ /A* (Y(to), Y; (to)), tg € [a, b) (2.64)

2.2.2. Sturmian comparison theorems. In this is subsection we comment on the Sturmian
separation theorems (in particular on the results in Theorems 2.3 and 2.10) from a more general
context. More precisely, we present the Sturmian comparison theorem for conjoined bases of two
systems of the form (H) and (H) satisfying the majorant condition (2.17). Along with the basic
systems (I) and (H) we will also consider a certain transformed linear Hamiltonian system

g =JH(t)j teT, (H)

which is related to (H) and (H) by a symplectic transformation, see formula (2.70) below.
The following exact formula for expressing the numbers of left and right proper focal points of
conjoined bases Y and Y of systems (H) and (H) on Z = [a,b] was derived in [34, Theorem 2.2] by
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Elyseeva. In the spirit of (2.33), we denote by my,(a,b] and mpg[a,b) the total number of left and right
proper focal points of the conjoined basis Y of system (ﬂ) in the indicated interval. Similar notation
mr(a,b] and mg[a,b) will be used for the conjoined basis Y of system (H), see below. Under (1.3)
these sums are always finite. For convenience we define the constant 2n x n matrix

E:=(0, )7, (2.65)
which can be considered, in view of (1.12), as the initial condition for the principal solutions Y, }75,
Ys of systems (H), (H), (H) at the point s € Z.
Theorem 2.12. Assume that (2.17) and (2.18) hold on T = [a,b] and let Y and Y be any conjoined
bases of (H) and (H). Let Z be a fundamental matriz of (H) satisfying Y (t) = Z(t) E on [a,b], where
the matriz E is given in (2.65), and consider the function Y (t) :== Z=1(t)Y (t) on [a,b]. Then the
comparative index (Y (t),Y (t)) is piecewise constant on [a,b] and right-continuous on [a,b) and for
every to € (a,b] the multiplicities mp(to), mr(to), and mr(to) of left proper focal points of Y, Y, and
Y at ty defined through (2.30) satisfy the equality

mi(to) — mp(to) = M (to) + p(Y (to), Y (to)) — lim p(Y(t), Y (t)). (2.66)

t—ty
Moreover, the numbers of left proper focal points of Y and Y in (a,b] are connected by
mi(a,b] — i (a,b] = mr(a,b] + p(Y (b), Y (b)) = u(Y (a), Y (a)), (2.67)
where mp(a,b] is the number of left proper focal points in (a,b] of the auxiliary function Y.

A corresponding result for the right proper focal points in [a,b) can be derived by an analogous
method to the proof of Theorem 2.12 in [34]. Alternatively, we may use the relationship in (2.45) in
Theorem 2.4 between the left and right proper focal points of Y.

Theorem 2.13. Under the assumptions of Theorem 2.12, for any conjoined bases Y and Y of (H)
and () the dual comparative index p*(Y (t),Y (t)) is piecewise constant on [a,b] and left-continuous
on (a,b] and for every ty € [a,b) the multiplicities mg(ty), mp(to), and mg(ty) of right proper focal
points of Y, Y, and Y := Z~ Y at ty defined through (2.31) satisfy the equality

mpg(to) — Mr(to) = Mr(to) + 1* (Y (to), Y (to)) — tl_lgg pHY (1), Y (2)). (2.68)

Moreover, the numbers of right proper focal points of Y and Y in [a,b) are connected by
mpgla,b) — fgla,b) = mgla,b) + p* (Y (a),Y (@) — 1" (Y (b), Y (b)), (2.69)
where mg[a,b) is the number of right proper focal points in [a,b) of the auziliary function Y .

We note that the symplectic fundamental matrix Z of (H) in Theorems 2.12 and 2.13 has the form

Z = (x,Y). Moreover, it is easy to verify (see [ 26]) that the function Y := Z~'Y is a conjoined basis
of the transformed linear Hamiltonian system (H), whose coefficient matrix
H(t) = ZT () [H(@) — 1) Z(t), tel, (2.70)
satisfies H(t) > 0 on Z under (2.17). In particular, the Legendre condition
B(t)>0 forallteZ (2.71)

holds, where B(t) is the lower right n x n block of the matrix H(t). Condition (2.71) implies that the
quantities mp(to), mr(to) in (2.66), (2.68) and the quantities mz,(a,b], mgla,b) in (2.67), (2.69) are
correctly defined.

When the two systems (H) and (H) coincide, i.e., when H(t) = H(t) on Z, then H(t) = 0 on Z by
(2.70) and hence, all conjoined bases Y of (H) are constant on Z and we have mr,(a,b] = 0 = mgla, b).
In this case the results in (2.67) and (2.69) reduce to formulas (2.43) and (2.44) in Theorem 2.3.
Similarly, the results in (2.66) and (2.68) reduce to formulas (2.61) and (2.62) in Theorem 2.10, since
in this case we have mp(to) = 0 = mg(to).



24 CHAPTER 2. STURMIAN THEORY

2.3. General Singular Sturmian theory on unbounded intervals

In this section we present our fundamental contributions to the singular Sturmian theory for
nonoscillatory and possibly uncontrollable linear Hamiltonian systems (H) on the unbounded interval
Z = [a,00). These new results employ two key tools, namely,

e the theory of minimal principal and maximal antiprincipal solutions of (H) at infinity, and
e the concept of a multiplicity of a focal point at infinity.

In [79,81,85] we showed that every conjoined basis Y of (H) with constant kernel on [a, 0c0) with
d[or, 00) = do satisfies

n—de <tank X(t) <n, tE€ [a,o0), (2.72)
T
0 <rankTy 0o <N —doo, To,o0:= hm </XT XTT( )ds ) (2.73)

We recall from Section 1.4 that Y is the minimal principal solution at infinity if the corresponding
matrix in (2.73) satisfies Ty, oo = 0 and if rank X (¢) = n — ds on [, 00). Moreover, according
to [81, Definition 5.1], a conjoined basis Y of (H) with constant kernel on [a, 00) with d[a, 00) = d is
a mazimal antiprincipal solution at infinity if eventually rank X (¢) = n and the corresponding matrix
To, 00 in (2.73) satisfies
rank Tt oo = 1 — doo,

i.e., the rank of the matrix T;, ~ is maximal according to (2.73). In this section we will use the notation

%o for the minimal principal solution at infinity (in Section 1.4 we used the notation (Xmin, Umin)),
while for a maximal antiprincipal solution at infinity we will use the notation Y,,. By [87, Propo-
sition 2.3] we know that a given maximal antiprincipal solution Y, completes the minimal principal
solution Y, (or its suitable invertible multiple) to a symplectic fundamental matrix Z., of system (H).
That is, we have

Zoo(t) = (Yoo(t) Yao(t)), te€[a,00), W(Yoo,Ys)=1, (2.74)

where W (Yoo, Yoo ) is the Wronskian of the conjoined bases Yo, and Y5,. Then every conjoined basis Y
of (H) can be uniquely represented by a constant 2n x n matrix C’oo satisfying

Y(t) = Z(t) C, tE€la,0), Cux:= < W (Yoo, V) ) (2.75)

The following notion appeared in [86] and it is completely new in the theory of linear Hamiltonian

differential systems. It provides a unified view on the principal solutions of system (H) at a finite
point and at infinity, see equality (2.77) in Theorem 2.15 below.

Definition 2.14 (Multiplicity of focal point at infinity). Let Y be a conjoined basis of system (H)
with constant kernel on the interval [, 00) for some a € a0, 00) With as defined in (1.7). We say
that Y has a (left) proper focal point at infinity if de + rank T}, oo < n with the multiplicity

mp(00) :==n — doo — rank Ty oo, (2.76)

where d is the maximal order of abnornality of (H) in (1.6) and Ty, o is the matrix defined in (2.73)
corresponding to Y.

In accordance with (2.73) we note that under (1.3) the number my(co) defined in (2.76) is always
nonnegative. Moreover, it does not depend on the particular choice of the point o € [a, 0), for
which the conjoined basis Y has constant kernel on [o,00). In particular, we have the estimates
0 < mp(oo) < n— de. It follows that the conjoined basis Y has no focal point at infinity, i.e.
mp(00) = 0, if and only if Y is an antiprincipal solution of (H) at infinity. Similarly, the multiplicity
mp(00) =n — do is maximal possible if and only if Y is a principal solution of (H) at infinity.

The next result, see [86, Theorem 3.3], provides a way for computing the multiplicity of the focal
point at infinity in terms of the rank of the genus of a conjoined basis Y and the rank of the Wronskian
of Y with the minimal principal solution Y., at infinity.
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Theorem 2.15. Assume that (1.3) holds with [a,00) and system (H) is nonoscillatory. Let Y be
a conjoined basis of (H) belonging to a genus G. Then the multiplicity of the focal point of Y at
infinity defined in (2.76) satisfies the formula

mp(o0) = rank G — rank W (Y5, Y), (2.77)
where the quantity rank G is defined in (1.10) and W(Ys,Y') is the Wronskian of Yoo and Y.

Remark 2.16. When system (H) corresponds to the second order Sturm—Liouville differential equa-
tion, then the statement of Theorem 2.15 characterizes the principal solutions at infinity as those so-
lutions with my,(c0) = 1. On the other hand, all nonprincipal solutions at infinity satisfy mpz,(co) = 0.

2.3.1. Singular Sturmian separation theorems. In this subsection we present the main re-
sults from [86, Sections 5-7], see Appendix D. More precisely, we provide Sturmian separation the-
orems for conjoined bases of a nonoscillatory system (H) on the unbounded intervals (a, o], resp.
[a,00). We emphasize that the results regarding left proper focal points include the multiplicity of
proper focal point at infinity, which was introduced in Definition 2.14. In addition, we will also provide
the corresponding results for the open interval (a,00). We note that the results in this subsection hold
also with the left endpoint a = —oo for the intervals Z = (—o0,b] or Z = (—00, 00), if we consider the
corresponding concept of the minimal principal solution of (H) at minus infinity. A detailed analysis
of this case is presented in [86, Remarks 5.16 and 8.1], see Appendix D.

The following result corresponds to formulas (2.43) and (2.44), where a compact interval Z = [a, 0]
was considered. It also justifies the necessity of including the multiplicity of proper focal point at
infinity in the singular Sturmian theory of system (H).

Theorem 2.17 (Singular Sturmian separation theorem). Assume that (1.3) holds with T = [a,00)
and system (H) is nonoscillatory. Then for any conjoined bases Y andY of (H) we have the equalities

mr(a, 0] —mr(a,oco] = M(C'OO,C’OO) — ,u(Y(a),Y(a)), (2.78)
mg[a, 00) — mgla, 00) = p* (Y (a), ?(a)) — 1" (Coo, C’Oo), (2.79)
where Co, and Coy are the constant matrices in (2.75) corresponding to' Y and Y.

By considering a special choice of the conjoined basis Y in Theorem 2.17 we obtain formulas for
the exact numbers of left and right proper focal points of any conjoined basis Y of (H) in the intervals
(a,00] and [a,00). They highlight the importance of the minimal principal solution Y5, of (H) at
infinity and the principal solution Y, of (H) at a in counting the numbers my (a, o] and mg[a, o).
They correspond to formulas (2.52) and (2.53), where a compact interval Z = [a,b] was considered.
For convenience we denote by mp(a,co] the total number of left proper focal points of the minimal
principal solution Y5, of (H) at infinity in the interval (a, co|. Similarly, we denote by mpga[a, 00) the
total number of right proper focal points of Y5, in the interval [a, 00).

Theorem 2.18. Assume that (1.3) holds with T = [a,00) and system (H) is nonoscillatory. Then for
any conjoined basis Y of (H) we have the equalities
mp(a,00] = mpq(a, 00| + ,u(C'oo, C’go), (2.80)
mpgla, 00) = mpssla, 00) + p* (Y (a), Yoo (a)), (2.81)
where Coo and C4 are the constant matrices in (2.75) corresponding to'Y and Y.

In the next statement we connect the multiplicities of left and right proper focal points of one
conjoined basis Y of (H) in an unbounded interval. This result corresponds to formula (2.45).

Theorem 2.19. Assume that (1.3) holds with T = [a, 00) and system (H) is nonoscillatory. Let Y, be
the minimal principal solution of (H) at infinity. Then for any conjoined basis Y of (H) its numbers
of left proper focal points in the interval (a,o0] and right proper focal points in the interval [a,o0)
satisfy the equality

my(a,00] + rank W (Y, Y) = mpgla, 00) + rank X (a). (2.82)
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In the remaining results of this subsection we will use the principal solution Y, of (H) at the point
a and the minimal principal solution Y5, of (H) at infinity as important ingredients in the presented
results from the singular Sturmian theory on the unbounded interval Z = [a,00). The following
statement relates the numbers of left and right proper focal points of Y, and Y, in (a, 0] and [a, 00).
This result corresponds to formulas (2.47)—(2.49) in Theorem 2.5.

Theorem 2.20. Assume that the Legendre condition (1.3) holds with T = [a,c0) and system (H) is
nonoscillatory. Then we have the formulas

MLoo(a, 0] = mrg(a, 0] + rank Xoo(a), mpgela, c0) = mpsola, 00) + rank X (a), (2.83)
mrq(a,o0] = mpsola,o0), mpqfa,o0) = mrs(a,oco]. 2.84)

We remark that equations (2.80) and (2.81) yield the lower bounds
mr(a,o0] > mrq(a,o0], mgla,00) > mpla, o) (2.85)

for the numbers of left and right proper focal points of any conjoined basis Y of (H) in the interval
(a,00] and [a,00). These two lower bounds are the same according to (2.84). Moreover, the second
estimate in (2.85) generalizes the result of Dosly and Kratz in (2.14) to possibly uncontrollable system
(H). In the next statement we provide the corresponding optimal upper bounds for the numbers
mr(a, 0] and mpgla,c0). These estimates correspond to (2.50)—(2.51) in Theorem 2.6.

Theorem 2.21 (Singular Sturmian separation theorem). Assume that (1.3) holds with T = [a,c0)
and system (H) is nonoscillatory. Then for any conjoined basis Y of (H) we have

mrq(a,o0] < mp(a,o00] < mreo(a, o], (2.86)
MRsoa, 00) < mprla,00) < mpgla, 00). (2.87)

The results in the above theorem yield the following optimal estimates for the difference of the
numbers of the left and right proper focal points of any two conjoined bases of (H). They correspond
to (2.54)—(2.56) in Corollary 2.7.

Corollary 2.22 (Singular Sturmian separation theorem). Assume that (1.3) holds with T = [a, c0)
and system (H) is nonoscillatory. Then for any conjoined bases Y and Y of (H) we have

| mp(a,00] — Mg (a, 0] | < rank Xo(a) < n,

’mR[a,oo) — mpgla, 00) ‘ < rank X (a) < mn,

| mp(a, 0] — figla,00) | < rank Xoo(a) < n.

In the next part of this subsection we analyze the numbers mp (a,o0) and mg(a,00) of left and
right proper focal points of a conjoined basis Y of (H) in the open interval (a,00). The motivation
comes from possible practical applications, where the independent variable is always finite.

In the following statement we provide optimal lower and upper bounds for the numbers left and
right proper focal points of any conjoined basis Y of (H) in the open interval (a,oc0). It is surprising

that the optimal upper bounds for mp (a,00) and mpg(a,c0) are the same as in (2.86) and (2.87), i.e.,
they are equal to myeo(a, 00] and mpgla, 00), respectively.

Theorem 2.23. Assume that (1.3) holds with T = [a,00) and system (H) is nonoscillatory. Then for
any conjoined basis Y of (H) we have

mra(a,00) < mp(a,00) < mpeo(a, o], (2.88)
MRso(a, 00) < mp(a,0) < mpgla, 0o). (2.89)
As an analogy of Corollary 2.22 we obtain from Theorem 2.23 the following estimates.

Corollary 2.24. Assume that (1.3) holds with T = [a,00) and system (H) is nonoscillatory. Then
for any two conjoined bases Y andY of (H) we have

|mL(a, o) —my(a,o0) } <rankG, <mn, (2.90)

| mg(a,c0) — Mp(a,oo) } < rank Xoo(a™) < n, (2.91)
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where G, is the genus of conjoined bases of (H), which contains the principal solution Y.

The next result connects the multiplicities of left and right proper focal points of the principal
solutions Y, and Y., in the open interval (a, o).

Theorem 2.25. Assume that (1.3) holds with T = [a,00) and system (H) is nonoscillatory. Then we
have the formula

mpa(a,o0) + rank G, = mpoo(a, 00) + rank Xoo(a™), (2.92)
where G, is the genus of the principal solution Y,. In particular, the equality
MLa(a,00) = Mino(a, ) (2.93)
holds if and only if rank G, = rank X (a™).

When system (H) is completely controllable then every conjoined basis Y of (H) has the matrix
X(t) invertible near a. In addition, if (H) is nonoscillatory, then X (t) is also invertible near oo.
Therefore, in this case the condition rank G, = rank Xo.(a™) = n is automatically satisfied and we get
from Corollary 2.25 the following. This result is also new even in this special setting.

Corollary 2.26. Assume that (1.3) holds with T = [a,00) and system (H) is completely controllable
on [a,00) and nonoscillatory. Then the principal solutions Y, and Y, have the same number of focal
points in the open interval (a, o), i.e.,

ma(a, 00) = meo(a, 00). (2.94)

The above results from the singular Sturmian theory of system (H) on an unbounded interval allow
to describe asymptotic properties of the comparative indices M(Y(t),f/(t)) and p* (Y(t), }A/(t)) when
t — oo for a pair of conjoined bases Y and Y of (H), see [86, Theorems 6.1 and 6.4] or Appendix D.
This result corresponds to Theorem 2.10.

Theorem 2.27. Assume that (1.3) holds with T = [a,00) and system (H) is nonoscillatory. Then
for any two conjoined bases Y and Y of (H) the limits of the comparative indices p(Y (t),Y (t)) and
(Y (¢), Y(t)) fort — oo exist and

Jim pu(Y(2), V(1)) = p(Coo, Coo) — mp(00) + i (00), (2.95)
lim 4" (Y(t),Y (1)) = 1" (Coo, Coo), (2.96)

t—»00
where Co, and Coy are the constant matrices in (2.75) corresponding to' Y and Y.

In the next theorem we present a formula for calculating the multiplicity of the focal point at
infinity of a conjoined basis Y of system (H) in terms of the comparative index of Y with the principal
solution Y;, respectively in terms of their representing matrices Coo and C% in (2.75). In addition, we
provide an interesting representation of the maximal order of abnormality do, of (H) in terms of the
dual comparative index u* (C’oo, C’éo) This result corresponds to Theorem 2.11.

Theorem 2.28. Assume that (1.3) holds with T = [a,o0) and system (H) is nonoscillatory. Then for
any conjoined basis Y of (H) the limits of the comparative indices N(C’OO,C'@O) and p* (C’OO,C'};O) for
t — oo exist and

tlggo 11(Cos, CL) = myp (c0), (2.97)
lim p*(Coo, CL) = n — doo, (2.98)

t—o00

where Coo and C% are the constant matrices in (2.75) corresponding to Y and Y;.

In the last part of this subsection we compare the above results with the limiting cases of the
results in Subsection 2.2.1 when we assume that system (H) is nonoscillatory and the right endpoint
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b — co. BEquations (2.43)—(2.44) in Theorem 2.3 yield that for any conjoined bases Y and Y there
exist the limits

tli{& U(Y(t)v ?(t)) - mL(a’ OO) - T?LL(CL, OO) + M(Y(a)7 Y(a)), (2'99>
Jim (Y (1), Y (1)) = 1 (Y (a), ¥ (a)) ~ mla, 00) + ina, o0), (2.100)

Then the result in Theorem 2.27 shows, how these two limits can be evaluated explicitly without using
the numbers of left proper focal points of Y and Y in (a,00) or without using the numbers of right
proper focal points of Y and Y in [a,00). Moreover, the results in Theorem 2.20 yield interesting
connections with the limits of the corresponding equalities in (2.49). First of all, it is not at all clear
whether the limits

lim mpy(a,b], lim mpgyla,d) (2.101)
b—o0 b—o0

exist, and if they exist, then what are their values. Below we show that both of these limits indeed
exist and that the first one is equal to mp(a, 0] as we would formally expect, but surprisingly the
second one is not equal to mp[a, 00) in general. More precisely, we have

lim mpy(a,b] (2.49) lim mpgla,b) = mpg|a, o) (2.84) Moo (@, 00],

b—o00 b—00

blim mpp|a, b) (2.49) blim mrq(a,b] = mpq(a,oc0) (284 M Rool@, 00) — Mpq(00).
— 00 — 00

The above calculation shows that the second limit in (2.101) is equal to the formally expected value
MRoola, 00) only when mp,(c0) = 0, i.e., only when the principal solution Y, is antiprincipal at oo
according to Definition 2.14 and the subsequent comments. Therefore, by taking the limit as b — oo
in the estimates in (2.50) for the left proper focal points we obtain the statement in (2.88). On the
other hand, by taking the limit as b — oo in the estimates in (2.51) for the right proper focal points
we obtain the estimates

MRool@, 00) — Mre(00) < mpla,00) < mpyla, o). (2.102)

In (2.102), the upper bound is optimal according to (2.87), while the lower bound is not in general
optimal. More precisely, the lower bound in (2.102) is optimal if and only if my,(c0) = 0.

2.3.2. Singular Sturmian comparison theorems. In this is subsection we study a more gen-
eral situation in the singular Sturmian theory on the unbounded interval Z = [a, c0). More precisely, we
present the Sturmian comparison theorems for conjoined bases of two nonoscillatory systems (H) and
(H), which satisfy the Sturmian majorant condition (2.17). These results were developed in [87, Sec-
tions 4-6], see Appendix E. We note that the results in this subsection hold also with the left endpoint
a = —oo for the interval Z = (—o0, b], if we consider the corresponding concept of the minimal prin-
cipal solution of (H) at minus infinity. A detailed analysis of this case is presented in [87, Section 6],
see Appendix E. The situation for the Sturmian comparison theorems on the unbounded interval
7 = (—o00,00) is slightly different and we comment on this case at the end of this subsection.

First we recall a comparison result for nonoscillatory systems (H) and (ﬁ) under the majorant
condition (2.17), as well as the invariance of the nonoscillation for system (H) and the transformed

system (H). The latter result is based on the generalized reciprocity principle in [35, Theorem 2.2].

Proposition 2.29. Assume that (2.17) and (2.18) hold onZ = [a, 00) and that system (H) is nonoscil-
latory. Then
(i) system (H) is nonoscillatory, and
(ii) for every symplectic fundamental matriz Z of (fl) the transformed system (H) with the coef-
ficient matriz H(t) given in (2.70) is nonoscillatory.

We denote by Yz, Yoo, Y5 the minimal principal solutions of nonoscillatory systems (H), (), (H)
at infinity, respectively. Moreover, let Z, Z~o, Zoo be the associated symplectic fundamental matrices
defined in (2.74). In the remaining part of this subsection we will consider the transformed system
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(ﬁ) with respect to the transformation matrix Zs.. The following result shows that under natural
assumptions the minimal principal solution Y5, of (H) at infinity is transformed into the minimal
principal solution Y5, of (H) at infinity and vice versa.

Theorem 2.30. Assume that (2.17) and (2.18) hold on I = |a,00) and that system (H) is nonoscil-
latory. Then the conjomed basis 2 1Y, is the minimal principal solution of (H) at infinity and the
conjomed basis Z YOO is the minimal principal solution of (H) at infinity. That is, the equalities
Z Woo = Yo K and ZooYoo = Yoo K1 hold for some constant invertible n x n matriz K.

The next result provides the singular Sturmian comparison theorem for two systems (H) and (H)
on the unbounded interval Z = [a,00) satisfying the majorant condition (2.17). In particular, it
generalizes the comparison formulas in Theorems 2.12 and 2.13, as well as the separation formulas in
Theorem 2.17 to this case.

Theorem 2.31 (Singular Sturmian comparison theorem). Assume that (2.17) and (2.18) hold on
7 = [a,00) and that system (H) is nonoscillatory. Then for every conjoined basis Y of (H) and for

every conjoined basis Y of (H) we have
mi(a,00] — g (a,o0] = M (a,o0] + p(Y(a), Yoo (a)) = u(Y (a), Yoo (a)), (2.103)
[a, 00) = mgla, 00) + p*(Y (a), Yao(a)) — p*(Y (), Yoo(a)), (2.104)

where mp(a,00] and mg[a,00) are the numbers of left and right proper focal points of the conjoined
basis Y := Z 'Y of (H) in the indicated intervals.

’I?’LR[CZ, OO) mR

In the following we present the special case of Theorem 2.31 for YV =Y, Itisa generalization
of estimate (2.26) to the uncontrollable systems (H) and (H). At the same time it is an extensions of
(2.67) and (2.69) to the case of b = co with the fundamental matrix Z(t) := Zoo(t).

Theorem 2.32 (Singular Sturmian comparison theorem). Assume that (2.17) and (2.18) hold on
7T = [a,00) and that system (H) is nonoscillatory. Then for every conjoined basis Y of (H) we have

mr(a, 0] = Mpeo(a, 00 + mr(a, 0] — u(Y(a), Yas(a)), (2.105)
mgla, 00) = Mpes|a, 00) + Mpla, 00) + p* (Y (a), Yao(a)), (2.106)

where mr,(a,00] and mg[a,o0) are the numbers of left and right proper focal points of the conjoined
basis Y 1= Z 'Y of (H) in the indicated intervals.

The results in Theorem 2.31 (or Theorem 2.32) allow to derive various estimates for the numbers
of left and right proper focal points of conjoined bases of (H) and (H 1). In particular, in the next result
we show the exact relatlonshlp between the numbers of proper focal points of the (minimal) principal
solutions Yao, Yoo, Yo and Yy, Yy, Y, of systems (H), (H), (H).

Theorem 2.33. Assume that (2.17) and (2.18) hold on T = [a,0) and that system (H) is nonoscil-
latory. Then we have

M Loo (@, 00] = MLeo(@, 00| + Mrso(a, o] — pu(Yoo(a), Yoo(a)), (2.107)
Mitel0,06) = el 06) + e 0,56) + (i), V), (2.108)
mra(a, o] = mpq(a, o] + mrq(a, o] + p* (Yoo (a), Yoo (a)), (2.109)
MRala, 00) = Mrala, 00) + Mrala, 00) — p(Yae(a), Yoo (a)), (2.110)

The following result confirms the intuitively expected fact that, given the same initial conditions,
conjoined bases of the majorant system (H) have in general more focal points than conjoined bases of
the minorant system (H). It is a generalization of the first part of [58, Corollary 7.3.2, pg. 196].
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Theorem 2.34 (Singular Sturmian comparison theorem). Assume that (2.17) and (2.18) hold on
7 = [a,00) and that system (H) is nonoscillatory. Let Y and Y be conjoined bases of (H) and (H),

A

respectively, such that Y (a) =Y (a) K for some invertible matriz K. Then
mp(a,o00] —mg(a,o0] = mg(a,o0] >0, (2.111)
mpla,o0) — mpgla,00) = mgla,o0) > 0, (2.112)

where mp(a,00] and mpgla,00) are the numbers of left and right focal points of the conjoined basis
Y :=Z 'Y of (H) in the indicated intervals.

Next we compare the numbers of focal points of the (minimal) principal solutions Y, Yoo, Yoo
and Yy, Y,, Y,. We also provide universal lower and upper bounds for the numbers of focal points of
conjoined bases of (H) and (H).

Theorem 2.35. Assume that (2.17) and (2.18) hold on T = [a,00) and that system (H) is nonoscil-
latory. Then for every conjoined basis Y of (H) the estimates in (2.86) and (2.87) hold, where the
lower and upper bounds satisfy
mra(a, o] + mrq(a, o] < mrq(a,oo], Mmre(a,oo] < Mpso(a, o] +mrs(a, oo, (2.113)
<

M Rool@, 00) + MRso[@, 00) < Mpsola, 00), Mmpyla,0) < Mpyla, 00) + Mmpgla, 00). (2.114)

Moreover, for every conjoined basis Y of (I:I) we have the estimates
mrq(a,o0] < mr(a,o00] < Mpeo(a,o0] < mrs(a, o], (2.115)
MRso[a, 00) < Mprla,00) < Mpgla,00) < mpgla, 00). (2.116)
If assumptions (2.17) and (2.18) hold on the interval Z = (—o0, 00) and system (H) is nonoscillatory,
then for every conjoined basis Y of (H) we have the estimates
mr(—00,00] < Mee(—00,00] < M (—00, 00| + M0 (—00, 0], (2.117)
Mmp(—00,00) > MRoo(—00,00) > MReo(—00,00) + MReo(—00,00). (2.118)
The inequalities in (2.117) follow from the singular Sturmian separation theorem (i.e., from (2.86)
in Theorem 2.21) for system (H) with a — —oo and from (2.107) with a — —oo by dropping the
last term with the comparative index. The inequalities in (2.118) follow from the singular Sturmian
separation theorem (i.e., from (2.87) in Theorem 2.21) for system (H) with a — —o0 and from (2.108)
with a — —oo by dropping the last term with the dual comparative index. The lower bounds in
(2.118) for the numbers of right proper focal points of Y in the interval (—oo, c0) improve the lower
bound M, (—00, 00) obtained in (2.27) by Dosly and Kratz.
The final result in this subsection describes properties of the comparative indices p(Y (), Yoo (t))
and p* (Y (t), Yoo (t)) when t — oo for a conjoined bases Y of (H), see [87, Theorems 4.6].

Theorem 2.36. Assume that (2.17) and (2.18) hold on T = [a,0) and that system (H) is nonoscil-
latory. Then for every conjoined basis Y of (H) the limits

Jim (Y (1), Vo) and lim (¥ (1), Yoo 1)) (2.119)

exist and satisfy
i (¥ (1), Yoo (1)) = i, (00) — i (00) + oo (o0). (2.120)
Jlim p*(Y (1), Yoo (t)) = 0, (2.121)

where mp(00) is the multiplicity of a focal point at infinity of the conjoined basis Y =2y of the
transformed system (H).
We remark that equation (2.120) is an extension of formula (2.66) in Theorem 2.12 with ¥ := ¥},

to the case tp = oco. At the same time it is a generalization of formula (2.95) in Theorem 2.27
with Y := Y, to two systems (H) and (H) satisfying (2.17). Note that equation (2.121) represents



SECTION 2.3. SINGULAR STURMIAN THEORY 31

an extension to ty = oo of the left continuity of the dual comparative index p*(Y (t), Y, (t)) at the
point tg in Theorem 2.13.

In the last part of this subsection we comment on the above results in connection with the results
in Subsection 2.2.2, when we assume that system (H) is nonoscillatory and the right endpoint b — oo.
Equations (2.67) and (2.67) in Theorems 2.12 and 2.13 yield that for any conjoined bases Y and Y of
systems (H) and (ﬂ), respectively, there exist the limits

Jim u(Y(2), Y (1)) = my(a,00) = g (a, 00) — g (a,00) + p(Y(a), ¥ (a)), (2.122)
lim p*(Y (1), Y (1)) = w*(Y (a), Y (a)) = mgla, 00) + fitgla, 00) + mg[a, 00), (2.123)

where mp,(a,00) and mpg[a,00) are the numbers of left and right proper focal points of the conjoined
basis Y := ZgolY of system (H) in the indicated intervals. Note that these numbers are finite according
to Proposition 2.29. The result in Theorem 2.36 then shows that in the special case of Y = Ya, these
two limits can be evaluated explicitly.

When dealing with the singular Sturmian separation theorems on the interval Z = (—o0,00) in
Subsection 2.3.1, we added together the corresponding Sturmian separation theorems on Z = [a, 00)
and on Z = (—o0, a] to get the results on the interval Z = (—o00,00). The situation for the Sturmian
comparison theorems on Z = (—o0,00) is different, since the results on the interval Z = [a,o0) in
this subsection together with the corresponding results on the interval Z = (—o0, a] in general do not
combine to obtain the Sturmian comparison theorems on the entire interval Z = (—o0, 00). The main
reason can be seen in Theorem 2.31, which implies that we need to employ two different transformation
matrices Zioo(t) in the neighborhoods of £00. Hence, we obtain two different transformation systems
(H) — one on the interval Z = [a,00) with the transformation matrix Zs(¢) and one on the interval
7 = (—00,a] with the transformation matrix Z_.(t). Nevertheless, the results presented in this
subsection remain valid also on the interval Z = (—o0, 00) under the additional assumption that the
minimal principal solutions Yoo and Y_oo at 200 of the minorant system (ﬁ) coincide, meaning that
Y_o is a constant nonsingular multiple of Ya, (which yields that Zso(t) = Z_oo(t)).

2.3.3. Sturmian comparison theorems for controllable systems. In this subsection we
discuss singular Sturmian comparison theorems for two linear Hamiltonian systems (H) and (),
satisfying the standard majorant condition (2.17) and the Legendre condition (2.18), in the the special
setting. Namely, we consider the situation when

e the interval Z = (a,00) is open, where the point a can be singular (including the case of
0= —o0),

e both systems (H) and (H) are completely controllable on the interval (a, c0) and nonoscillatory
(at a and at infinity),

e the pr1nc1pal solution of the minorant system (H) at a is at the same time principal at infinity,

i.e., Y, = Yo holds.
The motivation of this kind of results comes from a singular Sturmian comparison theorem for the
second order Sturm-Liouville differential equations, which was proven in [1,2] by Aharonov and Elias.

More precisely, the result in [1, Theorem 1] or [2, Theorem 1] states that under a certain strict majorant
condition on the coefficients every nontrivial solution of the majorant equation has a zero in the open
interval (a, 00), if the principal solution at a of the minorant equation is principal also at infinity. This
corresponds, in the spirit of Remark 2.16, to the situation when the principal solution of the minorant
equation has zeros at a and at infinity, and hence the results in [1, Theorem 1] or [2, Theorem 1] can
be interpreted from this point of view as the standard Sturmian comparison theorems on a compact
interval [a, b].

Comparing with Subsection 2.3.2 now we will consider the endpoint a € RU{—o0} to be singular,
especially we allow a = —oo. However, the results of this subsection are formulated in a way which
includes both regular and singular endpoint a. For this purpose we will utilize the definition of the
principal solution Y, of (H) at a as a conjoined basis of (H) with the matrix X,(¢) invertible on (a, ]
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for some (5 € (a,0) and satisfying
1

lim (-/tﬂxa—l(s) B(s) XI71(s) ds>_ =0. (2.124)

t—at

This unified definition (regarding with the definition of the principal solution at +00) is justified by the
comments in [3, pg. 173] and by the results of [85, Theorem 5.8] and in Subsections 2.3.1 and 2.3.2.
More precisely, the principal solution of (H) at a defined according to (2.124) coincides with the
principal solution of (H) at the point a defined in (1.12), i.e., by the initial condition Y, (a) = E, when
the endpoint a is regular.

Following Theorem 2.15, for a conjoined basis Y of a nonoscillatory and completely controllable
system (H) the multiplicity of its focal point at a and at oo is defined by the quantity

m(to) :=def W(Y,,Y) =n—rankW(Y,,Y), to€ {a,o0}, (2.125)
where Y., and Y, are the principal solutions of system (H) at oo and at a, respectively, and where
W(Y,,Y) =Y, I(t)JY(t) is the constant Wronskian of ¥;, and Y. Definition (2.125) complies with
the definition in (2.1), since for the point ¢y € (a,00) we have rank X (tg) = rank W (Y;,,Y), where ¥},
is the principal solution of (H) at the point ¢y € (a, 00).

The results below were published in [88, Section 3]. First we present formulas for the numbers of
focal points of conjoined bases of systems (H) and (H) under the assumption Y, = Ya, for the principal
solutions of (H) at a and co. This statement follows from Theorems 2.32 and 2.33.

Theorem 2.37 (Singular Sturmian comparison theorem). Assume that (2.17) and (2.18) hold on
(a,00) and that systems (H) and (H) are nonoscillatory and completely controllable. In addition,
assume that Y, = Yoo holds. Then

mq(a, 0] = mg(a, 0] + mrq(a, o], mgla,00) = mgla,o00) + mpela, 00), (2.126)
and for any conjoined basis Y of (H) we have the equality
m(a,00) = rank W(Yg,Y) + my(a, 00) + mpgla, 00), (2.127)
where the quantity Mmpgla, o) refers to the conjoined basis Y = Zo_olY of (H). In particular,
m(a,o0) > mg(a,00) = mg(a,00) + Mmpgfa, ). (2.128)
As a consequence of Theorem 2.37 we obtain that conjoined bases of the majorant system (H),
except of the principal solution Y, of (H) at a (up to a right constant nonsingular multiple), have

at least one focal point in the open interval (a,00). This represents a direct generalization of the
Sturmian comparison theorems in [1, Theorem 1] and [2, Theorem 1] by Aharonov and Elias.

Corollary 2.38. Assume that (2.17) and (2.18) hold on (a,0) and that systems (H) and (H) are
nonoscillatory and completely controllable. If Yo = Yoo and Y is a conjoined basis of (H) such that
Y #Y,, then m(a,00) > 1.

Remark 2.39. The equality in (2.128) yields the traditional comparison theorem for principal solu-
tions Y, and Y,. Namely, if Y, has no focal points in (a, o), then also Y, has no focal points in (a, 00).
Moreover, compared to inequality (2.26) the estimate in (2.128) provides an improved lower bound
for the number of focal points in (a, 00) of any conjoined basis Y of (H) for the case when Y, = Y.

In the following result we show that the number of focal points in (a,o0) of any conjoined basis YV
of (H) is given by the rank of the Wronskian of Y with Y,, when the principal solution Y, of system
(H) has no focal points in (a, c0).

Theorem 2.40. Assume that (2.17) and (2.18) hold on (a,00) and that systems (H) and (H) are
nonoscillatory and completely controllable. In addition, assume that'Y, = Yo, and that Y, has no focal
points in (a,00). Then Y, = Y, and for every conjoined basis Y of (H) we have the equalities

m(a,00) =rank W(Y,,Y), m(a)=def W(Y,,Y)=m(c0). (2.129)
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Under the assumptions of Theorem 2.40, the equalities in (2.129) can be combined to obtain
mla,00) = n = m(a,o0] for every conjoined basis Y of (H). We note that the same conclusion
mla,00) = n = M(a,oo| for every conjoined basis Y of (H) follows from the singular Sturmian sepa-
ration theorem (Theorem 2.21) applied to the minorant system (H) under the additional assumption
Y, = Y. Also, given that Y, =Yy and Y, = Yo, it follows by the transformation result in The-
orem 2.30 that the statement of Theorem 2.40 can be supplemented by the additional conclusion
Y, = Ys,. Note that when the point a is regular, then in (2.129) we have m(a, o) = rank X (a) and

m(a) = def X (a), since in this case W(Y,,Y) = —X(a).

In the second main result of this subsection we complement the result in Theorem 2.37 (resp. in
Remark 2.39) by providing an exact relationship between the considered properties of the principal
solutions Y, and Y,. This relationship is expressed in terms of the Riccati quotient associated with
the principal solution Y, of ().

Theorem 2.41 (Singular Sturmian comparison theorem). Assume that (2.17) and (2.18) hold on
(a,00) and that systems (H) and (H) are nonoscillatory and completely controllable. In addition,
assume that Yy = Yoo holds. Then the following statements are equivalent.

(i) The principal solution Yo of (H) has no focal points in (a,0).

(ii) The principal solution Y, of (H) has no focal points in (a,o0) and

A~ T A A
() — () = (—0ult), DT [BE) - B (—Qult), 1), t€ (a,00) (2.130)
where Qq(t) := U,(t) X 1(t) is the symmetric Riccati quotient which corresponds to the
principal solution Y, of (H) on (a,c0).

In this case, the symmetric Riccati quotient Qu(t) := Uy(t) X, 1(t) corresponding to the principal

solution Y, of (H) satisfies Qq(t) = Qqu(t) on (a,o00).
The above results in Theorems 2.37, 2.40, and 2.41 are new even for the second order Sturm—
Liouville differential equations. And even in this special case they generalize the Sturmian comparison

theorems in [1, Theorem 1] and [2, Theorem 1] by Aharonov and Elias. More details on this subject
are presented in [88, Section 4].

2.4. Further research directions

The research in the theory of Riccati matrix differential equations can be pursued in several
directions. Onme possibility is to consider the discrete analogy, i.e., the Riccati matrix difference
equations. These are important objects e.g. for discrete variational analysis or discrete filtering theory

[5-7,18], as well as for the discrete oscillation theory [15,16,27,31,97] or for numerical algorithms
for computing the eigenvalues of symmetric banded matrices [61]. An interesting order preserving
property of the discrete Riccati matrix equation was recently derived in [95] by Stoudkova Ruzickova,

which is an analogue of the known order preserving property of the Riccati matrix differential equation
(R), see the work by Stokes in [74,75].

Open problems in the Sturmian theory of linear Hamiltonian systems include the development of
this theory when we remove the Legendre condition (1.3), thus considering the oscillation numbers
for conjoined bases of system (H) as it is presented in [39] by Elyseeva. This naturally leads to the
connections between the Sturmian theory and the theory of Maslov index [10,40,51,52]. In a close
relationship with the latter research direction we mention the classical Gelfand-Lidskii—Yakubovich
oscillation theory [44,62,98-100], to which we recently contributed by providing an explicit connection
between the Lidskii angles of symplectic matrices with the comparative index [90]. Another open
problem is to find explicit expressions for the limits of the comparative index in (2.122) and (2.123)
for arbitrary conjoined bases Y of system (H) and Y of system (F). Moreover, the question of the
validity of the Sturmian comparison theorems for systems (H) and (H) on the unbounded interval
7 = (—00,00) remains an open problem when the minimal principal solutions Voo and Y_o of ( ) at
+oo differ, meaning that Y_ oo is not a constant nonsingular multiple of Veo. In the spectral theory of
linear Hamiltonian systems we may consider singular oscillation theorems on unbounded intervals [45]
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or applications of the theory of principal and antiprincipal solutions of (H) at infinity in the Weyl-
Titchmarsh theory [94].

In general, we can say that it is indeed beneficial to develop the oscillation and spectral theory
of linear Hamiltonian systems together with the oscillation and spectral theory of their discrete time
counterparts, which are the symplectic difference systems — see the recent monograph [27] on this
subject and the numerous references therein. This approach can be highlighted by developing the
Sturmian theory for symplectic (or Hamiltonian) dynamic systems on time scales, such as in the
references [4,17,28,93, ]. In particular, it is an open problem what is the multiplicity of a focal
point of a conjoined basis in this abstract setting.
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Abstract

In this paper we study the properties of conjoined bases of a general linear Hamiltonian
system without any controllability condition. When the Legendre condition holds and the
system is nonoscillatory, it is known from our previous work that conjoined bases with
eventually the same image form a special structure called a genus. In this work we extend the
theory of genera of conjoined bases to arbitrary systems, for which the Legendre condition
is not assumed and/or the system may be oscillatory. We derive a classification of all genera
of conjoined bases and show that they form a complete lattice. These results are based on
the relationship between subspaces of solutions of a linear control system and orthogonal
projectors satisfying a certain Riccati type differential equation. The presented theory is
applied in our paper (Sepitka in Discrete Contin Dyn Syst 39(4):1685-1730, 2019) to general
Riccati matrix differential equations for possibly uncontrollable linear Hamiltonian systems.
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1 Introduction

Let n € N be a given dimension and A, B, C : [a, c0) — R"*" be given piecewise contin-
uous matrix-valued functions such that B(¢) and C(¢) are symmetric. In this paper we study
the properties of conjoined bases of the linear Hamiltonian system

xX'=Alt)x + B(t)u, u/:C(t)x—AT(t)u, t € la, 00). (H)
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Classical theory of system (H) involves a complete controllability (or equivalently an iden-
tical normality) assumption, see e.g. [1,5,8,11,14,16]. Recently in [19-23] the author and
Simon Hilscher developed the theory of principal and antiprincipal solutions at infinity for
a nonoscillatory and possibly abnormal system (H) satisfying the Legendre condition

B(t) >0 forallt € [a, 00). (1.1)

We showed the existence of principal solutions ()A( , U ) at infinity with all ranks of X (1)
in the range between n — do and n, where d, is the maximal order of abnormality of (H)
(defined in (2.6) below), and derived their classification and limit properties with antiprincipal
solutions at infinity. These results motivated the investigations in [20,22], where we studied
conjoined bases (X, U) of (H) with eventually the same image of X (¢). According to [20,
Definition 6.3] we say that such conjoined bases of (H) form a genus G. We proved that
every genus G can be represented by an orthogonal projector Rg(¢) satisfying the Riccati
type matrix differential equation

R,— A(t) Rg — Rg AT (1) + R [A(t) + AT()]R; =0, tela,00). (1.2)

This allowed to obtain under (1.1) a geometric description of the set I' of all genera of
conjoined bases of a nonoscillatory system (H), being a complete lattice [22, Theorem 4.8].

In this paper we extend the theory of genera of conjoined bases to arbitrary systems (H),
for which the Legendre condition is not assumed and/or the system may be oscillatory. More
precisely, in the new general definition of a genus corresponding to a conjoined basis (X, U)
of (H) we consider the subspace

Im X () + Im Rpoo(2), (1.3)

where R, (?) is the orthogonal projector onto the maximal subspace of the values at ¢ of
eventually degenerate solutions (x = 0, u) of (H). We refer to Sect. 2 for precise definitions of
these notions, including the notions of a conjoined basis and the (non)oscillation of system
(H). When the Legendre condition (1.1) holds and system (H) is nonoscillatory, then the
subspace in (1.3) eventually coincides with the image of X (¢), which yields the previous
definition of a genus of conjoined bases in [20, Definition 6.3] for this special case.

In the more general context of (1.3) we then derive (Theorems 4.7 and 4.8) a charac-
terization of a genus G of conjoined bases in terms of the orthogonal projector R (¢) onto
the subspace in (1.3), where Rg(¢) satisfies the Riccati equation (1.2). This then leads to
a natural ordering on the set I" of all genera of conjoined bases (Theorem 4.12), as well as to
a result stating that the set I' forms a complete lattice (Theorem 4.14). This way we obtain
direct generalizations of the results in [22] to the case of system (H) without the Legendre
condition (1.1) or system (H) which is allowed to be oscillatory. The above results are based
on the analysis (Theorems 3.9, 3.10, and 3.13) of the relationship between the orthogonal
projectors solving the Riccati equation (1.2) and certain subspaces associated to the linear
control system

x'=A@t)x + B(t)u, tE€la,oo0). (1.4)

In this analysis we make use of the properties of filters in ordered sets (lattices).

The presented theory of genera of conjoined bases (in Sect. 4) is interesting by itself,
as well as it is motivating for subsequent research. It is applied in our subsequent paper
[18, Theorem 7.8 and Remark 7.9] in the study of distinguished solutions of Riccati matrix
differential equations for possibly abnormal linear Hamiltonian systems (compare with the
theory of Riccati matrix equations in [5,14,15]). Reference [18] appeared during the review
process of this paper. Moreover, system (H) with the maximal order of abnormality doc = 0
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satisfies the condition of weak disconjugacy, see [7, Definition 2.2], [9, Remark 2.6, part 2],
and [10, Lemma 5.5], so that the presented theory can be applied also to weakly disconjugate
system (H).

The paper is organized as follows. In Sect. 2 we recall basic notions from the theory
of linear Hamiltonian systems. In Sect. 3 we study the properties of solutions of the linear
control system (1.4) with the aid of the Riccati equation (1.2). Finally, in Sect. 4 we present
the main results of this paper regarding the new concept of a genus of conjoined bases of
(H). We also provide several examples illustrating this new theory.

2 Linear Hamiltonian Systems and Their Solutions

In this section we review needed notions and results about linear Hamiltonian systems.
Following a common convention, matrix solutions (X, U) of (H) will be denoted by the
capital letters, where X, U : [a, 00) — R" " are piecewise continuously differentiable
matrix-valued functions on [a, 00). A solution (X, U) of (H) is called a conjoined basis
if rank (X7 (t), UT (t))T = n and X7 (t) U(¢) is symmetric at some and hence at any ¢ €
[a, 00). The principal solution ()A(a, ﬁa) at the point ¢ € [a, 00) is an example of such
a conjoined basis. It is defined as the solution of (H) with the initial conditions )A(a () =0
and Ua () =1.

The oscillation of conjoined bases of (H) satisfying (1.1) is defined via the concept of
proper focal points, see [27, Definition 1.1] and [6,24,25]. However, this concept will not be
explicitly needed in this paper. By [26, Definition 2.1], a conjoined basis (X, U) of (H) is
called nonoscillatory if there exists @ € [a, 00) such that Ker X (¢) is constant on [«, 00).
In the opposite case (X, U) is called oscillatory. The main result of [26] then describes the
nonoscillatory behavior of conjoined bases of (H).

Proposition 2.1 Assume that the Legendre condition (1.1) holds. Then there exists a nonoscil-
latory conjoined basis of (H) if and only if every conjoined basis of (H) is nonoscillatory.

Based on this result we say that system (H) is (non)oscillatory if one and hence all
conjoined bases of (H) are (non)oscillatory.

In this paper we will use orthogonal projectors. If V is a subspace of R", then we denote
by Py the orthogonal projector onto V. That is, Py is a symmetric and idempotent n X n
matrix such that Im Py = V = Ker (I —Py) and Ker Py, = V- = Im (I — Py). Orthogonal
projectors are easily constructed by using Moore—Penrose pseudoinverses. More precisely,
for a matrix M € R™*" we denote by M" € R ™ jts Moore—Penrose pseudoinverse. Then
the matrix MM is the orthogonal projector onto Im M and the matrix M T M is the orthog-
onal projector onto Im M7 = Im MT. Moreover, rank M = rank MM = rank MM For
a general theory of pseudoinverse matrices we refer to [2], [3, Chapter 6], and [4, Section 1.4].

Given a conjoined basis (X, U) of (H), by its kernel, resp. image, we mean the kernel, resp.
image, of X. Furthermore, we define on [a, 0o) the orthogonal projectors onto the subspaces
Im X7 (¢) and Im X () by

P(t) := P xr() = X" X@®), R@):= Pimx@) = X(1) XT@). (2.1)
If (X, U) has constant kernel on [«, 00) C [a, 00), then P(t) is constant on [«, 00) and we

set
P := P(t) on|a, 00). (2.2)
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In this case (X, U) has constant rank » on [, 00) with
r :=rank X () = rank P = rank R(¢) on [«, 00). (2.3)

The following result is from [19, Theorem 4.2], in which we observe that condition (1.1) is
not needed.

Proposition 2.2 Let (X, U) be a conjoined basis of (H) with constant kernel on [«, 00) and
let P and R(t) be the corresponding matrices in (2.2) and (2.1). Then the equalities

Im [U(t) (I — P)] = Ker R(t), B(t) = R(t) B(t) = B(t) R(¢) (2.4)

hold for all t € [a, 00). Moreover, the matrix R(t) solves the Riccati equation (1.2) on
[ar, 00).

Following the standard notation used in [13, Section 3] and [22, Section 2], we denote
by Alw, c0) the linear space of n-dimensional piecewise continuously differentiable vector-
valued functions « which satisfy the equations u’ = —A” (f)u and B(t) u = 0 on [, 00).
The functions u € Alw, o0) then correspond to the solutions (x = 0, u) of system (H) on
[o, 00). The space A, co) is finite-dimensional with d[«, 00) := dim Alw, 00) < n. The
number d[«, oo) is called the order of abnormality of system (H) on the interval [«, 00).
For a given « € [a, 0co) we denote by A¢[«, 00) the subspace in R” of values of functions
u € Alo, 0o) at the point ¢ € [«, 00), i.e.,

Ao, 00) :={c e R", u(t) =c forsomeu € Ala,00)}, t € [a, 00). (2.5)

It is easy to see that the subspace A[«, 00) is finite-dimensional with dim A;[e, 00) =
d[a, oo) for all ¢ € [«, 00). We note that the set A[f, o0) is nondecreasing in ¢ on [a, 00)
with respect to the usual ordering in the set of linear subspaces of R” and hence it is eventually
constant. This means that the integer-valued function d[¢, oo) is nondecreasing, piecewise
constant, and right-continuous on [a, 00). In particular, there exists the limit

doo := lim d[t,00) = max d[t,00), 0<dy <n, (2.6)

t—00 t€[a,00)

which we call the maximal order of abnormality of (H). Moreover, the definition of the
quantity ds in (2.6) and the monotonicity of the function d[¢, co) then imply the existence
of the point a € [a, 00) satisfying

0o = min{a € [a, 0), d[a, 00) = dxo}. 2.7)

From (2.6) and (2.7) we then obtain that the subspace A[oo, 00) satisfies the equalities

Alogg, 0) = lim Ala, 00) = max Ala, 00), (2.8)
o—>00 a€la,00)
Ala, 0) = Alaeo, 00), o € [0xg, 00). (2.9)

3 Auxiliary Results on Linear Control Systems

In this section we present some auxiliary results about the solutions of the first order linear
differential equation (1.4), where A, B : [a, c0) — R™*" are given piecewise continuous
matrix-valued functions. Our main results describe the relationship between the subspaces
of values of the solutions of system (1.4) and the orthogonal projectors solving the Riccati
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equation (1.2), see Theorems 3.9 and 3.13. These properties will be utilized in Sect. 4 in
order to develop correctly the concept of a genus of conjoined bases of system (H).

Solutions of (1.4) are considered to be pairs of n-dimensional vector-valued functions
(x, u) such that u(t) is piecewise continuous on [a, 00) and x(¢) is piecewise continuously
differentiable on [a, 00). In the literature such a pair (x, u) is sometimes termed as admissible,
while (1.4) is then called the equation of motion. This terminology is motivated by the
variational analysis and control theory, where the solutions of (1.4) are related with a certain
type of quadratic functionals, see e.g. [5,11,12,14,17]. By the symbol S we will denote the
linear space of the first components of solutions of (1.4), i.e.,

S :={x:[a,o0) = R", (x, u)is admissible for some u}.

Let ¢t € [a, 00). For a given subspace V € S we will denote by V; the subspace of R"
consisting of the values of functions x € V at the point ¢, that is

Vi :={ceR", x()=c forsomex € V}. (3.1)

The main results of this section are formulated in terms of orthogonal projectors Z(¢) which
solve the symmetric Riccati matrix differential equation (1.2), i.e.,

Z—ADZ—-ZATO)+Z[A®)+AT()1Z =0, t€la,o0). (3.2)

We recall from Sect. 2 that the matrix M € R"*" is an orthogonal projector if M is symmetric
and idempotent, i.e., the equalities M = M7 and M?> = M hold. In the following three
propositions and one remark we collect basic results about the solutions Z(z) of (3.2) which
are orthogonal projectors for all ¢ € [a, 00), see [22, Section 3].

Proposition 3.1 Ler Zy € R"*" be an orthogonal projector and let tg € [a, 00) be fixed. Then
the unique solution Z(t) of (3.2) which satisfies the initial condition Z(ty) = Zo exists on
the whole interval [a, 00) and the matrix Z(t) is an orthogonal projector for all t € [a, 00).

Proposition 3.2 Let Z1(t) and Z,(t) be two orthogonal projectors which solve (3.2) on
[a, 00). Then the inclusion Im Z(t) C Im Z,(t) holds for every t € [a, 00) if and only if the
inclusion Im Z1(ty) € Im Z>(ty) holds for some ty € [a, 00).

Proposition 3.3 Let Z1(t) and Z,(t) be two orthogonal projectors which solve (3.2) on
[a, 00). For each t € [a, 00) denote by Z (t) and Z (t) the orthogonal projectors onto the
subspaces Im Z1(t) N Im Z,(¢) and Im Z{(t) + Im Z,(¢), respectively. Then the matrices
Z(t) and Z(t) satisfy (3.2) on [a, o0).

Remark 3.4 The matrix Z(¢) is a solution of (3.2) if and only if I — Z(¢) is a solution of the
Riccati equation

Y +ATY+Y AW —Y[A@D) + AT(1)]Y =0, 1€ [a,00), (3.3)

which is obtained from (3.2) by changing the coefficient A(¢) to —AT(1).

Throughout this section we will use the following notation. By the symbol £(A) we will
denote the set of all orthogonal projectors Z(¢) which solve (3.2) on the whole interval
[a, 00). Furthermore, the symbol £(A, B) will denote the set of all orthogonal projectors
Z(t) which solve (3.2) on [a, co) and in addition satisfy the inclusion

ImB(@() CImZ(t) forallt € [a, 00). (3.4)
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Remark 3.5 (i) The results in Propositions 3.1-3.3 show that the set £(A) can be ordered
with respect to inclusion of subspaces Im Z(¢). More precisely, £L(A) is a complete lattice
with the least element Z (t) = 0 on la, 00) and the greatest element Z(¢) = [ on [a, c0).
In particular, the matrices Z(t) and Z(t) from Proposition 3.3 represent the infimum and
supremum of Z1(¢) and Z,(t), respectively, in this ordering. We also note that the lattice
L(A) is isomorphic to the complete lattice of all subspaces in R”".

(ii) The observation in Remark 3.4 implies that the complete lattice £(—AT) associated to
equation (3.3) is isomorphic to the dual lattice to £(A). In particular, the orthogonal projector
Z(t) belongs to £(A) if and only if the orthogonal projector I — Z(¢) belongs to £(—AT).

From Remark 3.5(i) and the obvious relation £(A, B) € L(A) we obtain immediately
that the matrices Z(¢) belonging to set L(A, B) can be also ordered with respect to inclusion
of the subspaces Im Z(¢). Moreover, in the next proposition we prove that the ordered set
L(A, B) is a sublattice of L(A).

Proposition 3.6 The ordered set L(A, B) is a sublattice of the complete lattice L(A).

Proof Let Z1(t) and Z,(t) be two orthogonal projectors belonging to L(A, B). Moreover,
let Z (t) and Z(t) be the orthogonal projectors in Proposition 3.3 and Remark 3.5(i) which
respectively correspond to the infimum and supremum of Z;(¢#) and Z,(¢) in the lattice
L(A). We will show that the matrices Z (t) and Z (t) belong to the set L(A, B). Indeed, the
two projectors 7 (1) and Z(¢) solve (3.2) on the whole interval [a, c0), by Proposition 3.3.
Moreover, the inclusions Im B(¢) € Im Z(¢) and Im B(¢) € Im Z;(¢) on [a, co) imply that

Im B(t) € Im Z1(t) NIm Zy(t) = Im Z(¢), Im B(¢) € Im Z;(¢) + Im Z(z) = Im Z(¢)

for every t € [a, 0o). This shows that the matrices Z (t) and Z (t) satisfy condition (3.4)
and hence, they belong to £(A, B). Therefore, the ordered set L(A, B) is a sublattice of the
lattice £(A) and the proof is complete. O

In the following lemma we derive an auxiliary property of solutions of (1.4).

Lemma 3.7 Let (x, u) be an admissible pair and let Z (t) be an orthogonal projector belong-
ing to L(A). Then the vector w(t) := [I — Z(t)] x(t) satisfies on [a, 00) the equation

—{A@W) = ZO[AD + AT O} w — I = Z(1)] B(t) u(t) =0. (3.5
Proof Let (x, u) and Z(¢) be as in the statement. By using (1.4) and (3.2) we have on [a, 00)
w=-Z'x+U-2)x' =[-AZ—-ZAT + Z(A+ AT) Z]x + (I — Z) (Ax + Bu)
={A-Z[A+ A"} w+ (I - Z) Bu.
Thus, the vector w(t) satisfies the linear differential equation (3.5) on [a, 00). O

Remark 3.8 Letty € [a, 0o) be fixed. Using the variation of constant formula applied to (3.5)
we obtain for the function w(¢) in Lemma 3.7 the expression

t
w(t) = O(t, to) w(tg) + (¢, 1) f dD_l(s, to)[I —Z(s)]B(s)u(s)ds, te€la,o0),
fo

(3.6)
where ® (1, 1) is the fundamental matrix of the equation y’ = {A(t) — Z () [A(¢) + ATODy
for t € [a, 0o) with @ (79, 19) = 1.
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In the first main result of this section we provide a fundamental connection between the
structure of the lattice L(A, B) and the subspaces V; in (3.1). For this purpose we now recall
the standard terminology for lattices (M, <). Namely, a subset 7 € M is called a filter of
the lattice M if F is a sublattice of M such that for any f € F and x € M the condition
f =< x implies x € F. Moreover, for a given f € M the subset F := {x € M, f < x}is
called the principal filter of M generated by f . In particular, we describe all principal filters
of L(A, B) in terms of the subspaces V;.

Theorem 3.9 Let Z(t) be an orthogonal projector belonging to the lattice L(A, B) and let
Z be the principal filter of L(A, B) generated by Z(t). Then the following statements hold.

(1) For any given subspace YV C S the orthogonal projector Z(t) onto the set V; +Im Z (1)
belongs to Z.

(ii) For any given orthogonal projector Z(1) from Z there exists a subspaceV < S such that
the matrix Z () is the orthogonal projector onto the set V; +1Im Z(t) for allt € [a, 00).

Proof (i) Let V be a subspace of S and let Z(¢) be the orthogonal projector onto the subspace
V; +Im Z(¢) on [a, 00). Fix 1y € [a, 00) and consider the solution Z(z) of (3.2) satisfying the
initial condition Z(y) = Z(to) From Proposition 3.1 it then follows that Z(t) is defined on
the whole interval [a, 00) and the matrix Z(#) is an orthogonal projector for every ¢ € [a, 00).
Moreover, the equalities V;, + Im Z(#p) = Im Z (to) = Im Z(tp) imply that Vto C Im Z(to)
and Im Z(t9) < Im Z(to). The latter inclusion then yields Im Z(¢) € Im Z(¢) for all ¢t €
[a, 00), by Proposition 3.1. Let (x, u) be an admissible pair such that x € V. Since x(#y) €
Viy € Im Z(to), the vector w(t) := [I — Z(t)] x(¢) satisfies w(fg) = 0. Consequently, using
Lemma 3.7, formula (3.6), and condition (3.4) with Z := Z we have that w(r) = O forallz €
[a, 00). Therefore, the vector x(¢) € Im Z(t) for every ¢ € [a, 00). This shows the inclusion
Y, C Im Z(¢) on [a, 00), which in turn implies that Im Z(t) =V, +Im Z(r) € Im Z(¢) for
all ¢t € [a, 00). Suppose now that there exists T € [a, c0) such that Im Z(t) ; Im Z (7).
Let Z,(¢) be the solution of (3.2) satisfying the initial condition Z,(t) = Z(7). By using
the similar arguments as above we obtain that Z;(¢) can be extended to the whole interval
[a, 0o) being an orthogonal projector and the inclusion V; + Im Z(¢) € Im Z;(¢) holds
for all 7 € [a, 00). Moreover, the initial inclusion Im Z;(7) & C Im Z(1) yields the relation
Im Z, (t) CImZ (t) on [a, co) by Proposition 3.2. In partlcular the choice ¢ = ty implies
that
Im Z(ty) = Im Z(ty) = V;, +1Im Z(ty) < Im Z-(to) S Im Z(to),

which is a contradiction. Therefore, we have the equality Im Z(t) = ImZ(¢) forall ¢t €
[a, 00), which by the uniqueness of orthogonal projectors means that Z (1) = Z(t) on[a, 00).
Hence, the matrix Z (t) solves (3.2). Finally, the inclusions Im B(¢) € Im Z(t) € Im Z (1)
on [a, oo) yield that the orthogonal projector Z (1) satisfies condition (3.4) and belongs to Z.
(ii) Let Z(¢) be an orthogonal projector of the principal filter Z. This means that the matrix
Z (1) solves (3.2) and that the inclusions Im B(t) € Im Z(¢) C Im Z (1) hold on [a, 00). For
afixed#y € [a, oo) consider asubspace V C S satisfying the initial condition V;, = Im Z (t9).
Using similar arguments to those of the proof of part (i) above we obtain that V; C Im Z(t)
for all t € [a, o0). Denote by Z(z) the orthogonal projector onto the subspace V; + Im Z (1)
foreach s € [a, 00). Then the inclusion Im Z (1) = Vi+Im Z(t) € Im Z(t) holds on [a, 00).
In particular, at the point t = #y we have that Im Z (to) = Viy € Im Z(t9). Hence, we get
the equality Im Z(t9) = Im Z (1), which by the uniqueness of orthogonal projectors means
that Z(79) = Z (to). On the other hand, from part (i) of the theorem it follows that the matrix
Z(t) solves (3.2) on [a, 00). Therefore, by Proposition 3.1 we conclude that Z(t) = Z (1)
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for all 1 € [a, 00). Finally, the matrix Z(¢) is the orthogonal projector onto the subspace
V; 4+ Im Z(t) for every ¢ € [a, 0o) and the proof is complete. O

From Proposition 3.6 we know that the set L(A, B), as a sublattice of the complete
lattice £(A), is a complete lattice itself. The statements of Theorem 3.9 are then particularly
important when the orthogonal projector Z(¢) is equal to the least element of L(A, B).

Theorem 3.10 Let Z(t) be the least element of the complete lattice L(A, B). Then the fol-
lowing statements hold.

(1) For any given subspace V C S the orthogonal projector Z(t) onto the set V; +1Im Z(t)
belongs to L(A, B).

(ii) For any given orthogonal projector Z(t) from L(A, B) there exists a subspace V C S
such that 7 (t) is the orthogonal projector onto the set Vy + Im Z (t) for all t € |a, 00).

Proof The statements follow directly from Theorem 3.9, because in this case the principal
filter Z of L(A, B) generated by Z(t) is equal to the whole lattice L(A, B). O

In the next corollary we discuss the situation when the matrix B(z) = 0 on [a, 00), i.e.,
we analyze the homogeneous linear differential equation

x'=A(t)x, t€la,o0). (3.7)

We note that in this case every orthogonal projector Z(¢) which solves (3.2) on [a, 0c0)
satisfies trivially condition (3.4), i.e., the sets £(A, 0) and £(A) coincide. In addition, the
matrix Z(t) = 0 on [a, 00) is the least element of L(A, 0) = L(A), by Remark 3.5(i). In
particular, we characterize the elements of the set £(A) in terms of subspaces of solutions of
(3.7).

Corollary 3.11 Let Z(t) be an orthogonal projector defined on [a, 00). Then the following
statements are equivalent.

(1) The matrix Z(t) belongs to L(A).
(i1) There exists a subspace V of solutions of (3.7) such that the matrix Z(t) is the orthogonal
projector onto the set V; for everyt € [a, 00).

Proof Suppose that the orthogonal projector Z(t) belongs to £(A), i.e., the matrix Z(t)
solves (3.2) on [a, 00). According to Theorem 3.10(ii) with B := 0, Z := 0, and Z:=Z
there exists a subspace V of solutions of (3.7) such that Z(¢) is the orthogonal projector onto
the set V; for all ¢ € [a, 0o). Conversely, let V be a subspace of solutions of (3.7) such that
V; = Im Z(t) for every ¢ € [a, 00). By using Theorem 3.10(i) again with B := 0, Z := 0,
and Z := Z we obtain that the matrix Z(7) belongs to the set £(A,0) = L(A), which
completes the proof. O

Remark 3.12 We note that the orthogonal projectors Z(t) belonging to £(A) can be also
classified in terms of subspaces of solutions of the equation

' =—ATMHx, tela, o). (3.8)

More precisely, an orthogonal projector Z(¢) belongs to £(A) if and only if there exists
asubspace V of solutions of (3.8) suchthatV, = Im [ —Z(¢)] = Ker Z(¢) forallt € [a, 00).
This follows directly from Corollary 3.11 applied to Egs. (3.3) and (3.8), and Remark 3.5(ii).
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In the last result of this section we provide a complete classification of all orthogonal pro-
jectors Z(t) which belong to the set L(A, B). More precisely, we show that such orthogonal
projectors Z(t) correspond to the subspaces of solutions of the equations

7=-AT®)z, BT(t)z=0, t¢€la,o0). (3.9)

We denote by A the linear space of all solutions of (3.9). For a given subspace ¥V C A the
symbol V; will have the same meaning as in (3.1).

Theorem 3.13 Let Z(t) be an orthogonal projector defined on [a, 00). Then the following
statements are equivalent.

(1) The matrix Z(t) belongs to the set L(A, B).
(i1) There exists a subspace V C A of solutions of (3.9) such that the matrix I — Z(t) is the
orthogonal projector on the set V; for every t € [a, 00).

Proof Let Z(t) be an orthogonal projector belonging to L(A, B), i.e., the matrix Z(z) solves
(3.2) on [a, c0) and satisfies (3.4). According to Remark 3.12 there exists a subspace V of
solutions of (3.8) such that the matrix / — Z(¢) is the orthogonal projector onto the set V; for
all¢ € [a, 00). Moreover, by taking the orthogonal complements in condition (3.4) we get the
inclusionIm [ —Z(¢)] € Ker B (¢) forallt € [a, c0). This shows that every functionz € V
satisfies for all € [a, 0o) the relation z(¢) € Im [I — Z(¢)] and consequently, the equality
BT (t)z(t) = 0. Therefore, the set V is a subspace in A, i.e., a subspace of solutions of
(3.9), showing (ii). Conversely, let V € A be a given subspace and let Z(¢) be an orthogonal
projector such that I — Z(¢) is the orthogonal projector onto the set V; for every t € [a, 00).
Then the matrix Z(¢) solves (3.2) on [a, 00), by Remark 3.12. Finally, the second equation
in (3.9) implies that BT (t)[I — Z(#)] = 0 on [a, 00), i.e., condition (3.4) holds. Therefore,
the orthogonal projector Z(¢) belongs to L(A, B) and the proof is complete. O

Remark 3.14 We note that the statement of Theorem 3.13 can be equivalently formulated as
follows. The matrix Z(t) belongs to L(A, B) if and only if there exists a subspace V C A
of solutions of (3.9) such that Z(¢) is the orthogonal projector onto the set VtL for every
t € [a, 00). Here V,L := (V;)* denotes the orthogonal complement of the subspace V; in
R".

Remark 3.15 From Theorem 3.13 and Remark 3.14 with the choice V = A it follows that
the orthogonal projector onto the subspace A,L, i.e., the matrix

Ry(t) == Py1, 1 €la,00), (3.10)

belongs to L(A, B). In particular, the function Z(t) = R, (¢) on [a, co) is then the least
element of the lattice £(A, B). Similarly, the orthogonal projector Z(¢) = [ on [a, 00)
which corresponds to the subspace V = {0} in Theorem 3.13, is the greatest element of
L(A, B). We also note that with the aid of the orthogonal projector R, (¢) in (3.10) the set
L(A, B) can be characterized as follows. For any given o € [a, 00) the lattice L(A, B) is
isomorphic to the principal filter of the complete lattice of all subspaces in R” generated by
Im R, ().

4 Theory of Genera of Conjoined Bases

In this section we develop the theory of genera of conjoined bases of (H), when the Legendre
condition (1.1) is not assumed and/or this system is allowed to be oscillatory. The presented
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theory generalizes the results for a nonoscillatory system (H) in [20,22]. In particular, we
introduce a new definition of genus of conjoined bases (Definition 4.3) and present important
properties of such an object. We derive a criterion saying when two conjoined bases belong
to the same genus (Theorem 4.5), show that every genus can be characterized by a unique
orthogonal projector Rg () which satisfies the Riccati equation (1.2) (Theorems 4.7 and 4.8),
and prove that the set of all genera forms a complete lattice with respect to a suitable ordering
(Definition 4.10 and Theorem 4.14). We also classify the conjoined bases belonging to the
minimal genus Gni, of the above complete lattice (Theorem 4.15).
Following Remark 3.15 we define the orthogonal projector

Ryo(t) := PWIL, where W, := Atlaso, 00), t €[00, 00), 4.1)

where the point o, is determined in (2.7) and A;[aso, 00) is defined by (2.5). Moreover,
following the notation in Sect. 3 we denote by L(A, B)« the set of all orthogonal projectors
Z(t) which solve Eq. (3.2) and satisfy the inclusion in (3.4) on the interval [¢oo, 00).

Remark 4.1 (i) From the second identity in (2.9) it follows that for any o > a, the matrix
R, (¢) defined in (4.1) is the orthogonal projector onto the set (At[a, c>o))L on [a, 00),1i.e.,

Ryoo(t) = ’PUIL, where U; := A/[a, 00), t € [a, 00). 4.2)

(i) We note that in agreement with Remark 3.15 the orthogonal projector R, () is the
least element of the complete lattice L(A, B)co.

In the following auxiliary result we derive a relation between conjoined bases of (H) and
orthogonal projectors of the set L(A, B)oo-

Lemma4.2 Let (X, U) be a conjoined basis of (H). Foreacht € [as, 00) denote by Z(t) the
orthogonal projector onto the subspace Im X (t) +1Im R, (t). Then the matrix Z(t) belongs
to the set L(A, B)o.

Proof Let (X, U) and Z(t) be as in the statement. For a given ¢ € R" consider the vector
solution (x, u) := (Xc¢, Uc) of (H). Since the pair (x, u) solves the equation of motion (1.4),
it is an admissible pair. Moreover, let V be the subspace of the first components of all such
admissible pairs (x, u), that is, the subspace of all vector-valued functions x of the form
x = Xc for some ¢ € R". In particular, the equality V; = Im X () holds for all ¢ € [a, 00).
From Remark 4.1(ii) and Theorem 3.10(i) it then follows that the orthogonal projector Z(¢)
belongs to L(A, B)o. O

In [20, Definition 6.3] we introduced a genus of conjoined bases for a nonoscillatory
system (H). Below we extend this notion to general possibly oscillatory system (H). We
can observe that the orthogonal projector R, () defined in (4.1) plays a crucial role in
this extension, see also the comments in Remark 4.17(i). Also, below we do not require the
validity of the Legendre condition (1.1).

Definition 4.3 (Genus of conjoined bases) Let (X1, U1) and (X7, U,) be two conjoined bases
of (H). We say that (X1, Uy) and (X7, Uz) have the same genus (or they belong to the same
genus) if there exists o € [, 00) such that

ImX;(t) +ImRy\oo(t) =Im X7(t) + Im R, (¢), t € [, 00),

where o is defined in (2.7).
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Remark 4.4 From Definition 4.3 it follows that the relation “having (or belonging to) the
same genus” is an equivalence relation on the set of all conjoined bases of (H). Therefore,
there exists a partition of this set into disjoint classes of conjoined bases of (H) with the same
genus. This allows to interpret each equivalence class G as a genus itself.

In the following result we provide a fundamental property of conjoined bases of (H) which
belong to the same genus.

Theorem 4.5 Let (X1, Uy) and (Xo, Uy) be conjoined bases of (H). Then the following
Statements are equivalent.

(1) The conjoined bases (X1, Uy) and (X2, Uy) belong to the same genus.
(1) The equality Im X1(t) + Im R, (t) = Im X2(¢) + Im R, (¢t) holds for every t €
[aOO’ OO)
(iii) The equality Im X{(t) + Im Ry.(t) = Im X»(¢) + Im R, (t) holds for some t €
[aOOa OO)

Proof Let (X1, U;) and (X», U>) be as in the theorem and let Z(¢) and Z>(t) be the orthog-
onal projectors in Lemma 4.2 associated to the functions X (z) and X»(¢) on [¢x, 00). In
particular, the matrices Z1(¢) and Z,(¢) solve the Riccati equation (3.2) on [¢eo, 00). If
(X1, Up) and (X», U>) belong to the same genus, then the equality Z(t) = Z»(¢) holds on
[a, 00) for some « > w0, by Definition 4.3 and by the uniqueness of orthogonal projectors.
From Proposition 3.1 it then follows that Z1 () = Z,(¢) for all ¢ € [axo, 00), showing (ii).
Conversely, (ii) implies (i) trivially. Finally, by using Proposition 3.1 once more and the
uniqueness of solutions of (3.2) we obtain the equivalence of statements (ii) and (iii), which
completes the proof. O

Let G be a genus of conjoined bases of (H) and let (X, U) be a conjoined basis of (H)
belonging to G. The definition of genus and the results in Theorem 4.5 imply that for all
t € oo, 00) the subspace Im X (¢) + Im R, (¢) does not depend on the particular choice of
such a conjoined basis (X, U). Therefore, the orthogonal projector onto Im X (¢#)+Im R, (¢),
1.e., the matrix

Rg(t) :="Py,, where V;:=ImX()+ImRx(t), 1€ [ax,00), 4.3)

is uniquely determined for each genus G.

Remark 4.6 We note that the definition of the matrix Rg(¢) in (4.3) implies that for every
conjoined basis (X, U) of (H) in the genus G the associated orthogonal projector Z(¢) in
Lemma 4.2 satisfies Z(¢) = Rg(¢) on [@x, 00). In particular, this shows that the orthogonal
projectors Rg(t) are elements of the complete lattice L(A, B)o-

The next two theorems provide a classification of all genera G of conjoined bases of (H)
in terms of their associated orthogonal projectors Rg(¢) in (4.3). More precisely, we show
that the matrices Rg(¢) solve the Riccati equation (1.2) on [, 00) and satisfy the inclusion
Im R, (t) C Im Rg(¢) for all 1 € [, 00).

Theorem 4.7 Let G be a genus of conjoined bases of (H) and let Rg(t) be the orthogonal

projector defined in (4.3). Then the matrix Rg(t) is a solution of the Riccati equation (1.2)
on [, 00) and the inclusion Im R, (t) € Im Rg(t) holds for every t € [aso, 00).
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Proof From Remark 4.6 we know that the matrix Rg(z) belongs to the complete lat-
tice L(A, B)oo. Therefore, the function Rg(#) solves (1.2) on [ax, 00). Moreover, by
Remark 4.1(ii) the matrix R, (¢) defined in (4.1) is the least element of L(A, B)so, Which
in turn yields the condition Im R, ., () € Im Rg(¢) for all € [ooo, 00). O

Theorem 4.8 Let B € [woo, 00) be fixed and let R € R™ "™ be an orthogonal projector
satisfying Im R, (8) € Im R. Then there exists a unique genus G of conjoined bases of (H)
such that its corresponding orthogonal projector Rg(t) in (4.3) satisfies Rg(B) = R.

Proof Let R and f8 be as in the theorem and consider the solution (X, U) of (H) given by the
initial conditions X (8) = R— R,.(8) and U(B) = I — R+ R, (B). First we will prove that
(X, U) is a conjoined basis. By using the identities R Ry, (8) = Rxoo(B) = Rpoo(B) R we
obtain that the matrix X7 (8) U(B) = [R — Ryx(B)1[I — R 4+ Ryoo(B)] = 0 is symmetric.
Moreover, the equalities rank (XT(B), UT(B)] = rank [R—R,n(B), [ —R+Russ(B)] =n
hold, because Ker [R — R ..(B)]NKer [I — R+ R,..(8)] = {0}. This shows that (X, U) is
a conjoined basis of (H). Let G be the genus of conjoined bases of (H) such that (X, U) € G
and let Rg(¢) be its corresponding matrix defined in (4.3). The equality Im [R — R,..(8)] =
Im R N Ker R, (B) implies that Im[R — R, (8)] N Im R, (8) = {0}. Therefore, the
subspace V; in (4.3) satisfies

Vg =Im[R — Ryo(B)]1 @ Im Ry (B) = (Im R N Ker Ry (B)) ® Im R, () = Im R.

On the other hand, the identity Vg = Im Rg () holds. Thus, we have that Im Rg(8) = Im R,
which by the uniqueness of the orthogonal projectors yields the equality Rg(8) = R. Finally,
since the matrix Rg(¢) solves the Riccati equation (1.2) or (3.2) on [¢«, 00) by Theorem 4.7
and since the solutions of (3.2) are unique by Proposition 3.1, it follows that the genus G is
uniquely determined by Rg(¢), and hence by the orthogonal projector R. O

Remark 4.9 Combining the results from Remark 4.1(ii) and Theorems 4.7 and 4.8 allows to
strengthen the observation in Remark 4.6. Namely, the matrices Rg(?) in (4.3) associated
to genera G of conjoined bases of (H) coincide with the elements of the complete lattice
L(A, B)so. We also note that every such orthogonal projector Rg(t), as a solution of (1.2) on
[¢oo, ©0), has constant rank rg on the whole interval oo, 00). In this context, we may adopt
for the number rg the terminology rank of the genus G and write rank G := rg, compare also
with [21, Remark 6.4]. In particular, n — do, < rank G < n holds.

Based on the results in Theorems 4.7 and 4.8 we can now introduce an ordering on the
set of all genera of conjoined bases of (H) which corresponds to the ordering in the lattice
L(A, B)oo.

Definition 4.10 Let G and H be two genera of conjoined bases of (H) and let Rg(f) and
R4,(t) be their corresponding orthogonal projectors in (4.3), respectively. We say that the
genus G is below the genus H (or that the genus H is above the genus G) and we write G < H
if the inclusion Im Rg(#) € Im R4, (¢) holds for all ¢ € [o0, 00).

Remark 4.11 We note that the genera G and H satisfy G < H if and only if the inclusion
Im Rg(B) € Im R4 (B) holds for some B € [, 00). This follows from Definition 4.10 and
Proposition 3.2, because the matrices Rg(¢) and Ry, (¢) are solutions of the Riccati equation
(1.2) on [@eo, 00), by Theorem 4.7.

By the symbol I" we will denote the set of all genera of conjoined bases of (H).
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Theorem 4.12 The relation < from Definition 4.10 is an ordering on the set T.

Proof The statement follows from the one-to-one correspondence in Remarks 4.9 and 4.11
between the genera G of conjoined bases of (H) and the orthogonal projectors Rg(¢) of the
ordered set L(A, B)oo. O

Remark 4.13 (i) Based on Proposition 3.3 and Remark 3.5(i) we can describe explicitly the
infimum G A H and the supremum G V H of two genera G and H of the set I'. More precisely,
if Rg(¢) and R4 (¢) are the orthogonal projectors associated to the genera G and H, then G AH
is the genus of conjoined bases corresponding to the orthogonal projector onto the subspace
Im Rg(#) NIm Ry (2) on [as, 00), and G V H is the genus of conjoined bases corresponding
to the orthogonal projector onto the subspace Im Rg () + Im R4(¢) on [so, 00). This shows
that (I", <) is a lattice.

(i1) If the orthogonal projector Rg(¢) satisfies Rg(f) = Rpn(f) on [s, 00), then the
genus G = Gy is called minimal, while if Rg(t) = I on [, 00), then the genus G = Gax
is called maximal. We remark that this terminology is in full agreement with the results in
Remarks 3.15 and 4.1(ii1).

Theorem 4.14 The ordered set (I, <) is a complete lattice. In particular, the minimal genus
Omin IS the least element of T with respect to the ordering <, while the maximal genus Gmax
is the greatest element of I" with respect to <.

Proof The statement follows directly from Theorem 4.12 and Remarks 4.9 and 4.13, since
the lattice (I', <) is isomorphic to the complete lattice L(A, B)c. O

In the following result we characterize the conjoined bases belonging to the minimal genus
Gmin- We also show that the principal solution at the point « for o € [a0, 00) belongs to the
minimal genus Gp;p. This statement generalizes [22, Proposition 4.7] to a possibly oscillatory
system (H).

Theorem 4.15 Let (X, U) be a conjoined basis of (H). Then (X, U) belongs to the minimal
genus Gmin Iif and only if the inclusion Im X (1) € Im Ruo(7) holds for some (and hence for
every)t € [0, 00). In particular, for every a > o the principal solution (Xy, Uy) at the
point a belongs to Guin.

Proof Let G be the genus of conjoined bases of (H) such that (X, U) € G and let Rg(¢) be its
representing orthogonal projector in (4.3). In particular, the inclusions Im X () € Im Rg(¢)
and Im R, (#) € Im Rg(¢) hold on [as, 00). If G is equal to the minimal genus Gpin,
then Rg(t) = Rp(¢) forall t € [ox, 00), by Remark 4.13(ii), and in turn we obtain that
Im X(t) € Im Rg(t) = Im R, (¢) for every t € [oxo, 00). Conversely, let 8 € [aeo, 00)
be fixed and suppose that the inclusion Im X(8) € Im R, (8) holds. The matrix Rg(8)
then satisfies the equalities Im Rg () = Im X (8) +1Im R, () = Im R, (8), which by the
uniqueness of orthogonal projectors means that Rg(8) = R (B). Therefore, the genus G
is equal to Gpin, by Theorem 4.8 and Remark 4.13(ii). Finally, if ()A(a, ﬁa) is the principal
solution of (H) at some point ¢ € [0, 00), then )A(a () = 0 and hence, the inclusion
Im )A(o, (¢) € Im R, () holds. This shows by the first part that ()A(O,, Ua) belongs to the
minimal genus Gpip. O

In the next result we derive important properties of nonoscillatory conjoined bases from
a given genus G.
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Proposition 4.16 Let G be a genus of conjoined basis of (H) with the corresponding orthog-
onal projector Rg(t) in (4.3). Moreover, let (X, U) be a conjoined basis of (H) with constant
kernel on [o, 00) C [0, 00) such that (X, U) belongs to G and let R(t) be the matrix
defined in (2.1). Then the equality Rg(t) = R(t) holds for all t € [a, 00).

Proof Let P be the constant orthogonal projector in (2.2) associated to (X, U) and put
(X,U) := (X(I-P), U(I - P)).By using the identity X (1) P = X (¢) forevery t € [, 00)
we obtain that for any ¢ € R” the pair (Xc,Uc) is a vector solution of (H) satisfying
X (t) c = 0 on [«, 00). Therefore, the function Uc € Ala, 00). In particular, this means that
the inclusion Im [U(¢) (I — P)] € A;[a, 00) holds for all ¢ € [a, 00). Let R, (t) be the
orthogonal projector in (4.1) associated to the subspace A;[ax, 00) On [, 00). By using
the first equality in (2.4) and formula (4.2) in Remark 4.1(i) we have that

Ker R(¢) =Im [U(t) (I — P)] C Asla, 00) = [Im Ry (2) ]L = Ker R, (¢) 4.4)

for every t € [a, 00). In fact, taking the orthogonal complements implies that the relation in
(4.4) is equivalent with the inclusion Im R,.,(#) € Im R(¢) on [«, 00). Moreover, according
to (4.3) the matrix Rg(¢) satisfies Im Rg(¢) = Im R(¢) + Im R, () = Im R(¢) on [«, 00),
which by the uniqueness of orthogonal projectors gives the equality Rg(f) = R(¢) for all
t € [a, 00). O

Remark 4.17 Assume that the Legendre condition (1.1) holds and that system (H) is nonoscil-
latory. By Proposition 2.1 this means that every conjoined basis of (H) is nonoscillatory. In
particular, for any conjoined basis (X, U) of (H) there exists « € [oxo, 00) such that (X, U)
has constant kernel on [«, 00). Moreover, let G be the genus of conjoined bases such that
(X, U) € G and let Rg () be its corresponding orthogonal projector in (4.3). Then the rank
rg of G defined in Remark 4.9 coincides with the rank » of any conjoined basis (X, U) of the
genus G defined in (2.3). By Proposition 4.16 we have that Im X () = Im Rg(¢) on [«, 00).
Therefore, from (4.3) and Definition 4.3 it follows that two conjoined bases (X, U1) and
(X2, Uy) of (H) belong to the same genus if and only if there exists o € [ox,, 00) such that
the equality Im X(¢r) = Im X»(¢) hold for every t € [«, 00). This observation shows that
the concept given in Definition 4.3 generalizes the definition of genus of conjoined bases
introduced in [20, Definition 6.3] for nonoscillatory system (H). We also note that the result
about the structure of the set of all genera of conjoined bases presented in this section are in
full agreement with the corresponding results in [22, Section 4].

In the following examples we illustrate the new theory of genera of conjoined bases of
(H). We refer to [22, Section 5] for examples of nonoscillatory systems (H) with (1.1). Thus,
in the first example we consider an oscillatory system (H) satisfying the Legendre condition

(1.1).

Example 4.18 Let n = 2 and A(t) = 0, B(t) = diag{1, 0}, and C(¢) = diag{—1, 0} on
[0, 00). The principal solution (XO,, UO,) at the point ¢ = 0 has the form

(Ro (@), Ua (1)) = ((Sigt g), (C‘Z)St ?)) 4.5)

Since B(t) > 0 on [0, 00) and the matrix )A(a (t) in (4.5) changes its kernel at each t = k,
k € N, system (H) is oscillatory, by Proposition 2.1. Moreover, we have do, = 1, 0o = 0,
and R, (t) = diag{l, 0} on [0, co). Therefore, there exist only two genera of conjoined
bases, i.e., the minimal genus G, with the corresponding orthogonal projector Rg, . (t) =

@ Springer



Journal of Dynamics and Differential Equations (2020) 32:1139-1155 1153

R (2) on [0, 00) and the maximal genus Gpax With the corresponding orthogonal projector
Rg,..(t) =1 on [0, 00). In particular, by (4.5) we have the identity

Im X, (1) +Im Ry oo (t) = Im R, oo (t) = Im Rg_. (1), 1 € [0, 00),

and hence, the conjoined basis (Xa, UO,) belongs to the minimal genus Gy, as we also claim
in Theorem 4.15. On the other hand, the conjoined basis (X, U) of the form

(X(0). U®) = ((C%St (1)) (_ Sgnt 8)) (4.6)

is an element of the maximal genus Gn,«, because by (4.6) we have
ImX(r) +Im R, (1) = R> =Im Rg, (1), 1 € [0, 00).

In the second example we consider a system (H) which does not satisfy the Legendre con-
dition (1.1). We note that this system is neither oscillatory nor nonoscillatory in the sense of
Proposition 2.1.

Example 4.19 For n = 3 and a = 0 we consider system (H) with A(t) = C(¢) = 0 and

00 O
Bt)=(00 ¢ on [0, 00). 4.7)
0 ef 2e?

From (4.7) we can easily see that the matrix B(¢) is indefinite for all ¢ € [0, co) and hence,
the Legendre condition (1.1) does not hold. Moreover, we have doo = 1, 0o = 0, and
Ruo(t) = diag {0, 1, 1} on [0, co). Therefore, system (H) is abnormal and it possesses only
two genera of conjoined bases. Namely, there is the minimal genus G = Gpi, represented
by the orthogonal projector Rg(#) = R, (¢) on [0, 00), which contains for example the
conjoined bases

00 0
(X1, Uin) =00 ¢ |, 1],
Oet e2t
00 0
(X2(0), Ua()) = | |01 e |, I], tel0,00),
Oet e2t

and there is the maximal genus G = Gnax represented by the orthogonal projector Rg(¢) = 1
on [0, 0o), which contains for example the conjoined bases

100
(X3(0), Us(1)) = (1,0), (X4(0), Us@®))= |01 ¢ |, I], t€l0,00).
0 el eZt

We note that the conjoined bases (X1, U;) and (X3, U3) have constant kernel on [0, 00)
with the corresponding constant projectors P; = diag {0, 1, 1} and P, = [ in (2.2). On the
other hand, the conjoined bases (X2, U>) and (X4, Us) do not have constant kernel on any
nondegenerate subinterval in [0, co) and their associated orthogonal projectors P> (¢) and
P4(t) in (2.1) are

00 0 ! e +10 0
Pt)=—1[01 ¢ |, Pit) = —— 0 1e ], tel0,o00),
e 4+ 1 0 el o e +1 0 o ¥

@ Springer



1154 Journal of Dynamics and Differential Equations (2020) 32:1139-1155

respectively. In particular, by using the terminology of Sect. 2 the conjoined bases (X1, Uj)
and (X3, U3) are both nonoscillatory on [0, co0), while the conjoined bases (X», Uz) and
(X4, Uy) are both oscillatory on [0, 00). This observation shows that in the absence of the
Legendre condition (1.1) the statement of Proposition 2.1 does not hold, i.e., in this case it
is not possible to classify system (H) as nonoscillatory or oscillatory. In spite of that both
conjoined bases (X7, U>) and (X4, Us) have constant rank on the interval [0, co). Namely,
in agreement with (2.3) we have r, = rank X»(¢) = 1 and r4 = rank X4(¢) = 2 on [0, 00).
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ABSTRACT. In this paper we develop new theory of Riccati matrix differential
equations for linear Hamiltonian systems, which do not require any control-
lability assumption. When the system is nonoscillatory, it is known from our
previous work that conjoined bases of the system with eventually the same im-
age form a special structure called a genus. We show that for every such a genus
there is an associated Riccati equation. We study the properties of symmetric
solutions of these Riccati equations and their connection with conjoined bases
of the system. For a given genus, we pay a special attention to distinguished
solutions at infinity of the associated Riccati equation and their relationship
with the principal solutions at infinity of the system in the considered genus.
We show the uniqueness of the distinguished solution at infinity of the Riccati
equation corresponding to the minimal genus. This study essentially extends
and completes the work of W. T. Reid (1964, 1972), W. A. Coppel (1971),
P. Hartman (1964), W. Kratz (1995), and other authors who considered the
Riccati equation and its distinguished solution at infinity for invertible con-
joined bases, i.e., for the maximal genus in our setting.

1. Introduction. Riccati differential equations for self-adjoint linear differential
systems play fundamental role in mathematical research as well as in applications.
Specifically, if n € N is a given dimension and A, B,C' : [a,00) — R™*™ are given
piecewise continuous matrix-valued functions such that B(t) and C(t) are symmet-
ric, the Riccati matrix differential equation

Q'+ QA + AT(H)Q + QB(t)Q — C(t) = 0 (R)
is associated with the linear Hamiltonian system
P =At)z+Bt)u, o =Ct)z— AT(t)u, (H)
see [7, 9, 17, 22, 23, 24]. Tt is known that under the Legendre condition
B(t) >0 forallt € [a,o0) (1.1)

the Riccati equation (R) has many applications in various disciplines, for example
in the oscillation and spectral theory [2, 7, 17, 22, 23, 24], filtering and prediction
theory [16, 23], calculus of variations and optimal control theory [1, 3, 8, 12, 10,
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Key words and phrases. Linear Hamiltonian system, Riccati differential equation, genus of
conjoined bases, distinguished solution at infinity, principal solution at infinity, controllability.
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19, 34, 35, 37, 38, 39], systems theory and control [14, 15], and others (engineering,
etc.).

In [20], Reid showed that when system (H) is completely controllable and nonosc-
illatory, the Riccati equation (R) has the so-called distinguished solution Q(t) at
infinity, which is the smallest symmetric solution of (R) existing on an interval
[, 00) for some a > a. In the subsequent paper [21], Reid derived the minimality
of the distinguished solution of (R) at infinity also for a noncontrollable system (H)
by considering invertible principal solutions (X, U) of (H) at infinity. Recently, the
author and Simon Hilscher developed the theory of principal solutions at infinity for
a general nonoscillatory and possibly abnormal system (H). We showed in [28, 29]
the existence of principal solutions (X,U) at infinity with all ranks of X(t) in
a specific range depending on the maximal order of abnormality d., of (H), their
classification and limit properties with antiprincipal solutions at infinity [30], and
the geometric structure of the set of all conjoined bases [31]. In particular, conjoined
bases of (H) with eventually the same image of the first component form a genus
G, which can be represented by an orthogonal projector Rg(t) satisfying the Riccati
type matrix differential equation

R} — A(t) Rg — Ry AT(t) + Rg [A(t) + AT (t)] Rg = 0. (1.2)

This leads under (1.1) to a complete description of the set I of all genera of conjoined
bases of a nonoscillatory system (H), being a complete lattice [31, Theorem 4.8].
This result was recently extended to a possibly oscillatory system (H) in [27, The-
orem 4.14].

In this paper we continue in the above study of linear Hamiltonian system (H) by
developing the corresponding theory of Riccati matrix differential equations. The
presented approach and results are novel in three directions:

(i) we do not require any controllability assumption on system (H),
(ii) for every genus G we associate a Riccati equation

Q+QAM) + AT () Q+QB(t)Q —C(t) =0, (R)
where the coefficients A(¢), B(t), and C(t) are given by

Alt) = A(t)Rg(t) — ( ) = Rq (1)),
B(t) := B(t), C(t) := Rg(t) C(t) Ro(1),
(iii) we show that every such a Riccati equation (R) possesses a distinguished

solution at infinity (defined in a suitable way), which corresponds to a principal
solution of (H) at infinity from the genus G.

(1.3)

More precisely, given a genus G of conjoined bases of (H), we show (Theorems 4.18
and 4.21) a fundamental connection between the symmetric solutions Q(t) of (R)
on [a, 00) with some « > a satisfying

ImQ(t) CIm Ry (t), t€ [o,00), (1.4)

and the conjoined bases (X, U) of (H) with constant kernel on [«, 00), which belong
to G. We define (Definition 7.1) a distinguished solution Q(t) at infinity for each
Riccati equation (R), which corresponds to a principal solution (X , U) of (H) at
infinity in the genus G. We also prove (Theorem 7.16) that for every symmetric
solution Q(t) of (R) on [a, 00) with (1.4) there exists a distinguished solution Q(t)



RICCATI EQUATIONS FOR LINEAR HAMILTONIAN SYSTEMS 1687
of (R) satisfying the inequality

Q(t) > Q(t) on [a,00). (1.5)

The above results are particularly important for the minimal genus G = Gy,
which is formed by the conjoined bases (X,U) of (H) with minimal possible rank
of the matrix X(¢), i.e., with rank X(t) = n — d on [o,00). In this case the
associated distinguished solution Qmin(t) at infinity is unique and minimal among
all symmetric solutions Q(t) of (R) satisfying (1.4). This latter situation generalizes
the classical controllable results of Reid and Coppel [7, 20, 22|, since in this case
ds = 0 and the orthogonal projector Rg(t) = I on [a,00), so that the Riccati
equation (R) reduces to (R). We note that the original results by Reid [21, 23]
for noncontrollable system (H) and Riccati equation (R) correspond in our new
theory to the maximal genus G = Gax of conjoined bases (X, U) with eventually
invertible matrix X (¢), i.e., to Rg(t) = I on [a, 00). Therefore, the present study can
be regarded as a generalization and completion of the theory of the Riccati equations
(R) for completely controllable systems (H) using the minimal genus G = G, as
well as the noncontrollable systems (H) using the maximal genus G = Gpax.

Among other new results in this paper (Theorem 6.3 and Corollary 6.4) we
mention a connection of the symmetric solutions Q(t) of (R) with the implicit
Riccati equation

Ro()[Q + QA1) + AT(1) Q + Q B(t) Q — C(t)] Ro(t) = 0. (1.6)

Such implicit Riccati equations occur in the study of nonnegative quadratic func-
tional associated with system (H), see [13, Section 6].

The study of the Riccati equations in the context of the present paper is also
motivated by several situations in the literature, which are equivalent to using the
Riccati matrix differential equation for an uncontrollable linear Hamiltonian sys-
tem. For example, in [35, pg. 886], [1, pp. 621-622], [11, Sections 4 and 6], and
[12, pp. 17-18] the authors use a cascade system of three differential equations for
the investigation of calculus of variations or optimal control problems with variable
endpoints — the Riccati equation (R), a linear differential equation, and an integra-
tor. These three differential equations are together equivalent to a Riccati equation
in dimension 2n, which corresponds to an uncontrollable system (H) in dimension
4n. This connection is discusses in details in [11, Remark 6.3].

The results of this paper open new directions in the theory of Riccati matrix
differential equations associated with general uncontrollable linear Hamiltonian sys-
tems. They demonstrate that, as in the completely controllable case, distinguished
solutions at infinity play a prominent role in the structure of the space of symmetric
solutions of (R). Moreover, the intimate connection with the principal solutions of
(H) at infinity points to effective applications of the distinguished solutions of (R)
at infinity in other fields of mathematics and engineering.

The paper is organized as follows. In Section 2 we display the notation and
preliminary results about system (H) and its solutions. In Section 3 we present
properties of principal solutions of (H) at infinity and recall the concept of a genus
of conjoined bases of (H). In Section 4 we develop the theory of Riccati differential
equations for a given genus G. In Section 5 we study inequalities for Riccati type
quotients associated with the Riccati equation (R). In Section 6 we analyze the
relationship between the two Riccati equations (R) and (1.6). In Section 7 we define
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the notion of a distinguished solution of (R) at infinity and study its minimality
properties. Finally, in Section 8 we provide examples illustrating our new theory.

2. Preliminaries about linear Hamiltonian systems. In this section we review
some recent results about linear Hamiltonian systems (H) from [18, 33, 28, 29, 30,
31]. For a general theory of these systems we refer to [7, 17, 22]. By a matrix
solution of (H) we mean a pair of functions (X, U) such that X, U : [a,00) — R"*"
are piecewise continuously differentiable (Cll,) and satisfy system (H) on [a,00).
In order to shorten the notation and the calculations, we sometimes suppress the
argument ¢ in the solutions. For any two matrix solutions (X1, U;) and (X2, Uz) of
(H) their Wronskian X{ Uy — U{ X5 is constant on [a, 00). A solution (X, U) of (H)
is called a conjoined basis if rank (X7 (t), UT(t))T = n and X7 (t) U(t) is symmetric
at some and hence at any ¢ € [a,00). The principal solution (Xa, ﬁa) at the point
o € [a,00) is defined by the initial conditions X, (o) = 0 and U, (a) = I. By [17,
Corollary 3.3.9], a given conjoined basis (X, U) can be completed to a fundamental
system of (H) by another conjoined basis (X,U). In addition, the conjoined basis

(X,U) can be chosen so that (X,U) and (X,U) are normalized, i.e., we have
XU -UTX =1. (2.1)

The oscillation of conjoined bases of (H) is defined via the concept of proper
focal points, see [36, Definition 1.1]. However, this concept will not be explicitly
needed in this paper. By [33, Definition 2.1], a conjoined basis (X,U) of (H) is
called nonoscillatory if there exists a € [a, 00) such that Ker X(¢) is constant on
[cr, 00). The main result of [33] then describes the nonoscillatory behavior of system
(H), see Proposition 2.1 below. Based on this result we say that system (H) is
nonoscillatory if one and hence all conjoined bases of (H) are nonoscillatory.

Proposition 2.1. Assume that the Legendre condition (1.1) holds. Then there
exists a nonoscillatory conjoined basis of (H) if and only if every conjoined basis of
(H) is nonoscillatory.

For a subspace V C R" we denote by Py, the orthogonal projector onto V. That is,
Py is a symmetric and idempotent n x n matrix such that In Py, =V = Ker(I —Py)
and Ker Py, = V+ = Im(I — Py). Orthogonal projectors can be constructed by
using the Moore—Penrose pseudoinverse. More precisely, for a given matrix M €
R™*™ and its pseudoinverse MT the matrix MM is the orthogonal projector onto
Im M, and the matrix MTM is the orthogonal projector onto Im Mt = Im M7,
Moreover, rank M = rank M M' = rank MTM and Ker(MN) = Ker(MTMN) for
any matrices M, N € R"*™. For the theory of pseudoinverse matrices we refer to
[4], [5, Chapter 6], and [6, Section 1.4]. In particular, we will need the following
results on the differentiability of the Moore—Penrose pseudoinverse of a matrix-
valued function M (t).

Remark 2.2. By [6, Theorems 10.5.1 and 10.5.3], for a differentiable matrix-valued
function M (t) on an interval [a, 00) its Moore-Penrose pseudoinverse MT(t) is dif-
ferentiable on [, 00) if and only if rank M (¢) is constant on [o,00). In this case
(suppressing the argument t)

(MY = =Mt M M+ (T = MM (MY M MMM ()T (T—-M M) (2.2)
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on [a,00), see also [28, Remark 2.3]. Moreover, when Ker M(¢) is constant on
[, 00), then we have Ker M (t) C Ker M'(t) on [a, 00) and hence (2.2) reduces to

(MP)'(t) = =M (t) M'(8) M¥(8) + M () M () (M) () [T — M (8) M (2)] (2.3)
for every t € [a, 00). In particular, when the matrix M (t) is symmetric and Ker M (t)
is constant on [a, 00), then (2.3) yields the standard formula

(MY (t) = =M (t) M'(t) MT(t), t€ [, 00).

In the rest of this section (except of Theorem 2.9) we present known properties
of conjoined bases of (H) with the corresponding references to the literature. Given
a conjoined basis (X, U) of (H), by the kernel, image, and rank of (X,U) we mean
the kernel, image, and rank of the component X. On the interval [a, c0) we define
the orthogonal projectors onto the subspaces Im X7 (t) and Im X (¢) by

P(t) = Pimxr( = X () X(t),  R(t) = Prnxy = X(8) XT(1). (2.4)

If (X,U) has constant kernel on [a, 00) C [a,00), then by (2.4) the function P(¢) is
constant on [a, 00) and we set

P:=P(t) on [a,00). (2.5)
In this case (X, U) has constant rank r on [a, c0) with
r:=rank X (¢) = rank P = rank R(¢) on [«, c0), (2.6)

and hence it follows from Remark 2.2 that the function X' € C;; on [a,c0). Con-
sequently, the Riccati quotient

Q(t) == X(t) XT()U@) XT(t) = R(t)U(t) XT(t), t€ [a,o0), (2.7)

is piecewise continuously differentiable on [a, 00) as well. In addition, by [25, pg. 24]
the matrix Q(¢) is symmetric and satisfies on [, 00) the properties (suppressing the
argument t)
XTQX =X"U, ImQ CImR, QX = RU. (2.8)
The next statement is proven in [28, Theorem 4.2 and Equation (4.8)]. We
observe that the Legendre condition (1.1) is not needed in this case.

Proposition 2.3. Let (X,U) be a conjoined basis of (H) with constant kernel on
the interval [, 00) C [a,00) and let P, R(t), and Q(t) be the corresponding matrices
in (2.5), (2.4), and (2.7). Then the equalities
Im [U(t) (I — P)] = Ker R(t), B(t) = R(t) B(t) = B(t) R(t) (2.9)
hold for all t € [ov,00). Moreover, the matriz R(t) solves the Riccati equation (1.2)
on [a,00), while X1 satisfies on [, 00) the formula
(XTY = XTAT(I - R) - XTAR — X' BQ. (2.10)

Following [28, Section 4], with any conjoined basis (X,U) of (H) with constant
kernel on [a, 00) we associate the S-matriz as the matrix-valued function

Sa(t) := /t XT(s)B(s) X™(s)ds, te [a,o0). (2.11)

Under (1.1), the matrix S, (¢) is symmetric, nonnegative definite, S, € C%) on [a, 00),
and by [28, Theorem 4.2] the set Im S, (t) is nondecreasing on [, 00) and hence even-
tually constant with Im S, (¢) C Im P. By the symmetry of S, (¢), the set Ker S, ()
is nonincreasing on [a, 00) and hence eventually constant with Ker P C Ker S, (¢).
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This implies that the orthogonal projector onto the set Im S, (t) is eventually con-
stant and we write

Ps, (t) == Pim s.(1) = Sa(t) SL(t) = SL(t) Sa(t), }

2.12
Ps,_ o = Ps_ (t) fort — oo. (2.12)

In addition, on [«, 00) we have the inclusions
ImS,(t) =ImPs_(t) CImPs_ oo CImP.

The main properties of the function S, (t) are summarized in the following state-
ment, which follows from the definition of S, (¢) in (2.11), Remark 2.2, and (1.1),
see also [28, Theorem 6.1].

Proposition 2.4. Assume (1.1). Let (X,U) be a conjoined basis of (H) with con-
stant kernel on [a,00) and let S, (t) be the corresponding matrixz defined in (2.11).
Then the matriz function S, (t) is nondecreasing on [, 00). Moreover, if S (t) has
constant kernel on a subinterval T C [a, 00), then Si, € C;(I) and S} (t) is nonin-
creasing on L. In particular, if So(t) has constant kernel on T = [3,00), then the
limit of SI(t) ast — oo exists.

Remark 2.5. Under (1.1), the results in Proposition 2.4 and the properties of the
matrix function S, (t) discussed above imply that for every conjoined basis (X, U)
of (H) with constant kernel on an interval [, o) the limit

1 T
T, = lim Sf(1) (2.13)

is well defined and it is referred to as the T-matriz corresponding to the conjoined
basis (X, U) on [a, 00). Moreover, the matrix T, is symmetric, nonnegative definite,
and Im T}, C Im Ps,_ o, by (2.12) and Im S},(#) = Im ST (t) = Im S, (t) on [a, c0).

Remark 2.6. The matrix S,(t) is intimately connected with a certain class of
conjoined bases of (H) which are normalized with (X,U). As we showed in [28,
Theorem 4.4], for a given conjoined basis (X, U) with constant kernel on [a, 00) there
exists a conjoined basis (X, U) of (H) such that (X,U) and (X, U) are normalized,
i.e., (2.1) holds, and

XT(a) X(a) =0. (2.14)
The matrices X (¢), X(¢) P, and U(t) P are uniquely determined by (X,U) on the
interval [a, 00) and

X(t) P = X(t) Sa(t), }

U(t) P = U(t) Sa(t) + X1T(t) + U(t) (I — P) XT(t) X1T(t) (2.15)

for every t € [a, 00), where P is given in (2.5), see [28, Remark 4.5.(ii)]. We also
note that according to [28, Theorem 5.2] the matrix S, (¢) satisfies the identities

Xo(t) = X(t) Sa(t) X (), XT(t) Xo(t) = Sa(t) XT (), te€[a,00), (2.16)
where (X, U,) is the principal solution of (H) at the point .

As it is common, see [23, Section 3] or [28, Section 5], we denote by Afa, c0)
the linear space of n-dimensional vector-valued functions u € ng which satisfy the

equations v/ = —A”T(t)u and B(t)u = 0 on [a, 00). The functions u € Ala, 00) cor-
respond to the vector solutions (z = 0,u) of system (H) on [a,00). The space
Ala, ) is finite-dimensional with d[o,00) := dim A[a,00) < n. The number

dla, 00) is called the order of abnormality of system (H) on the interval [a,o0).
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We remark that system (H) is said to be normal on [a,00) if d[a, 00) = 0, while
it is called identically normal (or completely controllable) on [a, c0) if d(Z) = 0 for
every nondegenerate subinterval Z C [«a, 00). Moreover, for a given ¢t € [, 00) we
denote by A, 00) the subspace in R™ of values of functions u € Ao, 00) at the
point ¢, i.e.,

Ao, 00) == {c € R", u(t) =c¢ for some u € Alo,00)}, t€ [a,00). (2.17)
It is easy to see that dim A;[or, 00) = dfor, 00) for all ¢ € [, 00). We note that the
set A[t, 00) is nondecreasing in ¢ on [a, 00) and hence it is eventually constant. This

means that the integer-valued function d[t, c0) is nondecreasing, piecewise constant,
and right-continuous on [a, 00). In particular, there exists the limit

doo := lim d[t,00) = max d[t,00), 0<dy <mn, (2.18)
t—o0 tela,00)

which is called the mazimal order of abnormality of (H). The monotonicity of the
function d[t, co0) justifies the existence of the point a. € [a,00) such that

oo = min{a € [a,00), dlo,00) = dso } (2.19)
From (2.18) and (2.19) we then obtain that the subspace Alaos, 00) satisfies

Alorss, 00) = lima 00 Alar, 00) = maxaefa,00) Alev, 00), } (2.20)

Ao, 0) = Altoo, ), @ € [too, 0).

On the other hand, for any o € [a, 00) the subspace Aa,t] is nonincreasing in
t on (a,00) and hence it is eventually constant. In particular, the integer-valued
function d[a, ] is nonincreasing, piecewise constant, and left-continuous on («a, o),
see also [28, Section 5]. Moreover, we get

a,00) = lim dfo,t| = min dfo 2.21
Ala,00) = lim Ala,t] = min Ala,t 2.22
[ I ) tl [ ’ ] tE(Oél, ) [ I ] ( )

for all @ € [a,00). For any such a point « the relation in (2.21) and the above
properties of the function d|e, t] yield the existence of the point 7,, o in the interval
[cr, 00) such that

Ta, 00 1= Inf{t € (o, 00), d[e,t] = d]ev, 00)}. (2.23)

Remark 2.7. We note that the subspace A[a,t], resp. Ala, 00) is closely related
with the matrix S, (¢) in (2.11). More precisely, under (1.1) for every conjoined basis
(X,U) of (H) with constant kernel on [a, 00) the corresponding matrices Ps_(t) and
Ps_ oo in (2.12) satisfy

Im X (o) Ps, (t) = (Aala, )7, t € (a,00),
Im X () Ps, o0 = (Aala,00)) ™

The proof of the first formula in (2.24) is based on (2.16) and [28, Equation 5.6] in

which we showed that A, [a,t] = Ker X, (t) holds on [a, 00), where (X4, U,) is the

principal solution at the point . The second identity in (2.24) follows from the

first one by using (2.12) and (2.22). Moreover, in [28, Theorem 5.2 and Remark 5.3]
we proved the equalities

Im S, (t) = Im Ps_oo, rankS,(t) =rank Ps_ o, =n — d[a, 00) (2.25)

on (Ta, 00, 00) With T4, o defined in (2.23).

(2.24)
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Throughout this paper we will consider only the intervals [a, 00) with the max-
imal order of abnormality ds, defined in (2.18). The next remark shows how this
condition reflects the properties of S-matrices corresponding to conjoined bases of
(H) with constant kernel.

Remark 2.8. (i) Assume (1.1) and let (X,U) be a conjoined basis of (H) with
constant kernel on [, 00). In [26, Theorem 4.1.12] we proved that the condition
d[ar, 00) = d, holds if and only if the matrix S, (¢) in (2.11) associated with (X, U)
satisfies the equalities
Im [ Ps, oo — Sal(t) Ta] =Im Ps_oo = Im[Ps_ oo — Salt) Ta]® (2.26)
for every t € [a,00), where Ps_o and T, are corresponding matrices in (2.12) and
(2.13). We note that the identities in (2.26) can be equivalently replaced by
rank [ Ps_ oo — So(t) Ta] = n — dla,00)  on [a, 00),
see [28, Theorem 6.9]. In addition, by [28, Equation 5.13] the conjoined basis (X, U)
satisfies the conditions
n—de =n —d[a,00) <rank X (t) <n for all t € [a, 00). (2.27)

(ii) Let T3 be the T-matrix in (2.13), which is associated with (X,U) on the
interval [3,00) for § € [o,00). In [26, Theorem 4.3.1(ii)] we showed that the set
Im T} is constant in 8 on [, 00) if and only if the condition dla, 00) = ds holds.

The following theorem is an extension of the result presented in Remark 2.8(i).

Theorem 2.9. Assume (1.1) and let (X,U) be a conjoined basis of (H) with con-
stant kernel on [a, 00). Moreover, let P, S, (t), and T, be its corresponding matrices
in (2.5), (2.11), and (2.13), respectively. Then the condition d[o, 00) = doo s equiv-
alent with the formulas

Im[P —S,(t)T,) =ImP =Im [P — So(t) T]", t€ [a,00). (2.28)

Proof. First we remark that by P T, = T,, and PS,(t) = S (t) on [a, 00) we always
have the inclusions

Im[P—S,(t)Ta] CImP, Im[P—Su(t)Ta]” =Im[P—T, So(t)] C Im P (2.29)

for every t € [a,00). And since rank [P — S, (t) T,] = rank [P — S, (t) T,]T for
all t € [, 00), it is sufficient to show the equivalence of d[a, 00) = do and the
equality Im [P — S, (t) To] = Im P on [a, 00). Assume that do,00) = doo holds.
Fix t € [a,o0) and let v € Ker [P — S,(t) To]T = Ker [P — T, S4(t)], that is,
[P — T, Sa(t)] v = 0. Using the latter equation and the identities Ps_oo P = Ps_ oo
and Ps_ oo To = Ty yields [Ps,co — Ta Sa(t)]v = Ps oo [P — T Sa(t)]v = 0 and
hence, the vector v € Ker [Ps, oo —To Sa(t)] = Ker [Ps, 00 — Sa(t) Ta]T = Ker Ps,, oo,
by the first equality in (2.26). Moreover, with the aid of identity S, (t) = S4(t) Ps, oo
we then get

Po=[P —Ty Sa(t)]v+ Ty Sa(t)v=[P — Ty Sa(t)] v+ Ty Sa(t) Ps, oo v =0,

which shows that v € Ker P. Therefore, the inclusion Ker [P — S, (t) T,]T C Ker P,
or equivalently, the inclusion Im P C Im [P — S,,(t) Ts] holds for every ¢ € [a, o0).
Combining the latter relation with the first property in (2.29) gives the equality
Im [P — S,(t)T,] = Im P on [a,00). Conversely, if Im [P — S, (t)T,] = Im P is
satisfied for all ¢ € [a, 00), then

Im [ Ps, oo — Sa(t) Ta] =Im Ps, oo [P — Sa(t) Ta] = Im Ps, oo P = Im Ps,_ o
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on [, 00), showing the first identity in (2.26). Finally, the condition d[«, 00) = dwo
holds by Remark 2.8(i), which completes the proof. O

The next statement is a combination of [28, Theorem 4.6] and [26, Theorem 2.3.3].
We again note that the Legendre condition (1.1) is in this case not needed.

Proposition 2.10. Let (X,U) be a conjoined basis of (H) with constant kernel
on [a,00) and let P be its corresponding orthogonal projector in (2.5). Moreover,

let (X,U) be a solution of (H), which is expressed in terms of (X,U) via matrices
M, N € R"™"™ that is,

<)(§> = <)U( ?J() (%) on [a, 00), (2.30)
where (X,U) is a conjoined basis of (H) satisfying (2.1) and (2.14) with regard to
(X,U). Then the inclusion Tm X (o) C Im X («) holds if and only if Im N C Im P.
In this case the matrices M and N do not depend on the particular choice of (X,U).
In addition, if (X,Tj') is a conjoined basis with constant kernel on [, 00) and the
equality Im X (o) = Im X (a) holds, then

M is nonsingular, MTN =NTM, ImN? CImP, (2.31)
where P is the matriz in (2.5) associated with (X,U).

Remark 2.11. (i) Combining (2.14) with formulas (2.15) and (2.30) at t = a we
obtain that the solutions (X,U) and (X, U) in Proposition 2.10 satisfy, see also [26,
Equation (2.52)],

X(a)=X(a)M, U(a)=U(a)M +XT(a)N, ImN CImP.

The first equality in (2.15) allows to rewrite the expression for the matrix X (t) in
(2.30) into the form

X(t) = X(t)[M 4 Sq(t) N| = X(t) [PM + S,(t) N] on [a,0), (2.32)

where S, (t) is the S-matrix in (2.11) associated with (X,U). In particular, this
shows that the inclusion Im X (t) C Im X (t) holds for every t € [a, 00), see [26,
Theorem 2.3.3]. We also note that the matrix N is the (constant) Wronskian of
(X,U) and (X, 0).

(ii) Let (X,U) be a conjoined basis of (H) with constant kernel on [a, c0) such
that Im X (o) = Im X () holds. Then Im X (¢) = Im X (¢) on [a, 00), as we proved
in [28, Theorem 4.10]. If S,(t) is the S-matrix which corresponds to (X,T) on
[, 00), then we have identities

[PM + So(t) N|' = PM~* — S, (t) NT, (2.33)
Im[PM + S,(t) N =Im P, Im[PM + So(t) N]¥ =Im P, (2.34)
So(t) = [PM + S, (t) Nt So(t) MT=1P,  Tm S,(t) =Im PM~1S,(t)  (2.35)

for every ¢t € [a,00), see [28, Remark 4.7, Theorem 4.10]. In particular, since

So(a) =0 = S,(a) by (2.11), formula (2.33) at ¢ = a and the inclusion in (2.31)
give the equalities

(PM)' =PM~', N(PM)'=NPM~'=NM"". (2.36)
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Moreover, the identities in (2.32) and (2.34) yield X(t) = X (t) [PM + S,(t) N]
and the formulas for the pseudoinverses

Xt(t) = [PM + Sa(t) N)T X7 (t), } on [a, 00)

Xt(t) = [PM + S, (t) N] XT(t), (237)

3. Principal solutions at infinity. Following [29, Definition 7.1], we say that a
conjoined basis (X, U7) of (H) is a principal solution at infinity if (X, U) has constant
kernel on [, 00) and its corresponding matrix S, (t) defined in (2.11) through X (¢)
satisfies S (t) — 0 as t — oo, that is, T, = 0 in (2.13). In this case we will say that
(X,0U) is a principal solution of (H) at infinity with respect to the interval [, c0).
By (2.27), the principal solutions of (H) can be classified according to the rank of
X (t) on [a,00). In particular, the minimal principal solution (Xmin, Umin) of (H)
at infinity satisfies rank Xmin(t) = n — dw, while the mazimal principal solution
(Xmax7 Umax) of (H) at infinity is determined by rank Xmax(t) = n, hence Xmax(t)
is invertible on [«, 00), see [29, Remark 7.2].

In the next proposition we recall from [29, Theorem 7.6] and [28, Theorems 7.6]
the characterization of the nonoscillation of system (H) by the existence of a prin-
cipal solution of (H) at infinity with any possible rank, as well as the uniqueness of
the minimal principal solution.

Proposition 3.1. Assume that (1.1) holds. Then the following statements are
equivalent.

(i) System (H) is nonoscillatory.
(ii) There exists a principal solution of (H) at infinity.
(iil) For any integer r satisfying n — doo < 1 < n there exists a principal solution
of (H) at infinity with rank equal to r.
In particular, system (H) is nonoscillatory if and only if there exists a minimal

principal solution of (H) at infinity. In this case the minimal principal solution is
unique up to a right nonsingular constant multiple.

In [29, Equation 7.4] we defined for a nonoscillatory system (H) the point &, €
[a, 00) by

Qpmin = inf {a € [a,00), (Xmim Umin) has constant kernel on [« oo)}, (3.1)

where (Xmin, Unmin) 18 the minimal principal solution of (H) at infinity. We note
that the equality d[a, 00) = do holds for every o > Gmin, see [29, Theorem 7.9]. In
turn, combining this fact with formula (2.19) we obtain that

d[dminy OO) = dooa i~e~> OA‘min Z (075

The next results are based on [28, Theorem 7.5] and [29, Lemma 7.5 and Re-
mark 7.11].

Proposition 3.2. Assume that (1.1) holds and system (H) is nonoscillatory with
Gmin defined in (3.1). Then the following statements hold.

(i) If (X,0) is a principal solution of (H) at infinity with respect to the interval
[, 00), then d[a, 00) = doo. Moreover, the pair (X,U) is a principal solution
of (H) at infinity also with respect to the interval [3,00) for every 8 > a.



RICCATI EQUATIONS FOR LINEAR HAMILTONIAN SYSTEMS 1695

(i) Every principal solution (X,U) of (H) at infinity is a principal solution with
respect to (o, 00) for every o € (Gumin, 00). In other words, the conjoined basis
(X,U) has constant kernel on the open interval (Gmin, 00) and its correspond-
ing matrix S'Q(t) in (2.11) satisfies S'(E(t) — 0 as t — oo for every a > Gppin -

Remark 3.3. We note that the orthogonal projector Pg in (2.12) associated

with the principal solution (X ,U) through the matrix S'Q(t) is the same for all

initial points o € (Gmin, ), see [29, Remark 7.11]. Therefore, we will use the
notation

el

P =Ps  forac (Gimin, 00). (3.2)
Given a principal solution (X, U) of (H) at infinity, we define the point & € [a, c0)
associated with (X, U) by

& :=inf {a € [a,0), (X,U) is a principal solution

. (3.3)
of (H) with respect to [a,00)}.

From Proposition 3.2 it immediately follows that the point & in (3.3) satisfies the
inequalities aoo < & < dupin With @ defined in (2.19). We also note that the set
(&, 00) is the maximal open interval with the property that (X,U) is a principal
solution of (H) with respect to [o,00) for every a € (&,00). Therefore, we will
often say that (X U ) is a principal solution of (H) at infinity with respect to the
maximal interval (&,oc0). In particular, the conjoined basis (X,U) has constant
kernel on the open interval (&, o) and the S-matrix S, (t) in (2.11) associated with
(X, U) satisfies 5’}; (t) = 0 ast — oo for every a > é&. In the next theorem we derive
an exact relation between the points & and Gyin-

Theorem 3.4. Assume that (1.1) holds and system (H) is nonoscillatory with dumin
defined in (3.1). Let (X,U) be a principal solution of (H) at infinity and let & be
its corresponding point in (3.3). Then the equality & = Gmin holds.

Proof. Let (X, U), &, and Gy, be as in the proposition and suppose that & < Gpin-
According to (3.3) there exists a point 5 € (&, &min) such that (X, U) is a principal
solution of (H) at infinity with respect to the interval [, c0). By Proposition 3.2(i)

with « := 8 we know that d[f,0) = doo. Let (Xmin, Umin) be the minimal principal
solution of (H) at infinity. By [29, Theorem 7.3] it follows that the pair (Xmin, Umin)
is a minimal principal solution at infinity with respect to the interval [3,c0). For
this we note that (Xmin,Urnin) is contained in (X, U) on [, 00) according to the
properties of the relation “being contained” in [28, Section 5]. The uniqueness of
the minimal principal solution and the definition of &, in (3.1) then yield that
B > Gmin, which is a contradiction. Therefore, the equality & = dypi, holds and the

proof is complete. O

In the following result we present a construction of a principal solution of (H) at
infinity from a conjoined basis of (H) with constant kernel on [a, 00). It is a gen-
eralization of [32, Equation (10)], where only the minimal principal solution of (H)
was considered. This result will be utilized for the construction of a distinguished
solution of (R) at infinity in Theorem 7.16.

Theorem 3.5. Assume that condition (1.1) holds and system (H) is nonoscillatory.
Let « € [a,00) be such that d[a, 00) = doo and let there exists a conjoined basis of
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(H) with constant kernel on [, 00). Then a solution (X,U) of (H) is a principal
at solution infinity with respect to the interval [, 00) if and only if

(5) = <)U( 5) (ITO) on [a, 00), (3.4)

for some conjoined basis (X,U) of (H) with constant kernel on [a,00). Here the
conjoined basis (X,U) and the matriz T, are associated with (X,U) through Re-
mark 2.6 and (2.13).

Proof. If (X, U) is a principal solution of (H) at infinity with respect to [a, c0), then
(X, U) has constant kernel on [, 00) and the associated matrix T}, in (2.13) satisfies
T, = 0. Formula (3.4) then holds trivially with (X,U) := (X,U). Conversely, let
(X,U) be a conjoined basis of (H) with constant kernel on [a, 00) and let P, S, (),
Ps_~, and T, be the matrices in (2.5), (2.11), (2.12), and (2.13) corresponding
to (X,U) on [a,00). Consider the matrix solution (X,U) of (H) in (3.4). Since
PT, =1T,, it follows from Proposition 2.10 with M := I, N := —T, and (X'7 (~]) =
(X,U) that (X,U) is a conjoined basis of (H), which in turn by (2.32) yields that
X(t) = X(t) [P — So(t) T on [, 00). Then, by PS,(t) = Sa(t) and using (2.28)
from Theorem 2.9, we get

Ker X(t) = Ker XT(t) X(t) [P — So(t) Ta]) = Ker P[P — S,(t) Ts]

(2.28)

= Ker [P — S, (t) T.] (Im P)* = Ker P

on [a,00). This shows that (X, ) has constant kernel on [a, 00) as well. Moreover,
if P, Sa(t) and Pg__ are the matrices in (2.5), (2.11), and (2.12) corresponding to
(X,U) on [a, 00), then by using the first equations in (2.36) and (2.35), respectively,
we have that P = P and

Se(t) = [P — Sa(t) Toa]T Sa(t) P =[P — Sa(t) Talt Sa(t) (3.5)
for all t € [, 00). On the other hand, applying the second identity in (2.35) yields
the equalities Im Sq(t) = Im PS,(t) = Im PS4(t) = Im S, (t) on [, 00), which in
particular by (2.12) imply that Ps o = Ps,oc- Let 75,00 be defined in (2.23).
Then S, (t) S§(t) = Ps,o0 = SI(t) Sa(t) and Sq(t) S§(t) = Pg_. = Si(t) Sa(t) on
(Ta, 005, 00), by (2.25). Consequently, with the aid of (2.28) and (3.5) together with
the identity Ty Ps_ oo = Ta = Ps_oo 1o we obtain that

S1(t) = Ps,o0 SL(8) = S1(t) Su(t) S1.(t) = SL(t) PSa(t) SL(2)
C29 1) [P — Su(®) Tu] [P — Sa(t) Tul' Salt) S1(2)

) SLO 1P — Sa(t) Tal Sat) SL(E) = SLO) [P — Sa(t) Ta] Ps

S0

= Sgc(t) [P - Sa(t) Ta] PSaoo = S(L(t) — T (36)

for every t € (T, o0,00). Finally, formula (3.6) implies that Sf(t) — 0 as t — oco.
This shows that the conjoined basis (X, U) is a principal solution of (H) at infinity
with respect to the interval [, 00). O

Remark 3.6. It follows from Proposition 2.10 and Remark 2.11(i) that the princi-
pal solution (X,U) constructed in (3.4) satisfies the equality Im X («) = Im X («).
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Moreover, as we noted in Remark 2.11(ii), this condition is valid on the whole in-
terval [a, 00), i.e., Im X (£) = Im X (¢) holds for all ¢ € [o,00). In particular, the
last equality means that the conjoined bases (X, U) and (X, U) belong to the same
genus of conjoined bases of (H) as we define below, see also Remark 3.13.

In the second part of this section we recall basic concepts from the theory of
genera of conjoined bases of (H) from our recent work [27, Section 4]. We wish to
point out that in this context the Legendre condition (1.1) is not assumed and/or
system (H) is allowed to be oscillatory. Define the orthogonal projector

R...(t) := PW#, where W, := Ao, 00), t € [, 20), (3.7)
where the point a., is determined in (2.19) and the subspace A¢[aso, 00) is defined
in (2.17). From the second identity in (2.20) it follows that for any a > @ the
matrix R,..(t) defined in (3.7) is the orthogonal projector onto the set (A;[a, oo))l
on [a, 00), i.e.,

Ryoo(t) =Pyr, where U= Aia,00), 1€ [a,00). (3.8)

Remark 3.7. Assume the Legendre condition (1.1). Let (X,U) be a conjoined
basis of (H) with constant kernel on [a, 00) C [ae, 0) and let P and Ps_o be the
corresponding orthogonal projectors in (2.4) and (2.12), respectively. Combining
(2.24) and (3.8) then yields the identity

Im X («) Ps_oo = Im R, (). (3.9
Moreover, since Im [X (a) Ps, o0]” = Ps, o0 PPs, 00 = Ps, 00, and XT(a) X (a) = P,
we have that

[X (@) Ps, 0]’ = PPs, 00 [X () Ps. o]l = X () X() Ps, o0 [X () Ps, o0
— X(a) [X(@) Ps, o] [X(a) Ps. o]t 2 XT(a) Ry (a).  (3.10)

The orthogonal projector R, (t) defined in (3.7) plays a crucial role in the fol-
lowing notion. According to [27, Definition 4.3] we say that two conjoined bases
(X1,U1) and (X3, Us) of (H) have the same genus (or they belong to the same genus)
if there exists a € [avso, 00) such that

Im X5 () + Im Ry, (t) = Im X5 (¢) + Im Ry (t), t € [, 0).

From this definition it follows that the relation “having (or belonging to) the same
genus” is an equivalence on the set of all conjoined bases of (H). Therefore, there
exists a partition of this set into disjoint classes of conjoined bases of (H) with the
same genus. This allows to interpret each such an equivalence class G as a genus
itself. The following result is proven in [27, Theorem 4.5].

Proposition 3.8. Let (X1,U;) and (X2,Us) be conjoined bases of (H). Then the
following statements are equivalent.
(i) The conjoined bases (X1,U;) and (Xa,Us) belong to the same genus.
(ii) The equality Im X1(t) + Im Ry, (t) = Im Xo(¢) + Im R, (t) is satisfied for
every t € [(oo, 00).
(iii) The equality Im X (t) + Im Ryoo(t) = Im X5(¢) + Im R, (¢) is satisfied for
some t € [Qoo, 00).

Let G be a genus of conjoined bases of (H) and let (X,U) be a conjoined basis
belonging to G. The results in Proposition 3.8 imply that for all ¢ € [y, 00) the
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subspace Im X (t) +Im R, (t) does not depend on the particular choice of (X,U) in
G. Therefore, the orthogonal projector onto Im X (t) 4+ Im R, (t), i.e., the matrix

Ry(t) :=Py,, where V,:=ImX((#t)+ImR,.(t), tE€ [oo,0), (3.11)

is uniquely determined for each genus G. The next statement is from [27, Theo-
rem 4.7].

Proposition 3.9. Let G be a genus of conjoined bases of (H) and let Rg(t) be the
orthogonal projector defined in (3.11). Then the matriz Rg(t) is a solution of the
Riccati equation (1.2) on [, 00) and the inclusion Im R, (t) C Im Rg(t) holds
for every t € [aeo, 0).

Remark 3.10. If the orthogonal projector Rg(t) satisfies Rg(t)
[@tso, 00), then the genus G = Gy is called minimal, while if Rq(t) =
then the genus G = Gy ax is called mazximal.

= R,..(t) on
I on [y, 00),

The next result describes important properties of nonoscillatory conjoined bases
from a given genus G. These properties will be utilized in Section 4 to show their
connection with symmetric solutions of the Riccati equation (R) associated with
the genus G, see Theorem 4.18.

Proposition 3.11. Let G be a genus of conjoined basis of (H) with the correspond-
ing orthogonal projector Rg(t) in (3.11). Furthermore, let (X,U) be a conjoined
basis of (H) with constant kernel on [, 00) C [aeo,00) such that (X,U) belongs
to G and let R(t) and Q(t) be the matrices in (2.4) and (2.7). Then the equality
Rg(t) = R(t) holds for all t € [a,00). Moreover, the matrices X (t), X'(t), and
U(t) satisfy on [, 00) the equations

X'=(A+BQ)X, (X =-X"(A+BQ), (3.12)

U=AU+[C—(A+AT)Q] X, (3.13)

where the matrices A(t) and B(t) are defined in (1.3).
Proof. For the proof of Rg(t) = R(t) we refer to [27, Proposition 4.16]. We will
prove that (3.12) and (3.13) hold. From the definition of the matrix A(t) in (1.3) it
follows that A(t) Rg(t) = A(t) Rg(t) on [a, 00). Moreover, using (1.3), (2.8), (2.9),
and the identity Rq(t) X (t) = X (t) on [a, 00) yields the formula

X' Ar,x + BRU ) AR, x + BOx "2 (4 + BQ)X

on [a, 00). Since the function XT € C;, equation (2.10) in Proposition 2.3 becomes

(X1 = —XT[AR, — AT(I - R,)| - X'BQ &) —x1(A+ BQ)
on [a,00). Finally, by using Rg(t) U(t) = Q(t) X (t) for every t € [a, 00) we get

U — AU " 0X — ATU — [AR, — AT(I — R,)]U = CX — (A + AT)R,U

(2.8)

= CX - (A+AT QX =[C - (A+ AT QI X

on [a, 00). Thus, the matrix U(t) solves (3.13) on [, 00). The proof is complete. [
Remark 3.12. Let ®,(t) be the fundamental matrix of the system Y’ = [A(¢) +
B(t)Q(t)]Y for t € [a,00) satisfying ®,(a) = I. It is well-known that ®L—1(#)
is the fundamental matrix of the adjoint system Y’ = —[A(t) + B(t) Q(¢)]T Y for
t € [o,00). From (3.12) we then obtain by the uniqueness of solutions that

X(t) =®,(t) X(a), XT(t)=XT(a)®; (1), tE€]a,o0). (3.14)
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Remark 3.13. In [29, Theorem 7.12] we proved that every genus G of conjoined
bases of nonoscillatory system (H) contains a principal solution of (H) at infinity.
Moreover, in Theorem 3.5 we described the construction of any such a principal
solution in terms of conjoined bases from the genus G, see also Remark 3.6.

In the next proposition we recall from [29, Theorem 7.13] a complete classification
of all principal solutions of (H) at infinity within the genus G.

Proposition 3.14. Assume that (1.1) holds and system (H) is nonoscillatory with
Gmin defined in (3.1). Let (X,U) be a principal solution of (H) at infinity, which
belongs to a genus G. Moreover, let P and Ps_ be the orthogonal projectors defined
through the function X (t) on (Gumin,00) in (2.5), (2.12), and 3.2. Then a solution
(X,U) of (H) is a principal solution belonging to G if and only if for some (and
hence for every) a € (Gmin, 00) there exist matrices M,N € R"™" such that

X(a)=X(@) M, U(a)=U(a)M+ X (a)N,
M is nonsingular, MTN = NTM, ImN C ImP, Ps_ NM_IPSOO =0.

4. Riccati matrix differential equation for given genus. In this section we
present a new theory extending the results by Reid in [22, 23] about Riccati matrix
differential equation (R) to general possibly uncontrollable systems (H). Namely,
for every genus G of conjoined bases of (H) we consider the Riccati matrix differ-
ential equation (R). In Lemma 4.1, Theorem 4.3, and Corollary 4.5 we first derive
properties of solutions of (R) in the relation with the associated projector Rg(t)
in (3.11). In (4.9) and (4.18) we introduce an auxiliary linear differential system
and the so-called F-matrix for a solution of this system, which serve as main tools
for the formulation of the results in this section. In particular, in Theorem 4.16
we present additional properties of solutions of (R) obtained through the above
mentioned F-matrix. The main results concerning the correspondence between the
solutions of the Riccati equation (R) and conjoined bases of (H) from the genus G
are contained in Theorems 4.18 and 4.21.

First we derive some auxiliary properties of the projector Rg(t), being a solution
of the Riccati equation (1.2), and the coefficient A(¢) in (1.3). In particular, we
represent Rg(t) as a solution of a linear differential system

R} = [A(t), Ro] = A(t) Ro — Ro A(). (4.1)
We note that since Rg(t) is symmetric, then it solves also the system
R} = [Rg, A (t)] = Rg A" (t) — A" (t) R. (4.2)

being the transpose of the system in (4.1). For M, N € R™*™ the notation [M, N]
used in (4.1) and (4.2) means their commutator, i.e., [M, N]:= MN — NM.

Lemma 4.1. Let G be a genus of conjoined bases of (H) and let Rg(t) and A(t) be
the corresponding matrices in (3.11) and (1.3). Then [Rq(t), A(t) + AT (t)] = 0 for
every t € [Qoo, 00), i.e., the matrices Rg(t) and A(t) + AT (t) commute on [0, 00).
Moreover, the orthogonal projector Rg(t) satisfies on [(oo, 00) system (4.1).

Proof. First we note that from the definition of the matrix A(t) in (1.3) we have
on [(eo, 00) the formulas

AR; = AR;, R AT = R AT, (4.3)
RgA = R;AR; — RGAT(I — R;) = Ry (A+ AT) R, — RGAT. (4.4)
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By combining equality (4.4) with the second identity in (4.3) we obtain that
R (-A + AT) = Rg A+ RQAT = [Rg (A + AT) Rg — RQAT] + RQAT
= Rg (A+ AT) R, (4.5)
on [(eo,00). From (4.5) it then follows that the matrix Rg(t) [A(t) + AT (¢)] is
symmetric for every t € [0, 00), which in turn implies the equality
R (t) [A(t) + AT(1)] = [A(t) + AT (t)] R (t)

for all ¢ € [oo,00). In particular, this means that the matrices R;(t) and A(t) +
AT (t) commute on [as,0), i.e., the commutator [Rg(t), A(t) + AT (t)] = 0 for
every t € [(o, 00), showing the first part of the lemma. For the proof of the second
part we note that the orthogonal projector Rg(t) solves the Riccati equation (1.2)
on [ase,00), by Proposition 3.9. Moreover, by using formula (4.4) and the first
identity in (4.3) equation (1.2) reads on [®eo, 00) as

RIS AR, — [Ry (A + AT) Ry — RyAT] "2 AR, — RoA = [A, R,).
Thus, the matrix Rg(t) solves system (4.1) on [tteo, 00). O

Remark 4.2. We remark that the formulas in (4.1) are equivalent with
(I-Rg) =[A®t), I — Rg)=[I — Rg, AT()], t€ [aes,00), (4.6)
as one can easily check. The matrix Rg(t) satisfies on [a,, 00) also the relations
R4(t) = A(t) Ro(t) + Ro(t) AT (t) — Ro(t) [A(t) + AT (t)] Ro (1), } (4.7)
Im B(t) C Im Rg(t).
Note that the first equation in (4.7) is the same as (1.2) with A(t) instead of A(t).

Next we derive properties of the solutions of (R), which are based on the projector
R;(t) and Lemma 4.1.

Theorem 4.3. Let G be a genus of conjoined bases of (H) with the corresponding
matriz Rg(t) in (3.11) and let Q(t) be a solution of the Riccati equation (R) on
[, 0) C oo, 00). Then the matrices Rq(t) Q(t), Q(t) Rg(t), and Rg(t) Q(t) Rg(t)
also solve (R) on [a, o).

Proof. Let Rg(t) and Q(t) be as in the theorem. By using (R), the second formula in
(4.1), and the identities Rg(t) C(t) = C(t) and B(t) Rg(t) = B(t) for every t € [a, 00)
we obtain that
(R Q) = R Q+ Ro@ 2[Ry, ATIQ + Ry (€~ QA— ATQ - QBQ)
= RQATQ_ATRQQ+C_RQQA_RQATQ_RQQBRQQ
= _AT(RQ Q) —(RgQ)A— (R Q)B(Rs Q) +C
on [a, 00). Thus, the matrix Rq(t) Q(t) solves (R) on [o, 00). Similarly, by the first
formula in (4.1) and the identities C(t) Rg(t) = C(t) and Rg(t) B(t) = B(t) for all
t € [, 00) we get
(QRo) = Q'Ro + QR 2"V (€~ QA- ATQ - QBQ) Rs + QA Ry]
=C-QAR; — A"QR; — QRy BQRg + Q ARy, — QRg A
= _AT(QRQ) —(QRg) A— (QRg) B(QRg) +C
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on [a,00), showing that the matrix Q(¢) Rg(t) solves (R) on [a,00). Finally, by
combining these results we get that also Rg(t) [Q(t) Rg(t)] = [Re(t) Q(t)] Rg(t) =
R,(t) Q(t) Rg(t) is a solution of (R) on [a, 00) and the proof is complete. O

Remark 4.4. The symmetry of equation (R) implies that the matrix Q7 (¢) solves
equation (R) on [a, 00). By applying Theorem 4.3 for Q := Q7 we then obtain that
also the matrices Ry () QT (t), QT (t) Ro(t), and Ry (t) QT () Rg(t) are solutions of
(R) on [a, 00).

Corollary 4.5. With the assumptions and notations of Theorem 4.3, the matriz
Q(t) satisfies the inclusion Im Q(t) C Im Ry(t), resp. the inclusion Im QT (t) C
Im Ry (t), for all t € [a, 00) if and only if the inclusion Im Q(to) C Im Ry (to), resp.
the inclusion Im QT (to) C Im Ry (to), holds for some tq € |a, 00).

Proof. From Theorem 4.3 and Remark 4.4 we know that the matrices Q.(t) :=
Ry (1) Q(t) and Q.. (t) := Rg(t) QT (t) solve equation (R) on [a, 00). Fix ¢y € [a, 00).
If ImQ(to) € Im Rg(tp), then the matrix Q.(t9) = Q(to) and by the uniqueness
of solutions of (R) we obtain the equality Q.(t) = Q(t) on [o,00). The latter
identity means that the inclusion Im Q(t) C Im Ry (¢) holds for every t € [a, 00).
By using the similar arguments the relation Im Q7 (ty) C Im Rg(ty) implies that
Q.+ (to) = Q(tp) and consequently, we have the equality Q..(t) = Q(t) on [a, 00).
Hence, the inclusion Im Q7' () C Im R4 (¢) holds for every t € [, o0). The proof of
opposite implications is trivial. O

For our reference we now present an auxiliary result from linear algebra about
orthogonal projectors.

Lemma 4.6. Let Z € R™ "™ be an orthogonal projector. Then K, L € R™"*" satisfy
InKCImZ and ImL CKerZ (4.8)

if and only if K = ZF and L = (I — Z) E for some matriz E € R"*™. In this case
the equality Ker K N Ker L = Ker E' holds.

Proof. Let Z be as in the lemma. If the matrices K and L satisfy (4.8), then for
E := K + L we have that

ZE=ZK+7L=K, (I-Z)E=(I-2)K+(I—-2Z)L=L.

The opposite implication is trivial. Finally, it is easy to see that in this case we
have the equality Ker K N Ker L = Ker E, which completes the proof. O

Remark 4.7. Let Z be an orthogonal projector and let K and L be matrices
satisfying (4.8). The results in Lemma 4.6 then show that Ker K N Ker L = {0} if
and only if the matrix £ = K + L is nonsingular. In particular, in this case the
inclusions in (4.8) are implemented as equalities, i.e., the identities Im K = Im Z
and Im L = Ker Z hold. We also note that the condition Ker K N Ker L = {0} is
equivalent with rank (KT, LT)T = n.

Let G be a genus of conjoined bases of (H) and let Rg(t) be its representing
orthogonal projector in (3.11). For a given solution Q(¢) of the Riccati equation
(R) on a subinterval [a,00) C [0, 00) we consider the following system of first
order linear differential equations

O = [A(1) + B Q(1)] ©. wo)
@ = A@) Q-+ [ = Re(t){C) ~ [A(1) + AT (@] ()} e, |
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on [o, o) together with the initial conditions

O(a) =K, Qa)=L, (4.10)
where the matrices K, L € R™*" satisfy
ImK CImRy(e), ImLCKerRy(a), rank(K?,LT)T =n. (4.11)

We will study the properties of solutions of system (4.9), which will serve for the
formulation and proofs of the main results of this section. The first equation in
(4.9) is motivated by the approach in [23, Chapter 2, Lemma 2.1], which is adopted
here to the setting of uncontrollable systems (H).

Remark 4.8. Given a solution Q(t) of (R) on [, 00) we note that for any matrices
K and L satisfying (4.11) there exist unique matrices ©(t) and §(¢), which solve the
equations in (4.9) on [a, 00) with ©(a) = K and Q(«) = L. Moreover, in this case
we have from Lemma 4.6 and Remark 4.7 with Z := Rg(«) that O(a) = Rg(a) E
and Q(«a) = [I — Rg(«)] E for some nonsingular matrix E. These observations then
imply that the initial value problem (4.9)—(4.10) with (4.11) has the solution (©, ),
which is unique up to a right nonsingular multiple. More precisely, if (0g, Q) is
another solution of (4.9)—(4.11), then there exists a constant nonsingular matrix
M € R™™ guch that Oy(t) = O(t) M and Qo (t) = Q(t) M for all ¢ € [, 00).

Proposition 4.9. Let G be a genus of conjoined bases of (H) with the corresponding
matriz Rg(t) in (3.11). Moreover, let Q(t) be a solution of equation (R) on [, 00) C
[@oo, 00) and let (©,9Q) be a solution of the associated system in (4.9) on [a,00).
Then the matriz O(t) has a constant kernel on [a, 00) and the matrices V (t) := [I —
R, ()] O©(t) and W (t) := Rg(t) Qt) solve on [a,00) the linear differential equation
Y' = A®)Y. In addition, if the matrices K := O(a) and L := Q(«) satisfy the
conditions in (4.11), then for all t € [, 00) we have

ImO(t) =ImRy(t), ImQ(t) = Ker Rg(t), rank(0T(t), QT ()T =n. (4.12)

Proof. Let Rg(t), Q(t), ©(t), Q(t), K, and L be as in the proposition. By the

uniqueness of solutions of the first equation in (4.9) we have that O(t) = @,(¢) ©(«),

where ®@,(t) is the associated fundamental matrix normalized at the point «, i.e.,
3, = [A(1) + BH) Q)] Bar 1€ [0,00), Bafa) = I. (4.13)

This implies that Ker O(t) = Ker O(«) for every t € [a, 00), i.e., the matrix ©(t) has
constant kernel on [, 00). Next we show that the matrices V() and W (t) satisfy
on [a,00) the equation Y’ = A(¢)Y. Indeed, by using (4.1), (4.6), (4.9), and the
inclusion in (4.7) we obtain on [«, c0) that

V' =(I-R,)O+ (I —R,)0O (4.6), (4.9) [

D AT -Ry)O—(I-Ry)AO+ (I - R,)AO = AV, (4.14)

AT RO+ (I-Ry)(A+BQ)O

W= RO+ Ry "V A RO+ Ry {AQ+ (I = Ry)[C — (A+ AT) Q) 0}

=AR;Q—R;AQ+ R;AQ = AW. (4.15)
Moreover, suppose that the matrices K and L satisfy (4.11). Then V(a) = 0 =
W (a), which in turn, by uniqueness of solutions of (4.14) and (4.15), implies that
V(t) =0 =W(t) for all t € [a,00). Therefore, we have ImO(¢t) C Im Rg(¢) and
Im Q(t) C Ker Rg(t) on [a, 00). And since the matrices ©(t) and Rg () have constant
ranks on [, 00) and the equality rank ©(«) = rank Ry () holds by Remark 4.8, we
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obtain that even Im©(t) = Im Rg(¢) for every t € [a,00). Now we shall prove
the last condition in (4.12), which is clearly equivalent with the identity Ker ©(¢) N
Ker (t) = {0} on [, 00). Fix 8 € [a,0) and let v € Ker ©(8) N Ker Q(S). From
the fact that Ker ©(t) is constant on [«, 00) it then follows that ©(¢)v = 0 for all
t € [a,00). In particular, this means that the function w(t) := Q(¢) v satisfies on
[, 00) the identity w'(t) = A(t) w(t), by (4.9). But w(8) = 0 and hence, by the
uniqueness of solutions of the equation y’ = A(t) y we get that w(t) = 0 for every
t € [, 0). Therefore, the vector v € Ker ©(a) N Ker Q(«) = Ker K N Ker L, which
in turn implies that v = 0, by (4.11). Thus, the subspace Ker O(t) NKer Q(t) = {0}
for all t € [a,00). Finally, with the aid of Remark 4.7 we conclude that Im Q(t) =
Ker R;(t) on [, 00), showing the second condition in (4.12). O

Remark 4.10. The results in Proposition 4.9 and Remark 2.2 imply that for any
solution (0, ) of (4.9)—(4.11) the matrix OF € Cll) and satisfies the equation

[OF(1)]" = —O'(t) [A®t) + B(t) Q(t) R (t)],  t € [a, 00).

Moreover, from Remark 4.8 it follows that for a given solution Q(t¢) of the Ric-
cati equation (R) on [a,00) C [aieo, 00) there exists the unique such a pair (6, ()
satisfying ©(a) = Rg(a) and Q(«) = I — Rg(a). Obviously, in this case we have
the equalities O(t) = ®,(t) Rg(a) and Im O (¢) = Im ©7(t) = Im Ry () on [a, 00),
where ®,(t) is the fundamental matrix in (4.13). In particular, the matrix ©7(¢)
then satisfies for every t € [, 00) the formula

O'(t) = Ro(a) ©1(t) = 9 (t) Pa(t) Ro(cr) O (1)

[e3

= o (0 e' (1) "2 o7 (1) Re(1). (4.16)
On the other hand, by the aid of (4.12) we obtain the equality
Im @, (1) Ro(a) = ImO(t) "= Im Ry(t), ¢ € [a, 00). (4.17)

This equality is an important property of the matrix function ®,(¢), which will be
utilized in the proof of Theorem 4.16 below.

In the following remark we introduce an important matrix (called the F-matrix)
in terms of a solution O(¢) of (4.9). For an invertible O(t) this matrix was considered
in [23, Section 2.2]. Here we allow O(t) to be singular.

Remark 4.11. (i) The properties of the matrix ©(¢) allow to define the function
¢
Fu(t) = / 0f(s)B(s) 01T (s)ds, t e [a,o00), (4.18)

which will be referred to as the F-matriz corresponding to the solution Q(t) with
respect to the genus G. From (4.18) it immediately follows that F,(t) is symmetric
and the inclusion Im F,, (¢) C Im Rg(«) holds for every ¢ € [o,00) and F,, € CIIJ.
Moreover, under (1.1) the matrix F,(¢) is nonnegative definite and nondecreasing
with F/ (t) = ©f(t) B(t) ©'7(¢) > 0 on [a, 00). Therefore, the subspace Ker F,(t) is
nonincreasing on [, 00), and hence eventually constant. Consequently, the proper-
ties of Moore-Penrose pseudoinverse displayed in Remark 2.2 imply that FI € C;,
with (F1) (t) = —FI(t) F/(t) Fi(t) = —Fi(t) ©T(t) B(t) ©T(t) Fi(t) < 0 for large t.
Thus, the matrix FJ(¢) is nonincreasing for large t. And since F(¢) is nonnegative
definite on [, 00), it follows that the limit of Ff(¢) exists as t — oo, i.e.,

T t
D, = Jim Fi(t). (4.19)
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Clearly, the matrix D, defined in (4.19) is symmetric and nonnegative definite and
the inclusion Im D, C Im Rg(«) holds. In addition, we note that with the aid of
(4.16) and the identity Rg(t) B(t) Rg(t) = B(t) on [or, 00) the matrix Fy,(t) in (4.18)
can be also represented as

Fa() Y 010 Ro() B(s) Ro() 0L () s

= / t O, (s)B(s) @L 7 (s)ds (4.20)

for all ¢ € [a, 00) with @, (t) defined in (4.13).

(ii) There is another important property of the F-matrix introduced in (4.18).
For a given genus G of conjoined bases of (H) with Rg(¢) in (3.11) let Q(¢) be
a solution of (R) on [a,00) C [(se,00). By Theorem 4.3 we know that also the
matrix Q(t) := Ry (t) Q(t) Ry (t) solves (R) on [a, 00). Moreover, let ©(t) and O(t)
be the corresponding matrices from Remark 4.10, that is,

0" =[A() + B() Q)] O, O =[A(1)

B(t) Q(t)] O, te[o‘voo)’} (4.21)

With the aid of the identities Ry (t) ©(t) = ©(t) and B(t)Rs(t) = B(t) on [a, 00) we
obtain the equality

(4.21) ~

O'(t) =" [A(t) + B(t) Q)] ©(t) = A(t) O(t) + B(t)Rs (1) Q(t) Ro(t) O(t)

= A(t) ©(t) + B(t) Q(t) ©(t) = [A(t) + B(t) Q(1)] O(1)

for every ¢ € [, 00). Therefore, the matrices ©(t) and O(t) solve the same equation
on [a,00) and hence, O(t) = O(t) for all ¢ € [, 00) by the last condition in (4.21).
Consequently, the matrices Fy,(t) and F,(t) in (4.18) associated with the solutions

Q(t) and Q(t), respectively, satisfy the equality F,(t) = Fo(t) on [a,c0).

The representation of the matrix Fy,(t) in (4.20) in terms of the fundamental
matrix ®,(f) of (4.13) allows to apply the original result in [23, Lemma 2.1, pg. 12]
for symmetric solutions Q(t) of (R). This yields the following statement, which will
be utilized in our further analysis.

Proposition 4.12. Let G be a genus of conjoined bases of (H) with the matrix
Rg(t) in (3.11) and let Q(t) be a symmetric solution of the Riccati equation (R) on
[, 00) C [ateo, 00). Moreover, let ®,(t) and F,(t) be the corresponding matrices in
(4.13) and (4.20), respectively. Then an n x n matriz-valued function Q(t) solves
(R) on [o,00) if and only if the constant matriz G == Q(«) — Q(«) is such that the
matriz I + Fo(t) G is nonsingular on [a, 00) and

Q) = Q(t) + ®LY )G I + Fo(t) G711 ()  for every t € [, 00).  (4.22)

Remark 4.13. Let K be a given n x n matrix and let Q(t) be the solution of the
Riccati equation (R) satisfying Q(«) = K. From Proposition 4.12 it then follows
that the matrix Q(t) as a solution of (R) can be extended to the whole interval
[ar, 00) if and only if the matrix G := K —Q(«) is such that the matrix I+ F,(t) G is
nonsingular for all ¢ € [o, 00). In this case, the solution Q(t) has the representation

in (4.22).
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Formula (4.22) allows to derive inequalities between symmetric solutions of the
Riccati equation (R). We note that the statement about the constant rank of
Q(t) — Q(t) corresponds to [23, Corollary 2, pg. 13].

Corollary 4.14. Let G be a genus of conjoined bases of (H) with the corresponding
matriz Rg(t) in (3.11) and let Q(t) and Q(t) be symmetric solutions of the Riccati
equation (R) on [a,0) C [0, 0). Then the quantities

rank [Q(t) — Q(t)] and ind [Q(¢) — Q(t)] are constant on [a, 00). (4.23)

In particular, the inequality Q(t) > Q(t) holds on [ar, 00) if and only if Q(a) > Q(wv),
and the inequality Q(t) > Q(t) holds on [a,00) if and only if Q(a) > Q(a).

Proof. Let Q(t) and Q(t) be as in the corollary and set G := Q(a) —Q(a). With the
aid of formula (4.22) we then obtain that rank [Q(t) —Q(t)] = rank G' = rank [Q(a)—
Q(a)] on [o,00). Moreover, the continuity of the matrices Q(t) and Q(t) implies
that also the quantity ind [Q(t) — Q(t)] is constant on [a, 00), completing the proof
of the statements in (4.23). Finally, the assertions in the second part of the corollary

follow immediately from (4.23). O

The next statement extends to an arbitrary genus G the result in [7, Corollary
(iv), pp. 52-53], in which we consider one system (H).

Corollary 4.15. Assume (1.1) and let G be a genus of conjoined bases of (H) with
the corresponding matriz Rq(t) in (3.11). Let Q(t) be a symmetric solution of the
Riccati equation (R) on [o, 00) C [0, 00) and let Q(t) be a symmetric solution of
(R) satisfying the condition Q(a) > Q(c). Then the matriz Q(t) solves (R) on the
whole interval [, 00) such that the inequality Q(t) > Q(t) holds for all t € [a, 0).

Proof. Let F,(t) be the matrix in (4.18) associated with Q(t) on [«a, c0) and set
G = Q(a) — Q(a). We will show that the matrix I 4+ F,(t) G is nonsingular on
[, 00). Fix t € [, 00) and let v € Ker [I + F,(t) G], i.e., the equality v = —F, (t) Gv
holds. Since the matrix G is symmetric and satisfies G > 0 and from Remark 4.11
we know that under the Legendre condition (1.1) the matrix F,,(¢) is nonnegative
definite, we have that 0 < vTGv = —vTGTF,(t)Gv < 0. Thus, v'Gv = 0 and
consequently, Gv = 0. Therefore, the vector v = —F,(t) Gv = 0 and the matrix
I+ F,(t)G is nonsingular. Finally, according to Remark 4.13 and Corollary 4.14
this then means that the matrix Q(t) solves the Riccati equation (R) on the whole

interval [, 00) and satisfies the inequality Q(t) > Q(t) for every t € [a, 00). O

In the next result we show further properties of the solutions of the Riccati
equation (R). Namely, we characterize a certain class of the values K of the ini-
tial conditions at some point 3, which guarantee that the corresponding solution
Q(t) of (R) with Q(B) = K exists on the whole interval [3,00). Another inter-
pretation of the following statement is that any symmetric solution Q(¢) of (R)
on [, 00) C [, 00) satisfying inclusion (1.4) can be decomposed into the product
R;(t) Q(t) Ry (t) for a suitable, in general nonsymmetric, solution Q(t) of (R). This
result can be regarded as a partial converse to Theorem 4.3 and it will be utilized
for the classification of solutions of (R) in Remark 4.20 below.

Theorem 4.16. Let G be a genus of conjoined bases of (H) and let Rg(t) be its
corresponding matriz in (3.11). Moreover, let Q(t) be a symmetric solution of (R)
on [a,00) C [aeo,00) satisfying condition (1.4). Let 8 € [a,00) and K € R™ ™ be
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given and consider the solution Q(t) of (R) with Q(B) = K. Then the following
statements are equivalent.

(i) The matriz Q(t)~solves the Riccati equation (R) on the whole interval [a, o0)
such that Rg(t) Q(t) Rg(t) = Q(t) holds for every t € [a, 00).
(ii) The matriz K satisfies the equality Rq(8) KRg(B) = Q(B).

Proof. First we note that assertion (i) implies (ii) trivially. Therefore, suppose that
(ii) holds, i.e., the matrix K satisfies Rg(3) KRg(8) = Q(8). Let O, (t) and Fy,(t)
be the matrices in (4.13) and (4.18) associated with Q(¢) and put

E=1-24(8)[K — Q(B)] ®a(B) Fa(B). (4.24)

We observe that from Remark 4.11(i), inclusion (1.4) with symmetric Q(t), and
(4.17) at t = 8 we have

(14 (L9

Fu(B) = Re(@) Fa(B), Ro(B)Q(B) =) Q(8)
R(B) ®a(8) Ro(a) "2 ®0(8) Ry ().

Then the matrix E in (4.24) satisfies

' Q(8) Ry (8), } )

a) — Rg(a) DL (B) [K — Q(B)] P (B) Fal(B)

Rg(a) — Rg(a) @1 (8) [Re(B) KRg(B) — Q(B)] a(B) Ro(e) Fal(B)
= Ry(a). (4.26)

We will show that the matrix F is nonsingular. Let v € Ker E. This means
according to (4.24) that

v =2 (8) [K — Q(B)] a(B) Fa(B)v. (4.27)

Moreover, from (4.26) it follows that Rg(a)v = Rg(a) Ev = 0. Combining the
latter equality together with (4.27) and with the first identity in (4.25) yields

(4 27)

L(B) [K — Q(B)] @u(B) FalB) v
=% (8) [K — Q(B)] ®a(B) Fa(B) Ro(a) v =0,

which proves the nonsingularity of E. In particular, formula (4.26) is then equivalent
with the equality Rq(a) E~ = Rg(a). Now set

G = B 87(8) [K — Q(B)] ®a(B) (4.28)

and consider the solution Q. (t) of (R) satisfying the initial condition Q.(a) =
Q(a) + G. We shall prove that the solution Q. (¢) is defined on the whole interval
[, 00) such that Q.(8) = K. First observe that with the aid of (4.24) and (4.28)
we get the identity
(4.28) (4.24)
(B K - Q(B)Pa(f) =" EG =" G~ 2o (8) K - Q(B)] ®a(B) FalB) G,

which implies immediately the formula

G=2l(8)[K - Q(B)]2u(B) I + Fu(B) G- (4.29)
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Furthermore, by using the equality R¢(a) E~! = Rg(a) and (4.25) we obtain that
(4.28) _
Rg(a) GRg(ar) =" Ro(a) B~ @3 (B) [K — Q(B)] @a(B) Ro(a)

= Ry () @5, (8) [K — Q(B)] ®a(B) Rs ()

(4£5) Rg() (bz;(ﬁ) [Rs(B) KR (B) — Q(B)] ®a(B) Rs ()
—0 (4.30)

Fix t € [o,00) and let v € Ker [I + F,(t) G, i.e., the equality v = —F, () Gv holds.
In particular, the vector v € Im F,(t) C Im Rg (), by Remark 4.11(i). This means
that v = Rg(a) v, which in turn together with the equality Fy(t) Rg(a) = Fyo(t)
and equation (4.30) yields v = —F,(t) Gv = —F,(t) Rg(a) GRg(a)v = 0. Thus,
the matrix I 4+ F,,(t) G is nonsingular on [a, c0) and by Remark 4.13 the solution
Qi (t) exists on the whole interval [«, 00) such that

Q) = Q) + @, () G I + Fa(t) G 71 @5 (1) (4.31)
for all t € [a, 00), by (4.22). In particular, it follows for the matrix Q.(5) that
(4.31)

Q(8) =" QB+ 0.7 (B) G I + Fu(B) G 71 271(B)
"2 Q) + K - Q) = K = QB
Therefore, by the uniqueness of solutions of (R) the matrix Q(t) solves (R) on the
whole interval [a, 00) with Q(t) = Q.(t) for every t € [a,00). In turn, the matrix

Ry(t) Q(t) Rg(t) is also a solution of (R) on [a, 00), by Theorem 4.3. Finally, since

Rs(B)Q(B) Rg(B) = Rs(B) KR;(B) = Q(@’), we conclude by using the uniqueness

of solutions of (R) once more that Rg(t) Q(t)Rs(t) = Q(t) for all t € [, 00). This
shows (i) and the proof is complete. O

Remark 4.17. For the completeness we note that the matrix Q(t) in Theorem 4.16
satisfies the formula

Q) = Q1) + L () G + Fa() G170 (1), t € [, 00).

This follows directly from the equality Q(t) = Q. (t) on [a, 00) and the representation
of the matrix Q. (t) in (4.31).

We are now ready to formulate the main results of this section (Theorems 4.18
and 4.21), in which we connect the solutions @Q(t) of the Riccati equation (R) on
[cr, 00) with conjoined bases (X, U) with constant kernel on [, c0) from the genus
G. These results extend the well known correspondence between the symmetric so-
lutions Q(¢) of (R) on [a, 00) and conjoined bases (X, U) of (H) with X (¢) invertible
on [a, ), i.e.,

Q)y=U@l) X *(t) on [a,00) (4.32)
to the case of possibly noninvertible X (¢) on [a, 00).

Theorem 4.18. Let G be a genus of conjoined bases of (H) with the orthogonal
projector Rg(t) in (3.11). Moreover, let (X,U) be a conjoined basis of (H) belonging
to G such that (X,U) has constant kernel on a subinterval [o,00) C [ttoo,00) and
let Q(t) be the corresponding Riccati quotient in (2.7). Then the matriz Q(t) is
a symmetric solution of the Riccati equation (R) on [, 00) such that the condition
n (1.4) holds and the matrices ©(t) and Q(t) defined by

o) == X(1), Qt):=U()—Q(t)X(t), tEe a,o0), (4.33)
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solve the initial value problem (4.9)—(4.10) on [a, 00) with (4.11).

Proof. Let R(t) be the orthogonal projector in (2.4) associated with (X, U). From
Proposition 3.11 we know that R(t) = Ry (t) on [, 00). By (2.7) the matrix Q(t)
then satisfies the equality Q(t) = Rq(t) U(t) XT(t) for every t € [, 00). Moreover,
using the identities in (1.3), (3.12), and (4.2) we obtain on [«a, c0) that

Q' =R UX'+ R, U'X" + R U(XTY
D R, A"UXT + R, (CX — ATU) X' + Ry U(XTY
CL) R ATUXY — ATR,UXT + Ry CRy — RyATUXT — RyUXT(A+ BQ)

(1.3)

=" —QA-ATQ-QBQ+C.

Thus, the matrix Q(t) solves the Riccati equation (R) on [«, c0) and condition (1.4)
holds. Furthermore, according to (3.12) in Proposition 3.11 the matrix ©(t) = X (¥)
satisfies the first equation in (4.9) on [«, 00) while applying (3.13) and (R) yields
for the matrix Q(t) the equality

O —AQ = (U - QX) — AU — QX)

C 0 A+ AT QI X —Q'X — QX'+ AQX

L2 10 (A4 AT) QX + (A+ AT) QX —CX (4.34)

on [a, 00). Moreover, by using (4.5), (1.3), and the equalities Rg(¢) Q(t) = Q(¢) and
R, (t) X (t) = Rg(t) for every t € [a, 00) the last two terms in (4.34) become

1.3)

A+ AT QX —cX "2 (A+ ATYR; QX — Ry OR,X
D R, (A+ ATYR, QX — Ry CX
=R, (A+AT)QX — R, CX
=-Rs[C—(A+AT) Q)| X (4.35)

on [a, 00). By combining formulas (4.34) and (4.35) we obtain that
Q- AQ=(I-Ry)[C—(A+AT)Q]X = (I - Re)[C — (A+AT) Q]

on [a, 00), showing the second equation in (4.9). Finally, from the first identity in
(4.33) we have that Im O(a) = Im X () = Im Ry (), while the second one together
with the last formula in (2.8) give

Rg(a) ) = Rg(a)U(a) = Rg(a) Q(a) X (@) = Rg(a) U(a) — Q(a) X(a) = 0.

Hence, the inclusion Im Q(«) C Ker Rg(a) holds. On the other hand, with the aid
of (4.33) and the fact that (X,U) is a conjoined basis one can easily check that
Ker ©(a) N Ker Q(a) = Ker X (a) N Ker U(a) = {0}, which is equivalent with the
equality rank (67 (), QT («))T = n. Therefore, the matrices ©(a) and Q(«) satisfy
the conditions in (4.11) and the proof is complete. O

Remark 4.19. Let S,(t) be the matrix in (2.11) associated with the conjoined
basis (X,U) on [o,00) and let F,(t) be the matrix in (4.18), which corresponds to
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the Riccati quotient Q(t) on [a, 00). The identities in (3.14) and (4.20) then give

Sult) = / X' (s) B(s) XT7(s) ds L) / X (a) @21 (5) B(s) 871 (5) X7 () ds

[e3

0 Xt(a) / o 1(s) B(s) ®T 1 (s) ds X 17 (a)

U29 Xt (a) Fu(t) X1 (a) (4.36)
for all ¢ € [, 0), where ®,(t) is the fundamental matrix in (4.13). On the other
hand, with the aid of the equalities X (a) XT(a) = Ro(a) = X'(a) X7 (a) and
Fo(t) = Rg(cr) Fo(t) Rg(x) on [y, 00) expression (4.36) yields the formula

Fo(t) = Ro(a) Fa(t) Ro(a) = X (a) X' (o) Fo(t) X' (0) XT (o)

“29 X () Su(t) X7 (a). (4.37)
for every on t € [a,00). Furthermore, let P, Ps_(t), and Ps_ o be the matrices in
(2.4) and (2.12) associated with (X,U). By combining (4.37) with the identities
XT(a) XTT(a) = P and S,(t) P = S,(t) we get F,(t) X7 (a) = X(a) Sa(t) P =
X (a) Sq.(t), which in turn through (2.24) implies that

Im F, (1) = Im X (a) Sa(t) "2 Im X (a) Ps, (t) “2” (Aalen )", (4.38)
where the subspace Ay[a,t] is defined in Section 2. Note that equality (4.38) is in
a full agreement with the monotonicity of the subspace Ker Fy, (t) in Remark 4.11(3).
Moreover, by using the relation in (2.22) we obtain

1 Fa () "2 (Aafos ) 27 (Aalar00)t  on (7,0, 00), (4.39)

where the point 74, o is defined in (2.23).

Remark 4.20. Based on Theorem 4.18, the result in Theorem 4.16 enables to
determine all the solutions Q(t) of the Riccati equation (R) on [«a, o), for which
the matrix Rg(t) Q(t) Rg(t) is the (symmetric) Riccati quotient associated with the
conjoined basis (X,U) on [a,00). More precisely, if 8 € [o,00) is a given point
and Q(t) is a solution of (R) defined on a neighborhood of §, then the matrix
Q(t) solves (R) on the whole interval [a, 00) and the matrix Rg(t) Q(t) Rg(t) is the
Riccati quotient associated with (X, U) for every ¢ € [, 00) if and only if the matrix
R, (8) Q(B) Rg(B) is the Riccati quotient for (X,U) at the point 5. In addition,
from Remarks 4.11(ii) and 4.19 it follows that the matrix F,(¢) in (4.18), which
corresponds to every such a solution Q(t), satisfies formulas (4.36)—(4.39).

Theorem 4.21. Let G be a genus of conjoined bases of (H) with the orthogonal
projector Rg(t) in (3.11) and let Q(t) be a solution of the Riccati equation (R)
on [, 00) C [aee, 00) such that the matriz Rq(t) Q(t) Rg(t) is symmetric on [a, 00).
Moreover, let (©,8) be a solution of (4.9)—(4.11) on [a, 00) and define the matrices

X(t):=0(t), Ul :=Q1) 6 +2(), telua, ). (4.40)
Then the following statements hold.

(i) The pair (X,U) is a conjoined basis of (H) such that (X,U) has a constant
kernel on [a, 00) and belongs to the genus G.

(ii) The matriz Rg(t) Q(t) Rg(t) is the Riccati quotient in (2.7) associated with
(X,U) on [a,00), i.e., the equality Rs(t) Q(t) Rg(t) = R(t)U(t) XT(t) holds
for all t € [a,00), where R(t) is the corresponding projector in (2.4).
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Proof. (i) First we show that the pair (X,U) is a solution of (H) on [a, 00). From
Proposition 4.9 we know that the matrix O(t) has constant kernel on [, 00) and
ImO(t) = Im R, (t) for every t € [a, 00). Thus, the matrix X (¢) has constant kernel
on [a,00) and Im X () = Rg(t) for all ¢ € [a,00). And since ©(t) solves the first
equation in (4.9) on [a, 00), we have that

X'(t) = [A(t) + Bt) Q)] X(t), € [a,00). (4.41)
Moreover, by using (1.3), (4.40), and the inclusion in (4.7) we obtain the formula

By U(t) UL D B Q(e) X (1) + B(t) Re(£) Q1) = B(t) Q() X (£) (4.42)

for every ¢t € [a,00). Combining identities (4.41) and (4.42) with (4.3) and the
equality Rg(t) X(t) = X (t) for every t € [a, 00) then yields on [o, c0) that
X' "2 Ax 18X "2 AR, X + BU 'Y AR X + BU = AX + BU. (4.43)

Next we derive some additional properties of the matrices ©(t) and Q(t), which will
simplify our calculations. In particular, by (R) and the first equation in (4.9) we
have on [a, 00) that

Qo) L (¢ QA-ATQ-QBQ)O+Q(A+BQ)6 = (C—ATQ)O. (4.44)
On the other hand, by (1.3) and the identities Rg(t) 2(t) = 0 and R (t) O(t) = O(¢)
for all ¢ € [o, 00), the second equation in (4.9) reads on [a, 00) as
o YO AR, — AT(I - Ry)Q+[C — (A+ AT)Q]O — Ry [C — (A+ AT) Q] ©

= —ATQ+[C—ATQ|® - AQO — R,C RO+ R, (A+AT)QO
(D _ATQ 4 [0~ ATQ]O —CO + [R, (A + AT) — 4]Q©
(D _ATQ 40— ATQle — [c - ATQ]e. (4.45)
Now by using (4.44) and (4.45) we obtain that the matrix U(¢) in (4.40) satisfies
U=(Q0)+9 =C-ATQ)e-ATa+[C-ATQle -[c - ATQ]6
—co-ATQe+9) "2V 0X — ATU on [a, o). (4.46)

Hence, equalities (4.43) and (4.46) show that the pair (X, U) solves system (H) on
[, 00). Moreover, the matrix

XT()U(t) =07 (1) Q1) O(t) + O (1) t) = 07 (t) Rs(t) Q(t) Re(t) O(1)

is symmetric and the subspace Ker X (t) N Ker U(t) = Ker ©(¢t) N KerQ(t) = {0}
for every t € [a,00), both by Proposition 4.9. Therefore, the solution (X,U) is
a conjoined basis with constant kernel on [a, 00). And since the equality Im X (¢) =
Im R4 (t) holds for every t € [, 00), we conclude that (X, U) belongs to the genus
G. For the proof of part (ii) we note that the orthogonal projector R(t) in (2.4)
associated with (X, U) satisfies R(t) = Rg(t) for all ¢ € [«,00). In particular, by
using the identities O(¢) OF(t) = Rg(t) and Rg(t) Q(t) = 0 on [a, 00) we obtain that

ROU®) X (1) "2 Re(t) Q(t) O(1) ©F () + Ro(t) Q) ©F () = Ry () Q(¢) Ro(t)

for every t € [a,00). Thus, the matrix Rq(t) Q(t) Rg(t) is the Riccati quotient in
(2.7) associated with (X, U) on [a, 00) and the proof is complete. O
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Remark 4.22. We note that the matrices F,(t) and S, (¢) in (4.18) and (2.11)
associated with the matrix Q(¢) and the conjoined basis (X,U) in Theorem 4.21,
respectively, satisfy the identities in (4.36) and (4.37). This follows directly from
Theorem 4.18 and Remark 4.11(ii).

Remark 4.23. Let G be a genus of conjoined basis of (H) with the associated
matrix Rg(¢) in (3.11) and let [o, 00) C [0, 00) be a given interval. The results in
Theorems 4.18 and 4.21 provide a correspondence between the set of all conjoined
basis (X,U) of (H) with constant kernel on [a, 00), which belong to the genus G,
and the set of all symmetric solutions Q(t) of the Riccati equation (R) on [a, 00)
satisfying condition (1.4). More precisely, for every such a conjoined basis (X, U)
its Riccati quotient Q(t) in (2.7) is a symmetric solution of (R) on [a,0c0) with
Im Q(t) C Im R (t) for all ¢ € [a,00), as we claim in Theorem 4.18. Conversely, if
Q(¢) is a symmetric solution of (R) on [a, o) such that Im Q(¢) C Im R, (t) for every
t € [, 00), then there exists a conjoined basis (X, U) of (H) from the genus G with
constant kernel on [a, 00) such that the matrix Q(t) is its corresponding Riccati
quotient in (2.7), by Theorem 4.21, and the equality Rg(t) Q(t) Rg(t) = Q(t) on
[, 00). In addition, every such a conjoined basis (X,U) has the form of (4.40)
for some solution (6,9) of (4.9)—(4.11) on [, 00). Finally, the observations in
Remark 4.8 then imply that the conjoined basis (X, U) is uniquely determined up
to a right nonsingular multiple by the genus G and the matrix Q(t).

Remark 4.24. The representation of the solution Q(t) of (R) in (4.32) corresponds
to the results in Theorems 4.18 and 4.21 with the maximal genus G = Gpax. In this
case Rg(t) = I, and (1.3) yields that the Riccati equations (R) and (R) coincide.

5. Inequalities for Riccati quotients in given genus. In this section we derive
a mutual representation of the Riccati quotients corresponding to conjoined bases
of (H) from a given genus G (Theorem 5.3). This representation is then utilized for
obtaining inequalities between two Riccati quotients (Corollary 5.5). The results
presented in this section essentially generalize the discussion in [7, pg. 54] to possibly
uncontrollable systems (H).

First we prove an auxiliary property of the image of the matrix F,(t) in (4.18).

Lemma 5.1. Assume (1.1). Let G be a genus of conjoined bases of (H) with the
matriz Rg(t) in (3.11) and let Q(t) be a solution of the Riccati equation (R) on
[, 00) C [(too, 00) such that the matriz Rg(t) Q(t) Rg(t) is symmetric on [, 00).
Moreover, let F,(t) be the matriz in (4.18), which corresponds to Q(t), and R, (t)
be the orthogonal projector defined in (3.7). Then

ImF,(t) CIm R, (a) for everyt € [, 00). (5.1)

Proof. Let (X,U) be a conjoined basis of (H) from the genus G, which corresponds
to the matrix Q(t) through Theorem 4.21. It follows that (X, U) has constant kernel
on [a,00) and the matrix X (¢) satisfies the equality Im X (¢) = Im Rg(t) for every
t € [, 0). Moreover, the matrix Rg(t) Q(t) Rg(t) is the Riccati quotient in (2.7)
associated with (X, U) on [a, 00), by Theorem 4.21(ii). Let S, (t) be the S-matrix in
(2.11) corresponding to the conjoined basis (X, U) on [a, 00). From Remark 4.11(ii)
we know that Fy,(t) is the F-matrix in (4.18) associated with Rg(t) Q(t) Rg(t). Thus,
by combining (3.8) and (4.39) we obtain the identity

mnFa(t) "2 (Aalay0o))™ 2 InRy(@) on (e cero0),  (5.2)
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where the point 7,  is defined in (2.23). And since by Remark 4.11(i) the subspace
Im F,(t) is nondecreasing on [, c0), the inclusion in (5.1) now immediately follows
from (5.2). The proof is complete. O

Remark 5.2. (i) Let S,(¢) and Ps_oo be the matrices in (2.11) and (2.12) which
correspond to the conjoined basis (X,U) on [o,00) C [@eo,00). From (2.25) and
(5.2) it follows that

Im S, (t) =Im Ps_ oo, ImF,(t) =Im R, (a), (5.3)
rank S, (t) = rank Ps_oc = n — d[a, 00) = rank R, (a) = rank F, () (5.4)

on (Ta, 00, 00). Moreover, the matrices S, (t) and F, () satisfies the identities

SH(t) = Ps,cc X" (@) Fi(t) X () Ps, 00, (5.5)
FE(t) = Ran(a) X () SL(t) XT(a) Ry () '
for every t € (7Tu, o0, >), which can verify by direct computation with the aid of
(3.9)-(3.10), (4.36), (4.37), and (5.3).
(ii) Furthermore, upon taking t — oo in (5.5) we obtain the formulas
Ta = PSaoo XT(Oz) Da X(Oé) PS(,OO7
T (5.6)
D, = Ry () XTT(a) T, Xt(a) Ry (),
where the matrices T,, and D,, are defined in (2.13) and (4.19), respectively. The
equalities in (5.6) then yield that Im D, C Im R, («) and rank T, = rank D,.
In particular, combining the last formula with Remark 2.8(ii) and the fact that
d[a, 00) = do, implies that rank Dg is constant with respect to 8 € [a, 00).

In the following main result of this section we present a representation of two
Riccati quotients corresponding to two conjoined bases of (H) from a genus G. This
result will be utilized in the classification of all distinguished solutions of (R) at
infinity in Section 7. When G = G,y is the maximal genus (in particular, when
system (H) is controllable), this representation coincides with the statement in
Proposition 4.12. We note that for a given genus G we now compare those solutions
Q(t) and Q(t) of (R), which are Riccati quotients according to their definition in
(2.7). However, the Riccati equation (R) may also have other solutions, which are
not of this particular form.

Theorem 5.3. Let G be a genus of conjoined bases of (H) and let (X,U) and
(X,U) be two conjoined bases of (H) with constant kernel on o, 00) C [aios, 00)
belonging to G. Moreover, let P and S, (t) be the matrices in (2.5) and (2.11)
associated with (X,U). Suppose that (X,U) is expressed in terms of (X,U) via
matrices M and N as in Proposition 2.10. Then the Riccali quotients Q(t) and
Q(t) in (2.7) corresponding to (X,U) and (X,U), respectively, satisfy

Ot) = Q(t) + XIT(t) N[PM + Sa(t) NIT XT(t), te[aoo).  (5.7)

Proof. Let Rg(t) be the orthogonal projector in (3.11) and let R(t) and R(t) be
the matrices in (2.4), which correspond to the conjoined bases (X,U) and (X,U),
respectively. According to Proposition 3.11 and the second identity in (2.4) we then
have the equalities

x(0) XT(6) 2 R(t) = Ro(t) = R(t) 2 X (1) X (1) (5.8)
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for all ¢ € [, 00). Moreover, the symmetry of the matrices Q(t), Q1), R(t), and
R(t) on [ar, 00), the fact that the matrix NV is the Wronskian of (X,U) and (X, U)
by Remark 2.11(i), and the equations in (5.8) imply that (we omit the argument )

00— RoX— rUxT ) RUXT — XITUTR
G T TRt - xIT yT XX
= X"T(XxTU -UTX) Xt = X' NXT (5.9)

on [a,c0). Finally, inserting the expression for the matrix XT(¢) in (2.37) into the
equality in (5.9) yields formula (5.7) on [, 00) and the proof is complete. O

Remark 5.4. By substituting the matrix XT(¢) instead of XT(t) in (5.9) we get
another formula for the difference Q(t) —Q(t). Namely, inserting the second identity
in (2.37) into (5.9) and using the equality PN = N and the symmetry of S, (¢) on
[, 00) yields the formula

Q) — Q(t) = X1 (1) [PM + Sa(t) NTN X1 (1)
= XTT(t) [MTN + NTS,(t) N] XT(t) (5.10)
for every t € [o,00). In addition, if P is the projector in (2.5) associated with

the conjoined basis (X, ), then by the identities X7 X7 = P = Xt X on [, 00),
NP = N,and M'N = NTM formula (5.10) implies (suppressing the argument t)

X710 - Q)X "2 XTXITMTN + NTS, N] XTX
=P[MTN +NTS,N|P=MT'N+NTS, N (5.11)
on [a, 00). Moreover, from (5.10) and (5.11) it immediately follows that

rank [Q(t) — Q(t)] = rank [MTN + NT S, (t) N], }

. . (5.12)
ind [Q(t) — Q(t)] =ind [MTN + NTS,(t) N]

for every t € [a,00). In particular, since S, (a) = 0, by evaluating (5.12) at t = «
we obtain the equalities

rank [Q(a) — Q(a)] = rank MTN, ind[Q(a) — Q(a)] = ind MTN. (5.13)

Formula (5.7) in Theorem 5.3 yields the following inequalities between two Riccati
quotients associated with two conjoined bases from the genus G.

Corollary 5.5. With the assumptions and notation of Theorem 5.3, the Riccati
quotients Q(t) and Q(t) satisfy the formulas

rank [Q(t) — Q(t)] = rank N, ind [Q(t) — Q(t)] = ind NM ~* (5.14)
on [a,00). Moreover, the following statements hold.

(i) The inequality Q(t) > Q(t) holds for all t € [a,00) if and only if NM~1 > 0.
(i) The inequality Q(t) < Q(t) holds for all t € [a, 00) if and only if NM~! <0.
(iil) The inequality Q(t) > Q(t), resp. Q(t) < Q(t), holds on the subspace Im Rg(t)

for all t € [a, ) if and only if the inequality NM~1 > 0, resp. NM~1 <0,
holds on Im P.
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Proof. From Theorem 4.18 we know that the matrices Q(t) and Q(t) are symmet-

ric solutions of (R) on [a,00). Therefore, the quantities rank [Q() — Q(t)] and
ind [Q(t) — Q(¢)] are constant on [a,00), by Corollary 4.14. According to (2.31)
the matrix M is nonsingular and the matrix MT N is symmetric. Thus, the matrix

MTIMTNM~!' = NM~! is symmetric and
rank M'N = rank NM~! =rank N, ind M'N =ind NM . (5.15)

The formulas in (5.14) now follow from (5.13) and (5.15). Furthermore, assertions
(i) and (ii) are direct consequences of the equalities in (5.14). For the proof of
statement (iii) we note that the matrix Q(t) — Q(t) satisfies the inclusion Im [Q(t) —
Q(t)] € Im Ry(t) for all t € [o,00) by Theorem 4.18, while the matrix NM~!
satisfies the inclusion Im NM ~! C Im P by Proposition 2.10. Moreover, the equality
rank R, (t) = rank P =: r holds on [, 00), by (2.6) and (5.8). Now if Q(t) > Q(t)
on Im R,(t) for every t € [, 00), then we have that rank [Q(t) — Q(¢)] = r and
ind [Q(t) — Q(t)] = 0 on [, 00). Consequently, by using (5.14), we obtain the
equalities rank NM ! = rank N = r and ind NM~! = 0. This means that the
matrix NM ! satisfies NM~! > 0 on Im P. Conversely, if the inequality NM ! >
0 holds on Im P, then rank N = rank NM~! = r and ind NM~! = 0. Therefore,

rank [Q(t) — Q(t)] = r and ind [Q(t) — Q(t)] = 0 on t € [a,00), by (5.14). This

then shows that Q(¢) > Q(t) on Im Ry(¢) for all ¢ € [a, 00). Finally, the opposite
inequalities can be proven in a similar way. The proof is complete. O

Remark 5.6. As a completion of Corollary 5.5 we note that the matrices Q(t)
and Q(t) are equal on the whole interval [a, c0) if and only if N = 0. In this case,
according to (2.30), the conjoined bases (X,U) and (X,U) satisfy X (t) = X (t) M
and U(t) = U(t) M on [, c0), and hence on [a,o0) by the uniqueness of solutions
of (H). This result is in full agreement with the last part of Remark 4.23.

6. Implicit Riccati matrix differential equation. In this section we study
solution spaces of the implicit Riccati equations (1.6) and

Ro(t) [Q +QA(t) + AT () Q + QB(t) Q — C(t)] Ro(t) = 0 (6.1)

on [a, ) C [, 0). These implicit Riccati equations were used in [13, Section 6]
in several criteria characterizing the nonnegativity and positivity of the associated
quadratic functional. The main contributions of this section (Theorem 6.3 and
Corollary 6.4) show that under certain assumption we can transfer the problem of
solving the implicit Riccati equations (6.1) and (1.6) into a problem of solving the
explicit Riccati equation (R).

In the first result we prove that the two implicit Riccati equations (6.1) and (1.6)
are equivalent in terms of their solutions spaces.

Lemma 6.1. Let G be a genus of conjoined bases of (H) and let Rg(t) be the
orthogonal projector in (3.11). The sets of solutions of equations (1.6) and (6.1)
coincide, i.e., a matriz Q(t) solves (1.6) on a subinterval [, 00) C [ioo, 00) if and
only if Q(t) solves (6.1) on [a, 00).

Proof. Let G and Rg(t) be as in the lemma and fix o € [atoo, 00]. Moreover, let Q(t)
be an n X n piecewise continuously differentiable matrix-valued function on [«, c0)
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and define the functions (we omit the argument ¢)

& = Rg[Q' + QA+ ATQ + QBQ — O] R, 6.2)
& =Ry Q'+ QA+ ATQ+ QBQ — C] R, ‘
on [a,00). By using (1.3) and (4.3) together with the identity [Rq(t)]? = Rq(t) for
every t € [, 00) we then obtain (suppressing the argument t)

&Y R,QRy + Ry QAR, + RyATQ R, + Ry, QB QR, — RyCR,

909 B 'Ry + Ry Q ARy + RoATQ Ry + Ry QBQR, — Ry CR, ') &

O

on [, 00), which proves directly the statement of the lemma.

Remark 6.2. It is easy to see that for a given orthogonal projector Rg(t) in (3.11)
any matrix Q(t), which solves the Riccati equation (R) on some subinterval [a, 00) C
[atoo, 00), satisfies also the implicit Riccati equation (6.1) on [«, 00).

Following the above remark, we now establish the opposite relation between the
solutions of the implicit Riccati equation (6.1) and the Riccati equation (R).

Theorem 6.3. Let G be a genus of conjoined bases of (H) with the orthogonal
projector Rg(t) in (3.11). Let Q(t) be a solution of the implicit Riccati equation
(6.1) on [or,0) C [teo, 0). Then the matriz Rg(t) Q(t) Rg(t) solves (R) on [a, 00).

Proof. Let Rg(t) and Q(t) be as in the theorem. With the aid of (4.1), (4.2), (6.1),
and the equalities (suppressing the argument t) R;CR; = C and B = Rg BRg on
[, 00) we get

(Rg QRQ)/ = Rg, QRQ + Rg Q/Rg + RQ QRQ,

(4'1)’:(4'2) [Rg, AT] QRQ + Rg Q/Rg + Rg Q [A’ Rg]

(6.1)

= C—(RgQRg) A— AT(RQ QRg) — (Rg QRg) B (Rg QRg)

on [a,00). Hence, the matrix Rg(t) Q(t) Rg(t) solves (R) on [a, 00). O
The results in Theorem 6.3 and Lemma 6.1 yield the following.

Corollary 6.4. Let G be a genus of conjoined bases of (H) and let Rq(t) be the
corresponding orthogonal projector in (3.11). Moreover, let Q(t) be a symmetric
matriz defined on [a,00) C [(eo,00) such that condition (1.4) holds. Then the
following statements are equivalent.

(i) The matriz Q(t) solves the Riccati equation (R) on [a,00).
(ii) The matriz Q(t) solves the implicit Riccati equation (6.1) on [a, 00).
(iil) The matriz Q(t) solves the implicit Riccati equation (1.6) on [a, 00).

Proof. The implication (i) = (ii) follows by Remark 6.2. The equivalence of the
assertions in (ii) and (iii) is a direct consequence of Lemma 6.1. Now assume (ii),
i.e., suppose that the matrix Q(t) is a solution of (6.1) on [a, 00). The result of
Theorem 6.3 and the identities

(1.4)

Ro (1) Q1) Ro(t) "= Q1) Ro(t) = QT (1) Ro(t) = [Ro(t) Q1) =) Q(t)
for t € [a, 00) then imply that Q(¢) solves (R) on [, 00), showing (i). O
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7. Distinguished solutions at infinity. In this section we study, for a given
genus G, symmetric solutions of the Riccati equation (R), which correspond to
principal solutions of (H) at infinity belonging to the genus G. This correspondence
is based on the results in Theorems 4.18 and 4.21 and in Remark 4.20. We intro-
duce the notion of a distinguished solution of (R) at infinity (Definition 7.1) and
prove its main properties. In particular, we establish the results about distinguished
solutions of (R) at infinity regarding their relationship to principal solutions at in-
finity (Theorems 7.4 and 7.5) and to the nonoscillation of system (H) at infinity
(Theorem 7.8), their interval of existence (Theorem 7.13), their mutual classifica-
tion within the genus G (Theorem 7.15), and their minimality in a suitable sense
(Theorems 7.16 and 7.18).

It may be surprising that these results comply with the known theory of dis-
tinguished solutions of the Riccati equation (R) for a controllable system (H) only
partially. In many aspects the presented theory for general uncontrollable system
(H) is substantially different. This is related to the nature of the problem, since
for each genus G of conjoined bases of (H) there is a different Riccati equation (R),
but even within one genus G there may be many distinguished solutions of (R) at
infinity. We discuss these issues in Remark 7.25 at the end of this section. We
note that the true uniqueness and minimality of the distinguished solution of (R)
at infinity is satisfied only in the minimal genus G,y (see Theorem 7.23).

The following definition extends the notion of a distinguished solution (also called
a principal solution) of (R) at infinity for a controllable system (H) in [7, pg. 53].

Definition 7.1. Let G be a genus of conjoined bases of (H) with the orthogonal
projector Rg(t) in (3.11). A symmetric solution Q(t) of the Riccati equation (R)
is said to be a distinguished solution at infinity if the matrix Q(t) is defined on
an interval [a, 00) C [aso, 00) and its corresponding matrix F,(t) in (4.18) satisfies
El(t) = 0 as t — co.

The notion in Definition 7.1 also extends the distinguished solution of (R) intro-
duced by W. T. Reid in [21, Section IV] and [23, Section 2.7], which in our context
corresponds to the maximal genus G = Gpax (for which Rg(t) = I).

Remark 7.2. When it is clear from the context, we will often drop the term “at
infinity” in the terminology in Definition 7.1. We also remark that a distinguished
solution of the Riccati equation (R) associated with the genus G is also defined by
the property D, = 0 with the matrix D, in (4.19) corresponding to E, (t).

In the next auxiliary statement we show that the property of being a distinguished
solution of (R) is invariant under the multiplication by the orthogonal projector
Rg(t). This property will be utilized in the proofs of the subsequent main results.

Lemma 7.3. Let G be a genus of conjoined bases of (H) with the matriz Rg(t)
in (3.11). Let Q(t) be a symmetric solution of the Riccati equation (R) on the
interval [a, 00) C [tioo, 00). Then Q(t) is a distinguished solution of (R) at infinity
with respect to [, 00) if and only if the matriz Rq(t) Q(t) Rg(t) is a distinguished
solution of (R) at infinity with respect to [a, 00).

Proof. From Theorem 4.3 we know that the matrix Rg(t) Q(t) Rg(t) solves (R) on
[, 00). And since by Remark 4.11(ii) the matrices Q(t) and Rg(t) Q(t) Rg(t) have
the same F-matrices in (4.18) with respect to the interval [, 00), the statement
follows directly from Definition 7.1. O
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The following two results show that in the context of Theorems 4.18 and 4.21
the distinguished solutions of (R) correspond to the principal solutions of (H) at
infinity from the genus G.

Theorem 7.4. Let G be a genus of conjoined bases of (H) and Rg(t) be the projector

n (3.11). Moreover, let Q(t) be a distinguished solution of (R) at infinity with
respect to the interval [ar, 00) C [arog, 00). Then every conjoined basis (X,U) of (H),
which is associated with Q(t) on [, 00) via Theorem /.21, is a principal solution of
(H) at infinity with respect to [«, 00) belonging to the genus G.

Proof. Let Rq(t) and Q(t) be as in the theorem. According to Remark 7.2 the ma-
trix Dy in (4.19) corresponding to Q(t) satisfies D, = 0. Let (X, U) be a conjoined
basis of (H), which is associated with the matrix Q( t) on [, 00) via Theorem 4.21.
Then (X, 0) belongs to the genus G such that (X, U) has constant kernel on [, 00).
Moreover, if T}, is the T-matrix in (2 13) associated with (X, U) through the ma-
trix S, in (2. 11) then we have rank T}, = rank D, = 0, by Remark 5.2(ii). Hence,
T, =0 and (X U ) is a principal solution at infinity. O

Theorem 7.5. Let (X,U) be a principal solution of (H) at infinity with respect to
the interval [, 00), which belongs to a genus G. Moreover, let Q(t) be the Riccati
quotient in (2.7) associated with (X,U) on [a,00). Then Q(t) is a distinguished
solution of the Riccati equation (R) at infinity with respect to [a, 00).

Proof. By using Proposition 3.2(i) we have the equality d[a, 00) = do, which means
that [o, 00) C [ass,0), by (2.19). Moreover, the matrix T}, in (2.13) associated
with (X, U) satisfies 7, = 0. From Theorem 4.18 it follows that the matrix Q(t)
is a symmetric solution of the Riccati equation (R) on [a,c0). Finally, if Dy is
the matrix in (4.19), which corresponds to Q through its F- matrix EL(t) in (4 18),
then rank D, = rank7, = 0, by Remark 5.2(ii). Thus, D, = 0 and Q(t) is

a distinguished solution at infinity, by Remark 7.2. O

Remark 7.6. We note that according to Theorem 4.18 the distinguished solu-
tion Q(t) at infinity in Theorem 7.5 satisfies the additional property (1.4), i.e
the inclusion Im Q(t) C Ry (t) for all t € [a,00). In particular, the latter rela-
tion together with the symmetry of the matrix Q(t) on [a,00) yields the identity
Q(t) = Ry(t) Q(t) Ry(t) for every t € [a,00). Moreover, from Lemma 7.3 it fol-
lows that every symmetric solution Q(¢) of (R) on [a,00), for which the matrix
R4 (t) Q(t) Ry(t) is the Riccati quotient in (2.7) associated with (X,U), is also
a distinguished solution at infinity with respect to [«,00). In general, however,
such a matrix Q(t) does not need to satisfy the inclusion in (1.4).

From Theorems 7.4 and 7.5 it follows that the property of the existence of a prin-
cipal solution of (H) at infinity in the genus G, as stated in [29, Theorem 7.12],
transfers naturally to the existence of a distinguished solution at infinity of the
associated Riccati equation (R).

Corollary 7.7. Let G be a genus of conjoined bases of (H) with the orthogonal
projector Rg(t) in (3.11). Then there exists a principal solution of (H) at infinity
belonging to the genus G if and only if there exists a distinguished solution of the
Riccati equation (R) at infinity. In this case, the set of all Riccati quotients in
(2.7), which correspond to the principal solutions (X,U) of (H) at infinity from the



1718 PETER SEPITKA

genus G, coincides with the set of all matrices Rg QRQ, where Q s a distinguished
solution of (R) at infinity.

Proof. The statement follows directly from Theorems 7.4 and 7.5 and from Re-
mark 7.6. O

In the following result we characterize the nonoscillation of system (H) in terms
of the existence of a distinguished solution of the Riccati equation (R) in a given
(or every) genus G. This corresponds to [29, Theorems 7.6 and 7.12] regarding the
principal solutions of (H) at infinity.

Theorem 7.8. Assume (1.1). Then the following statements are equivalent.
(i) System (H) is nonoscillatory.
(ii) There exists a distinguished solution of equation (R) for some genus G.
(iii) There exists a distinguished solution of equation (R) for every genus G.

The proof of Theorem 7.8 is displayed below after the following two remarks.

Remark 7.9. The result in Theorem 7.8 justifies the development of the theory of
genera of conjoined bases for possibly oscillatory system (H). Of course, assuming
that system (H) is nonoscillatory, then it is sufficient to use the theory of genera
of conjoined bases from [29, Section 6] and [31, Section 4] for the construction of
distinguished solutions of the Riccati equation (R) for a genus G. It is the converse to
this implication, which requires a more general approach, since in this case we need
to define the coefficients of equation (R) without the assumption of nonoscillation
of system (H). This natural requirement was the initial motivation for the study
presented in [27].

Remark 7.10. We note that the result in Theorem 7.8 remains valid also with the
additional condition (1.4) for solutions Q(t) of (R) in parts (ii) and (iii). More pre-
cisely, system (H) is nonoscillatory if and only if there exists a distinguished solution
of (R) at infinity for some (and hence for every) genus G, which satisfies condition
(1.4) for all sufficiently large ¢ € [0, 0). This observation follows directly from
Lemma 7.3 and Theorem 7.8.

Proof of Theorem 7.8. If (H) is nonoscillatory, then by Remark 3.13 for any genus G
of conjoined bases of (H) there exists a principal solution of (H) at infinity belonging
to G. In turn, there exists a distinguished solution of the Riccati equation (R) at
infinity for every genus G, by Corollary 7.7. Moreover, assertion (iii) implies (ii)
trivially. Finally, by using Corollary 7.7 once more, assertion (ii), that is, the
existence of a distinguished solution of (R) at infinity for some genus G, means that
there exists a principal solution of (H) at infinity, which belongs to G. Since every
principal solution is a nonoscillatory conjoined basis, system (H) is nonoscillatory,
by Proposition 2.1. This shows the validity of (i) and completes the proof. O

The next two results deal with the interval of existence of distinguished solutions
of (R). In particular, we determine the maximal interval of existence for each
particular distinguished solution of (R). Moreover, we show that this maximal
interval is the same for all distinguished solutions of (R) as well as for all genera G.

Theorem 7.11. Assume (1.1) and let G be a genus of conjoined bases of (H)
with the matriz Rg(t) in (3.11). Moreover, let Q(t) be a distinguished solution of
the Riccati equation (R) at infinity with respect to the interval [a, 00) C [Qog, 00).
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Then the matriz Q(t) is a distinguished solution of (R) at infinity also with respect
to the interval [B,00) for every 8 > a.

Proof. Let (X,U) be a conjoined basis of (H) corresponding to Q(t) on [a, o0) via
Theorem 4.21. In particular, the matrix Ry (t) Q(t) Ry(t) is the Riccati quotient
in (2.7) associated with (X,U) on [a, c0). Moreover, from Theorem 7.4 we know
that (X,U) is a principal solution of (H) at infinity with respect to [, 00), which
belongs to the genus G. Fix now 8 > «. Then (X, U) is a principal solution of (H)
at infinity with respect to [3,00), by Proposition 3.2(i). Consequently, the matrix
R4 (t) Q(t) Ry(t) is a distinguished solution of (R) at infinity with respect to [3, c),
by Theorem 7.5. Finally, by using Lemma 7.3 we conclude that also the matrix Q(t)
is a distinguished solution of (R) at infinity with respect to the interval [3,00). O

Remark 7.12. For a given distinguished solution Q(t) of the Riccati equation (R)
at infinity we define the point ay € [@to0, 00) by

ag = inf {a € [a,0), Q(t) is a distinguished solution

| (7.1)
of (R) with respect to [a,00)}.

The result in Theorem 7.11 then implies that Q(t) is a distinguished solution of
(R) with respect to [a,00) for every a € (ap,00). In fact, the set (o, 00) is the
maximal open interval on which the matrix Q(t) exists as a solution of (R). Indeed,
if the matrix Q(t) solves the equation (R) on the interval [o, 50) C [arog, 0), then
according to Remark 5.2(ii) the corresponding matrix D, in (4.19) satisfies D, = 0,
because d[a, 50) = duo, by (2.19). Thus, Q(t) is a distinguished solution of (R) with
respect to the interval [a, o), by Remark 7.2.

Theorem 7.13. Assume that (1.1) holds and system (H) is nonoscillatory with
Gmin defined in (3.1). Let G be a genus of conjoined bases of (H) and let Rg(t) be its
corresponding orthogonal projector in (3.11). Moreover, let Q(t) be a distinguished
solution of the Riccati equation (R) at infinity with oy defined in (7.1). Then the
equality oy = Qmin holds.

Proof. Let a € [cra0,00) be such that the matrix Q(t) is a distinguished solution
of (R) with respect to the interval o, 00). Let (X,U) be a conjoined basis of (H)
at infinity with respect to [a, 00), which is associated with Q(t) via Theorem 4.21.
Then (X,U) is a principal solution of (H) at infinity with respect to the interval
[, 0), by Theorem 7.4. Moreover, from Theorem 3.4 we know that (X,U) is
a principal solution with respect to the maximal open interval (Gyin, 00). Thus, we
have the inequality Gmin < a. And since o € [@eo, 00) was chosen arbitrarily with
regard to Q(t), we obtain that ag < Gmin, by (7.1). Now we show that the last
inequality is implemented as the equality. Suppose that o5 < Gmin. According to
(7.1) there exists 8 € (g, Gmin) such that Q(t) is a distinguished solution of (R)
at infinity with respect to the interval [§, 00). In turn, the conjoined basis (X, U)
in Theorem 4.21 applied to Q(t) := Q(t) on [3,00) is a principal solution of (H)
at infinity with respect to [, 00), by Theorem 7.4. Applying formula (3.3) and
Theorem 3.4 with (X,U) := (X,U) then yields the inequality 5 > @pmin, Which is
a contradiction. Therefore, @y = Gmin holds and the proof is complete. O
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Remark 7.14. Given a genus G of conjoined bases of (H) with the matrix Rg(¢)
in (3.11), from Theorem 7.13 it follows that any distinguished solution Q(t) of (R)
is defined on the maximal interval (&, 00) and the corresponding matrix Fy (t)
in (4.18) satisfies Ff(t) — 0 as t — oo for every a > Gmin.

In the following result we present a mutual classification of all distinguished
solutions of the Riccati equation (R). This classification is formulated in terms of
the initial values of the involved distinguished solutions at some point « from the
maximal interval (&min, 00).

Theorem 7.15. Assume that (1.1) holds and system (H) is nonoscillatory with
Gmin and R, (t) defined in (3.1) and (3.7), respectively. Let G be a genus of
conjoined bases of (H) and let Ry(t) be the matriz in (3.11). Moreover, let Q(t) be
a distinguished solution of the Riccati equation (R) at infinity. Then a symmetric
solution Q(t) of (R) defined on a neighborhood of some point o € (éumin,00) s
a distinguished solution at infinity if and only if

Ry (@) Q@) Rao(@) = Ry (a) Q(@) Ry (). (7.2)

Proof. Fix a € (Guin, 00) and let Q(t) be as in the theorem. From Definition 7.1
and Remark 7.14 we know that Q(t) is a distinguished solution of (R) at infinity
with respect to the interval [or, 00). Moreover, let (X, U) be a conjoined basis of (H),
which corresponds to Q(t) on [a, 00) via Theorem 4.21. Then (X, U) is a principal
solution of (H) at infinity with respect to [a, 00) belonging to the genus G, by
Theorem 7.4. Let Sq(t) be the S-matrix in (2.11) associated with (X, U). Suppose
that Q(t) is a distinguished solution of (R) at infinity. Thus, Q(¢) is a distinguished
solution of (R) with respect to [a, c0) and the corresponding conjoined basis (X, U)
of (H) in Theorem 4.21 is a principal solution with respect to [a, 00), which belongs
to the genus G. From Proposition 3.14 it then follows that there exist matrices
M, N € R™" such that

X(a)=X(a)M, U(a)=U(a)M+ X (a)N, (7.3)
M is nonsingular, M"N = NTM, ImN C Im P, Ps ]\A/'M*IPSOO =0, (7.4)

where P and Pg__ are the matrices in (2.5), (2.12), and (3.2) associated with the
functions X (t) and S, on (Gtmin, 00), respectively. In particular, the matrices M and
N in (7.3)—(7.4) represent the conjoined basis (X, U) in terms of (X, U) on [, 00)
in Proposition 2.10 and Remark 2.11. Moreover, the matrices R (t) Q(t) Rg(t) and
R4 (t) Q(t) Ry (t) are the Riccati quotients in (2.7) associated with (X, U) and (X, U)
on [a,00), by Theorem 4.21(ii). Consequently, according to (5.7) in Theorem 5.3
with (X,U) := (X,U), (X,U) := (X,U), Q := R; QR;, Q := R; QRy;, So = Sa,
M := M, N := N, and by using (2.36) and S, (a) = 0 we obtain the identity

Rs(@) Q(a) Rg(a) = Rg(a) Q(a) Ro(ar) + X1 () NM ' XT(a).

—~

7.5)

In order to simplify the notation we set

Z:=Ry..(0)Q(a) Ry(a), Z:=R,..(a)Q(a)Ry..(cx). (7.6)
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Since we have R, (o) Rg(a) = Ry(a) = Rg(a) Ry (@) and XT(a) Ry (a) =
Pz XT(a) Ry (@) by (3.10), formula (7.5) and the last condition in (7.4) imply

2" Roc(0) Q(0) Rue(@) = Ru() R (0) Q(0) Ro(@) Ran ()
(7.5) Run(a) [Ro(e) O(a) Ry(a) + XT(a) N]\Zf*lXT(a)] Ry ()

= Ruoo(@) Q@) Rpoo(@) + Ryce (@) XTT(a) NM X () Ry ()

-
ot

) 2+ Ry (a) X1 (a) P, NNI'Ps_ XT(0) Ry (0) = 2.

Thus, with respect to (7.6) the matrix Q(«) satisfies equality (7.2). Conversely,
assume that Q(t) is a symmetric solution of (R) defined on a neighborhood of
a such that the condition in (7.2) holds. We will use the notation in (7.6). Let
F,(t) be the F-matrix corresponding to Q(t) in (4.18) and set G := Q(a) — Q(a).
Then we have R,..(a) GR,..(a) = 0, by (7.2). Next we will show that the matrix
I + F,(t) G is nonsingular on [o,00). Fix ¢ € [a,00) and let v € R™ be such
that [I + F,(t) Glv = 0, that is, v = —F,(t) Gv. The last equality together with
(5.1) imply that v € ImE,(t) C Im R, (). Hence, v = R,.(a)v and since
Fo(t) = Ryo(@) En(t) = Eo(t) Ry () by the symmetry of Fi,(t) and R, (a), we
get v = —F,(t)Gv = —FE,(t) Ryoo(@) GRy () v = 0. Therefore, the matrix I +
Fa(t) G is nonsingular for every ¢ € [cr, 00). Consequently, according to Remark 4.13
with Q := Q, Q := Q, and G := G, we conclude that the symmetric matrix
Q(t) solve equation (R) on the whole interval [o,00). Let (X,U) be a conjoined
basis of (H) associated with Q(t) on [a, 00) via Theorem 4.21. Then (X,U) has
constant kernel on [o,00) and belongs to the genus G. Therefore, the identities
Im X (t) = Im Ry (t) = Im X (¢) hold for all ¢ € [a, 00), by Remark 3.13. Hence, from
Proposition 2.10 and Remark 2.11(i) with (X, U) := (X,U) and (X,U) := (X, U)
it then follows that there exists matrices M , N € R™ " guch that the formulas in
(7.3) and the first three conditions in (7.4) hold. Similarly as in the first part of the
proof, the matrix Rg(t) Q(t) Rg(t) is the Riccati quotient in (2.7) associated with
(X,U) on [o,00) and the equality in (7.5) holds. Moreover, multiplying (7.5) by
the matrix R, () from the both sides and using the identities R, () Rg(a) =
R,..(a) = Rg(a) Ruo () yield

Z =27+ R, () XTT () NM~1 X () Ry (). (7.7)
In turn, by using (7.6) and (7.2) we have Z = Z and hence formula (7.7) becomes
Ry (@) X1 (@) NM~1XT(a) Ry (a) = 0. (7.8)

From Remark 3.7 it follows that Im Xf(a) Ry..(a) = Im Ps__, which means that

we have XT(a) Ry () K = Pg_ for some invertible matrix K. By using (7.8) we
then obtain that

Ps, NM7'Ps_=KT"R, () X (a) NM~'XT(a) Ry (0) K "= 0,
which is the last condition in (7.4). Thus, according to Proposition 3.14 the con-
joined basis (X, U) is a principal solution of (H) at infinity with respect to [a, 00).
Finally, with the aid of Remark 7.6 the matrix Q(t) is then a distinguished solution
of (R) at infinity with respect to [a, 00). The proof is complete. O

In the next three results we study the minimality of distinguished solutions of
(R). This minimality property needs to be understood in the following sense. For
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every symmetric solution Q(t) of (R) there exists a distinguished solution of (R),
which exists on the same interval and is at the same time smaller than Q(¢) on
this interval (Theorems 7.16 and 7.18). On the other hand, any symmetric solution
of (H), which is smaller than a distinguished solution of (H) on some interval, is
a distinguished solution itself with respect to this interval (Theorem 7.20). However,
in general there is no universal “smallest” distinguished solution of the Riccati
equation (R), see Remark 7.21. We also note that in the first result we consider the
case when the solutions satisfy condition (1.4), while in the second and third result
this assumption is removed.

Theorem 7.16. Assume (1.1). Let G be a genus of conjoined bases of (H) with
the matriz Rg(t) in (3.11) and let Q(t) be a symmetric solution of the Riccati
equation (R) on [, 00) C [aeo, 00) such that inclusion (1.4) holds. Then there ezists
a distinguished solution Q(t) of (R) at infinity with respect to [a, o) satisfying (1.4)
such that Q(t) > Q(t) for every t € [a, o).

Proof. Let Q(t) be as in the theorem and let (X,U) be its associated conjoined
basis of (H) in Theorem 4.21 or Remark 4.23. Then (X,U) has constant kernel
on [a,00) and belongs to the genus G. Moreover, through (1.4) the matrix Q(t) =
R,(t) Q(t) Rg(t) is the Riccati quotient in (2.7) corresponding to (X,U) on [a, 00).
Let T, be the T-matrix in (2.13) associated with (X,U) on [o,00) and consider
the solution (X,U) of (H) in (3.4). From Theorem 3.5 and Remark 3.6 we know
that (X,U) is a principal solution of (H) at infinity belonging to the genus G.
Let Q(t) be its corresponding Riccati quotient in (2.7) on [, 00). According to
Theorem 7.5 and Remark 7.6 the matrix Q(t) is a distinguished solution of (R)
at infinity with respect to [o, 00) satisfying condition (1.4). Moreover, since the
matrix T, is nonnegative definite, by Remark 2.5, with the aid of Corollary 5.5(ii)
with Q := Q, N := —T,,, and M := I we then have that Qa) > Q(a). Finally,
this inequality implies through Corollary 4.15 that Q(t) > Q(t) for all ¢t € [a, 00),
which completes the proof. O

Remark 7.17. (i) By applying (5.7) in Theorem 5.3 we obtain an exact relation
between the Riccati quotients Q(¢) and Q(¢) on [, 00). Namely, the formula

Q) = Q(t) = X'(8) Ta [P — Sa(t) Tu]' X(2) (7.9)
holds for every ¢ € [a, 00). In particular, for ¢ = « the equality in (7.9) becomes
Qla) = Q(a) - X' (a) Tu X' (a). (7.10)

(i) According to Remark 7.14, the point o € [aeo, 00) in Theorem 7.16 satisfies
@ > Qpin- Moreover, from Theorems 4.3 and 7.16 it follows that the last inequality
holds even when condition (1.4) regarding the matrix Q(t) is dropped. Hence, we
conclude that for any genus G the open interval (Gupin,00) is the maximal set such
that there exists a symmetric solution of the Riccati equation (R) on (Gumin, 00).

Theorem 7.18. Assume (1.1). Let G be a genus of conjoined bases of (H) with the
orthogonal projector Rg(t) in (3.11). Let Q(t) be a symmetric solution of the Riccati
equation (R) on [a,00) C [, 00). Then there exists a distinguished solution Q(t)
of (R) with respect to [ov, 00) such that Q(t) > Q(t) holds for every t € [a, 00).

Proof. We proceed similarly as in the proof of Theorem 7.16. Let (X,U) be a con-
joined basis of (H) from the genus G, which corresponds to Q(t) on [a, 00) through
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Theorem 4.21. In particular, (X,U) has constant kernel on [o,00) and the sym-
metric matrix Q. (t) := Rg(t) Q(t) Rg(t) is the associated Riccati quotient in (2.7)
for every ¢ € [, 00). Moreover, according to formula (7.10) in Remark 7.17 with
Q. := Q the solution Q,(t) of (R) satisfying the condition

Qu(@) = Q:(a) =X 1T(a) Ty X'(a) = Ro(a) Q(ar) Rg(a) = X1 (a) T, X'(a) (7.11)
is a distinguished solution of (R) at infinity with respect to [a, 00). Here T, is the
T-matrix in (2.13) associated with (X,U). Furthermore, let D, be the matrix in
(4.19), which corresponds to Q(t) through the F-matrix F,(t) in (4.18) on [a, 00),
and consider the symmetric solution Q() of (R) given by initial condition Q(«) :=
Q(a) — D,. We will show that Q(t) is a distinguished solution of (R) at infinity
with respect to [a,00). Let R, (t) be the orthogonal projector defined in (3.7).
Similarly, as in the proof of Theorem 7.15 we will use the notation

7 = Ri(@) Q() Rae(@),  Zu = Ryoe(a) Qu(@) R (). (7.12)
With the aid of (3.11) and Remark 5.2(ii) together with the symmetry of the ma-
trices Ry (t), Rg(t), and D, we have the identities R,. (a) Rg(a) = Ry.(a) =
Rg(a) Ryoo(@) and Ry () Dy = Dy = Dy Ruoo(@). By combining these proper-
ties with (7.11) and the second equality in (5.6) we obtain that

7" Ry(0) Q) Ran (@) = Ry (0) [Q(0) — Do Rau()
— Ran(@) Ro() Q@) Rg(a) Rywu(ar) — D

)@
(7 11) RA(X,( ) [ (Oé) XTT( )Ta XT(a)}RAoo(a) — D,
)

(7.12) (5.6)

Zy + Ry (@) X1 () Ty XT(@) Ry (a) = Do = Z,. (7.13)

Finally, since the point o > @min by Remark 7.17(ii), from (7.12), the equa-
tion in (7.13), and Theorem 7.15 it follows immediately that the solution Q(t)
is a distinguished solution of (R) at infinity with respect to [a,00). In partic-
ular, the matrix Q(t) solves equation (R) on the whole interval [o,00). And
since Q(a) — Q(a) = D, > 0, we conclude by Corollary 4.14 that the inequal-
ity Q(t) > Q(t) holds for every t € [a, 00), which completes the proof. O

Remark 7.19. We note that the converse to Theorem 7.18 also holds. More pre-
cisely, if Q(t) is a distinguished solution of (R) at infinity with respect to the inter-
val [, 00), then every symmetric solution Q(t) of (R), which satisfies the condition
Q(a) > Q(a), exists on the whole interval o, 00) and the inequality Q(t) > Q(t)
holds on [, o). This observation is a direct application of Corollary 4.15 with the

choice @Q := Q and Q = Q.

Theorem 7.20. Assume (1.1) and let G be a genus of conjoined bases of (H)
with the matriz Rg(t) in (3.11). Let Q(t) be a distinguished solution of the Riccati
equation (R) with respect to the interval [o,00) C [, 00). Moreover, let Q(t) be
a symmetric solution of (R) on [a, c0) satisfying the initial condition Q(a) > Q(a).
Then Q(t) is a distinguished solution of (R) at infinity with respect to [a, 00) and
the inequality Q(t) > Q(t) holds for all t € [a,00).

Proof. Let Q(Q and Q(t) be as in the theorem. By using Corollary 4.14 we obtain
the inequality Q(¢) > Q(¢) on e, 00). On the other hand, according to Theorem 7.18
there exists a distinguished solution Q(t) of (R) at infinity such that Q(t) > Q(t)
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for every t € [a, 00). Hence, for t = a we have the relations Q(a) > Q(a) > Q(a).
Consequently, by multiplying the last inequalities by the matrix R, («) defined in
(3.7) from the both sides we obtain that

Ryoo(a) Q(a) Rioo(@) > Ryoo(a) Q) Rye(@) > Ryn(@) Q(a) Ryo(a).  (7.14)

But Theorem 7.15 and the fact that both the solutions Q(t) and Q(t) are distin-
guished with respect to [a, c0) yield Ry (@) Q(a) Ryoo(@) = Ry () Q() Ryo(a).
Therefore, the inequalities in (7.14) are implemented as the equalities. In turn,
applying Theorem 7.15 once more then implies that Q(¢) is a distinguished solution
of (R) at infinity with respect to [a, 00) as well. The proof is complete. O

Remark 7.21. Given a genus G of conjoined bases of (H) with the matrix Rg(t)
defined in (3.11), let Q(t) be a distinguished solution of (R) at infinity with respect
to the interval [0, 00) C [(eo,00). Then there exist distinguished solutions Q, (t)
and Q.. (t) of (R) satisfying

Q) Q) < Que(t), t€[a,00). (7.15)

The solutions Q. (t) and Q..(t) are given, for example, by the initial conditions

Qu(@) = Q(a) = I+ Ry(a) and Qui(a) = Q(a) +1 - Ryo(a),  (7.16)

where R, () is the orthogonal projector defined in (3.7). Indeed, by using (7.16)
and the basic properties of orthogonal projectors from Section 2 and by utilizing
the notation in (7.6) we get

Ry (0) Qu(0) Ry (@) ™27 Ry (0) [Q(0) — T + Ryc(0)] Ryn(0) 2 2,

Ry (0) Quu(0) Rawc(0) 2 Ry (0) [Q(0) +1 = Ryw(0) | Ry() 2 2.

From Theorem 7.13 we know that o > G&uin. Hence, by applying Theorem 7.15
we obtain immediately that Q. (t) and Q.. (t) are distinguished solutions of (R) at
infinity with respect to [ar,00). In addition, since Q(a) — Qu(e) = I — Ry.(a) =
Q**( ) — Q(a) by (7.16) and I — R,..(a) > 0, we have the inequalities Q,(c) <
Q( ) < Q**( ). In turn, according to Corollary 4.14 the inequalities in (7.15) hold.
This observation shows that for the case of a general (not necessarily controllable)
system (H) the partially ordered set of all distinguished solutions of (R) has neither
a minimal element nor a maximal element.

(7.16)

The considerations in Theorems 7.15 and 7.16 show that for the minimal genus
Gmin, 1.e., for Rg(t) = R, (t), there exists a uniquely determined distinguished
solution of the Riccati equation (R) with

A(t) = A(t)Rac (t) = AT() [T = Rac (1)), (717)
B(t) := B(t), C(t) := Ra(t) C(t) Ranc(t),
which represents the smallest element in the set of all symmetric solutions Q(t) of
equation (R) satisfying (1.4).

Definition 7.22. Let G, be the minimal genus of conjoined bases of system (H)
with the minimal orthogonal projector R,..(t) in (3.7). A symmetric solution Q(t)
of the Riccati equation (R) with the coefficients in (7.17) is said to be a mini-
mal distinguished solution at infinity if the matrix Q(t) is defined on some interval
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[, 00) C [(too, 00) such that
ImQ(t) CImR,..(t), t€ [a,c0), (7.18)
and its corresponding matrix F, (t) in (4.18) satisfies Fif(t) — 0 as t — oo.

The following result shows the existence and uniqueness of the minimal distin-
guished solution of the Riccati equation (R) for the minimal genus G, as well as
its minimality property.

Theorem 7.23. Assume (1.1). Then system (H) is nonoscillatory if and only if
there exists a minimal distinguished solution Q(t) of the Riccati equation (R) with
the coefficients in (7.17). In this case, the minimal distinguished solution Q(t) is
determined uniquely and any symmetric solution Q(t) of (R) on [a,0) C [(eg, 00)
with (7.18) satisfies Q(t) > Q(t) on [a, 00).

Proof. The first part of the theorem coincides with the statement of Remark 7.10 for
the genus G = Gmin and for the corresponding orthogonal projector Rg(t) in (3.11)
equal to the minimal orthogonal projector R, (¢) defined in (3.7). The unique-
ness of the distinguished solution Q(t) follows from Theorem 7.15 with G := Gpin-
More precisely, let Q(t) and Q,(t) be two distinguished solutions of equation (R)
for the minimal genus Gy, which satisfy condition (1.4) (with Rg(t) = Ra.(t))
on [o,00) for some a > ao. From Theorem 7.13 it follows that both matrices
Q(t) and Q. (t) solve (R) on the maximal open interval (@min,c0) and hence, the
point a € (Aumin,00). According to Corollary 4.5 we then obtain the inclusions
ImQ(t) C Im R,..(t) and Im Q. (t) C Im R,_(t) for every t € (duin,0). Conse-
quently, combining these facts with the symmetry of Q(t) and Q*(t) yields

Rawe(t) Q(t) Racc (1) = Q(),  Raoo(t) Qu(t) Racc (1) = Qu(t) (7.19)
for all t € (Gmin, 00). Finally, by using formula (7.2) in Theorem 7.15 with G := Gin
and Q := Q. together with (7.19) we obtain on (@min, c0) that

(7.19) A (7.2) A (7.19)

Q(t) Raee(t) Q(t) Race(t) =" Rae (t) Qu(t) Race(t) =" Qu(2).

Thus, the distinguished solutions Q(t) and Q. (t) coincide. Finally, the minimality
property of the minimal distinguished solution of (R) at infinity follows from The-
orem 7.16. Namely, by using the latter reference for any symmetric solution Q(t)
of (R) on [a,00) C [aeo,00) with (7.18) there exists a distinguished solution Q(t)
of (R) at infinity with respect to [, c0) satisfying (7.18) such that Q(t) > Q(t) for
every t € [a,00). In fact, the matrix Q(t) is the minimal distinguished solution of
(R) at infinity, by Definition 7.22. The proof is complete. O

Remark 7.24. The minimal distinguished solution of (R) at infinity in Theo-
rem 7.23 will be denoted by Qmin. The minimal distinguished solution Qmin plays
for the theory of the Riccati differential equations (R) or (R) a similar role as the

minimal principal solution (Xmin, Umin) of system (H) at infinity for the theory of
principal solutions at infinity.

Remark 7.25. When system (H) is completely controllable, the main results of
this section give the classical statements about the distinguished solutions at infinity
of the Riccati equation (R). More precisely, the following holds.
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e The results in Corollary 7.7 and Theorem 7.15 yield the correspondence be-
tween the unique principal solution of (H) at infinity and the unique distin-
guished solution of (R) at infinity, see [7, pg. 53] or [23, pp. 45-46].

e The result in Theorem 7.8 provides a characterization of the nonoscillation
of system (H) in terms of the existence of the unique distinguished solution
of (R) at infinity, see the necessary condition in [22, Theorem VII.3.3]. Note
that the nonoscillation of (H) is defined in [22, Section VIL3] in terms of
disconjugacy of (H), i.e., in terms of the nonexistence of mutually conjugate
points, which is a stronger concept than the nonoscillation of (H) as we define
in Section 2. We note also that the sufficiency part of Theorem 7.8 is new
also in the completely controllable case.

e The results in Theorems 7.18 and 7.20 yield the minimality property of the
unique distinguished solution of (R) at infinity, see [7, Theorem 8, pg. 54] or
[23, Theorem IV .4.2].

Indeed, in this case do = 0 and there is only one minimal/maximal genus of con-
joined bases of (H). This implies that cwo = a and the orthogonal projector R, (t)
in (3.7) satisfies Ry..(t) = I on [a,00). Therefore, the unique Riccati equation
(R) associated with the minimal/maximal genus coincides with the classical Ric-
cati equation (R). Moreover, under the Legendre condition (1.1) the nonoscillation
of system (H) is then equivalent with the existence of a unique (minimal) distin-
guished solution Q of (R) at infinity. In addition, the matrix Q constitutes the
smallest symmetric solution of the Riccati equation (R), that is, every symmetric

solution @ of (R) on [a, 00) C [a, o) satisfies inequality (1.5).

Remark 7.26. We note that the results commented on in Remark 7.25 hold under
a weaker assumption than the complete controllability of (H). More precisely, under
(1.1) and the nonoscillation of (H) the existence of a unique distinguished solution
at infinity of a (unique) Riccati equation (R) is equivalent with the fact that the
maximal order of abnormality d., = 0.

8. Examples. In this section we provide several examples which illustrate the
presented theory of Riccati equations for abnormal system (H).

Example 8.1. In the first example we explore a controllable linear Hamiltonian
system. For n = 1, a = 0 we consider system (H) with A(t) =0, B(t) = 1+t2, and
C(t) = —2/(1 + t?)2. This system comes from the second order Sturm-Liouville
equation [y'/(1 +2)] + 2y/(1 + t?)2 = 0. The matrix B(t) > 0 on [0, 00), which
implies that system (H) is completely controllable on [0, 00) with d[0,00) = do =0
and @ = 0, by (2.19). Thus, there exists only one (minimal/maximal) genus G of
conjoined bases with the corresponding orthogonal projector Rg(t) = 1 on [0, 00)
and consequently, the unique Riccati equation

Q+(1+1)Q*+2/(1+t)2=0, te0,00). (8.1)

In [30, Example 7.1] we showed that system (H) is nonoscillatory and that the
principal solutions at infinity are nonzero multiples of

(X(),00) = (1, 1/(1+ 1)),
with Gmin = 0, by (3.1). Therefore, by Theorem 7.5 and Remark 7.25 the unique
(minimal) distinguished solution ) of (8.1) at infinity satisfies

Q(t) =1/[t(1+ )], te (0,00).
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Moreover, by using Proposition 4.12 with @ := Q the general solution Q(-, a,p) of
the Riccati equation (8.1) defined on an interval [, 00) C (0, 00) has the form

Q(t, . p) = Q(t) +p/[t* + pt(t — a)(t + 1/a)], t € [a,00), (8.2)
with p € [0,00) U {oo}, where
Q(t,a,00) = lim Q(tavp) =) Q)+ 1/[t(t —a)(t+1/a)], t€ [a00). (8.3)
From formulas (8.2)—(8.3) it then follows that for any point o > 0 and parameter
p € ]0,00) U {oo} we have the inequality Q(¢, o, p) > Q(t) on [a, 00), as we claim in
Theorem 7.18 or Remark 7.25.

Example 8.2. In this example we consider the so-called zero system (H) with
n x n coefficient matrices A(t) = B(t) = C(t) = 0 on [a,00). This system is
nonoscillatory and extremely abnormal, that is, d[a,00) = do, = n and hence,
0 = a and R, (t) = 0 on [a,00). In [29, Example 8.2] and [31, Example 5.7]
we showed that every conjoined basis of (H) is a constant principal solution at
infinity with respect to [a,00) and that the set of all genera of conjoined bases
of (H) is isomorphic to the complete lattice of all subspaces in R™. Namely, for
every constant orthogonal projector R € R"™*™ there exists a unique genus G of
conjoined bases of (H) such that Rg(t) = R on [a,00). The associated Riccati
equation (R) reduces to ' = 0. In this case, every symmetric solution of (R) is
a constant distinguished solution at infinity with respect to the interval [a, 00), so
that A, = a. In particular, for any constant symmetric matrix M € R™*"™ the
pair (X,U) := (R, MR+ I — R) constitutes a constant principal solution of (H) at
infinity belonging to G, which corresponds to the distinguished solution Q(t) =M
of (R) on [a,00) via Theorems 4.21 and 7.4. Moreover, the minimal distinguished
solution at infinity satisfies Qmin () = 0 on [a, 00).

In the previous two examples we studied the situation when system (H) possessed

only one Riccati equation (R). However, this will be not the case of the system
presented in the last example.

Example 8.3. For n = 3 and a = 0 we consider system (H) with the coefficients
A(t) = diag{0,0,1}, B(t) = diag{1 +¢2,0,0}, and C(t) = diag{—2/(1 + t*)2,0,0}
on [0,00). In this case we have dow = 2, as, = 0, and R, (t) = diag{1,0,0}
on [0,00). Moreover, in [31, Example 5.8] we examined the set of all genera G of
conjoined bases of (H) and found a principal solution at infinity in each genus G.
We will continue in this study by illustrating the concept of distinguished solutions
at infinity of the associated Riccati equations (R). For the minimal genus G = Gin
represented by the orthogonal projector Rg(t) = Ryo.(t) on [0,00) we have the
Riccati equation (R) with the coefficients in (7.17), i.e.,

Amin(t) = —A(t), Bmin(t) = B(t), Cmin(t) =C(t), te€][0,00).

This Riccati equation possesses on (0,00) the minimal distinguished solution

Qmin(t) = diag{l/[t(l + tZ)]v 0, 0} (84)

constructed from the minimal principal solution

(Ximin (1), Unmin(t)) = (diag{t,0,0}, diag{1/(1 +¢*),1,e"‘})
of (H) at infinity via Theorem 4.18, as well as the distinguished solution

Qo(t) = diag{1/[t(1 + t?)], 1, —e?'}, (8.5)



1728 PETER SEPITKA

which does not satisfy condition (7.18). In particular, the distinguished solutions
in (8.4) and (8.5) are mutually incomparable on the interval (0, 00). Similarly, with
the maximal genus G = G« represented by the orthogonal projector Rg(t) = I on
[0,00) there is associated the Riccati equation (R) with the pair of incomparable
distinguished solutions at infinity

Q(t) = diag{1/[t(1 + t3)], ~1,e 2"},  Q.(t) = diag{1/[t(1 +*)],1,—e >} (8.6)
for t € (0,00). We note that Q(t) and Q. () in (8.6) are both the Riccati quotients
in (2.7), which correspond to the maximal principal solutions

(X(t), U(t)) = (diag{t,1,e'}, diag{1/(1 + %), —1,e""}),
(X.(t),U.(1)) = (diag{t, 1,e'}, diag{1/(1 +%),1,—e"*})

of (H) at infinity, respectively. In the remaining part of this example we analyze for
three different genera with rank equal to r = 2 the corresponding Riccati equations
(R) and their distinguished solutions. More precisely, according to [31, Example 5.8]
we consider the genera Gi, G2, and G3 given by

Rg, (t) = diag{1,0,1}, Rg,(¢) = diag{l,1,0},

1 et4+1 0 0
R;.(t) = ——— 0 1 t
o5 () et +1 0 of ;t

on [0,00). With the genus G; we associate the Riccati equation (R) with
Au(t) = A(t), Bui(t) = B(t), Ci(t) =C(t), te][0,00),
possessing the pair of incomparable distinguished solutions at infinity
Q1(t) = diag{1/[t(1 +*)],0, —e™*'},  Qu.(t) = diag{1/[t(1 +*)],-1,0}

for (0,00). The matrix Q;(t) is the Riccati quotient in (2.7), which corresponds to
the principal solution

(X1(t), Ui (t)) = (diag{t,0,e'}, diag{1/(1 +?),1, —e~*})

of (H) at infinity belonging to G1, while the distinguished solution Q1,(t) does not
satisfy (1.4). Similarly, for the genus Go we have the Riccati equation (R) with

Aa(t) = —A(t), Ba(t) =B(t), Ca(t)=C(t), te]0,00),
which has the pair of incomparable distinguished solutions at infinity
Qa2 (t) = diag{1/[t(1 +t*)],1,0}, Qau(t) = diag{1/[t(1 +t*)],0,e*}

for (0,00). The matrix Qy(t) is the Riccati quotient in (2.7), which corresponds to
the principal solution

(Xa(t), Ua(t)) = (diag{t, 1,0}, diag{1/(1 +t),1,e"})

of (H) at infinity from the genus Gy and the distinguished solution Qs (t) does not
satisfy (1.4). Finally, for the genus Gs3 we obtain the Riccati equation (R) with

0 O 0
0 0 0 , Bs(t)=B(t), C3(t)=C(), te]0,00),
0 2t e?—1

1

A3(t) = o2t +1
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having on (0, 00) the pair of incomparable distinguished solutions at infinity

(e +1)2/[t(1+t3)] 0 0

A 1
= —— 0 1 e |,
Q3( ) (ezt I 1)2 0 et e2t
A e LR N I N
Qs3:(t) = ——— 0 2e"+3 e’ +2e
(e?t +1)2 0 o3t 1+ 90t o2t

In particular, the matrix Qs(t) constitutes the Riccati quotient in (2.7) associated
with the principal solution at infinity

X X t 0 0 1/(1+¢%) 0 0
(X3(t),Us(t)) = 0 1 —-1], 0 ~1 1
0 et —ef 0 2e7t —2e7?

and the distinguished solution Qs, (t) does not satisfy condition (1.4).
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Abstract

The comparative index was introduced by J. Elyseeva (2007) as an efficient tool in matrix analysis, which
has fundamental applications in the discrete oscillation theory. In this paper we implement the comparative
index into the theory of continuous time linear Hamiltonian systems, study its properties, and apply it to
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* This research was supported by the Czech Science Foundation under grant GA16-00611S.
* Corresponding author.
E-mail addresses: sepitkap@math.muni.cz (P. gepitka), hilscher @math.muni.cz (R. Simon Hilscher).

http://dx.doi.org/10.1016/j.jde.2016.09.043
0022-0396/© 2016 Elsevier Inc. All rights reserved.



P. Sepitka, R. Simon Hilscher / J. Differential Equations 262 (2017) 914—-944 915

X' =AW x+BNu, u'=Ct)x—AT () u, t €la,bl, (H)

where A, B, C : [a, b] — R™ " are given piecewise continuous matrix-valued functions on the
interval [a, b] such that B(¢) and C(¢) are symmetric and the Legendre condition holds, i.e.,

B(1)>0 forallt e [a,b]. (1.1)

Here n € N is a given dimension and a, b € R, a < b, are fixed numbers. The main results of this
paper are concerned with the Sturmian type separation theorems about the number of focal points
of conjoined bases of (H) in the given interval. We present a novel approach to this problem,
which is based on the so-called comparative index of two conjoined bases of (H), see (2.3) in
Section 2 below.

System (H) is traditionally studied under the complete controllability assumption. This means
that the only solution (x, u) of (H) with x(#) = 0 on a subinterval of [a, b] with positive length is
the trivial solution (x,u) =0 on [a, b], see e.g. [5,17,22,26,27]. In this case ty € [a, b] is a focal
point of a conjoined basis (X, U) of (H) if X (#p) is singular, and then

m(tg) := def X (t9) = dim Ker X (p)

is its multiplicity. We refer to Section 3 for the definition of a conjoined basis. Every conjoined
basis of (H) then has finitely many focal points in [a, b], and the numbers of focal points in (a, b]
orin [a, b) of any two conjoined bases of (H) differ by at most n, see [22, Theorem 4.1.3, p. 126]
and [26, Corollary 1, p. 366]. In addition, for one conjoined basis (X, U) of (H) the difference
between the numbers of its focal points in (a, b] and in [a, b) equals the value

def X (b) — def X (a) =rank X (a) — rank X (b). (1.2)

When the controllability assumption is absent, Kratz showed in [23, Theorem 3] the following
crucial result.

Proposition 1.1. Assume that (1.1) holds. Then for any conjoined basis (X, U) of (H) the kernel
of X (t) is piecewise constant on |a, b], i.e., there is a partition a =ty <t; < --- < t,, = b such

that Ker X (t) is constant on the open interval (tj,t;11) forall j €{0,1,...,m — 1} and
KerX(tj_)gKerX(tj), je{l,2,...,m}, (1.3)
KerX(zj) CKerX(tj), je{0,1,...,m—1}. (1.4)

The quantity Ker X (t;—L) denotes the limit of the constant set Ker X (¢) as t — tjc. The in-
clusions in (1.3) and (1.4) follow from the continuity of X(¢) on [a, b]. In the subsequent
work [36], Wahrheit defined the point 7y € (a, b] to be a left proper focal point of (X, U) if
Ker X (t;') S Ker X (1), with the multiplicity

mp (to) := def X (1) — def X (¢, ) =rank X (¢, ) — rank X (7). (1.5)

In a similar way we define #y € [a, b) to be a right proper focal point of (X, U) by the condition
Ker X (1;7) S Ker X (1), with the multiplicity
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mg(to) := def X (to) — def X (t;) = rank X (#;") — rank X (to). (1.6)

The notations def X (toi) and rank X (tgc) represent the one-sided limits at 7y of the piecewise
constant quantities def X (7) and rank X (7).

The above mentioned Sturmian separation theorem by Reid in [26, Corollary 1, p. 366]
was generalized to possibly abnormal (or uncontrollable) system (H) in [24, Corollary 4.8] and
[34, Theorems 1.4 and 1.5] by Kratz and the second author. We review these statements below for
our future reference in this paper. Recall that a principal solution (}A( 5 U ) at the point s € [a, b]
is defined as the solution of (H) with the initial conditions X s(8) =0 and Us (s) =1, see also
(3.1). We stress that the focal points are always counted including their multiplicities.

Proposition 1.2. Assume (1.1) and let m € N U {0} be fixed. The principal solutlon (Xa, U ) of
(H) has m left proper focal points in (a, b] if and only if the principal solution (X bs Ub) of (H)
has m right proper focal points in [a, b).

Proposition 1.3. Assume that (1.1) holds. If the principal solution ()A(a, 0a) of (H) has m left
proper focal points in (a, b], then any other conjoined basis (X, U) of (H) has at least m and at
most m + n left proper focal points in (a, b]. Similarly, if the principal solution ()A( b Ub) of (H)
has m right proper focal points in [a, b), then any other conjoined basis (X, U) of (H) has at
least m and at most m + n right proper focal points in [a, b).

Proposition 1.4. Assume that (1.1) holds. Then the difference between the numbers of left proper
focal points in (a, b] of any two conjoined bases of (H) is at most n. Similarly, the difference
between the numbers of right proper focal points in [a, b) of any two conjoined bases of (H) is
at most n.

We note that the statements in Propositions 1.3 and 1.4 regarding the right proper focal points
follow from the corresponding results for the left proper focal points by the time-reversing trans-
formation ¢ +— a + b — t, which is described in [24, Remark 4.7].

Linear Hamiltonian systems (H) without the complete controllability assumption are inten-
sively studied in the literature. As we mentioned above, the second author derived in [34,35]
general Sturmian separation and comparison theorems for such systems (H). Recently, Johnson,
Novo, Niinez, and Obaya proved in [20, Theorem 3.6] a very nice formula connecting the rota-
tion number of system (H) with the number of left proper focal points of (X, U) in (a, b] when
b — oo. Uncontrollable systems (H) were also considered in [18,19,21] in the relation with the
notion of a weak disconjugacy of (H) and dissipative control processes, and in [25,28-33] when
studying the principal solutions of (H) at infinity.

In the present paper we derive (Theorem 4.1) new explicit formulas for the difference of the
left proper focal points of two conjoined bases of (H) in (a, b], and the right proper focal points
in [a, b), as well as optimal bounds for the numbers of left and right proper focal points of
one conjoined basis in a bounded interval (Theorems 5.2, 5.3, 5.6, and 5.9 and Corollaries 5.8
and 5.10). These estimates essentially improve the statements in Propositions 1.3 and 1.4. In
addition, we establish (Theorem 5.1) an exact relationship between the numbers of left proper
focal points in (a, b] and right proper focal points in [a, b) of one conjoined basis of (H), which
generalizes the formula in (1.2) to abnormal systems. We note that these results are new even in
the case of a completely controllable system (H).
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As a main tool in the above study we use the comparative index, which was introduced by El-
yseeva in [12,13] and successfully applied in the discrete oscillation theory, see [6—10,14,16]. In
this paper we study the properties of the comparative index from a point of view of the continuous
time linear Hamiltonian system (H). In particular, we obtain the continuity and limit properties
of the comparative index (Theorems 6.1 and 6.5) and their relationship with the multiplicities of
left and right proper focal points at a given point (Theorem 6.3). In a sense, some results in this
paper can be regarded as continuous time analogs of the known results for symplectic difference
systems in [13], see Remark 7.4. This paper therefore provides a key step in the implementation
of recent discrete time methods into the new continuous time theory.

The paper is organized as follows. In Section 2 we define the comparative index and display
its algebraic properties, which are needed in this paper. In Sections 3 we recall some general
facts about linear Hamiltonian systems and prove two auxiliary results about conjoined bases
of (H). In Section 4 we derive key equalities relating the difference of the numbers proper focal
points of two conjoined bases of (H) and the comparative index. In Sections 5 and 6 we establish
further Sturmian separation theorems for conjoined bases of system (H) and the continuity and
limit properties of the comparative index. Finally, in Section 7 we provide several examples
illustrating our new theory, as well as comments about the related topics and future research
directions.

2. Algebraic properties of comparative index

In this section we present the definition of the comparative index of two matrices and its main
properties from [12,13]. Let Y and Y be real constant 2n x n matrices such that

Y'7y=0, Y'JY=0, rankY=n=rank¥, W:=Y'7Y, jz:(—ol (I)>

2.1)
The matrix 7 is the canonical skew-symmetric matrix of dimension 2n. The first three conditions
in (2.1) can be regarded as suitable initial conditions for conjoined bases of system (H), while the

matri~x w i§ the }Vronskian of Y and Y. When we split Y and Y into n x n blocks Y = xT, uhHT
and Y = (X7, UT)T, then the first, second, and fourth expressions in (2.1) have the form

xTv=v"x, x"o=0"x, w=x'U-vuTx. (2.2)

When considering the matrices Y and Y satisfying (2.1), we will always express them in the
above block structure with X, U, X , U as in (2.2).

Following [12, Definition 2.1] or [13, Definition 2.1], we define the comparative index
u(y, Y ) and the dual comparative index (1* (Y, f’) of Y and Y as the numbers

w(¥,Y) :=rank M +ind P, u*(¥,Y) :=rank M + ind(—P), (2.3)
where M and P are the n x n matrices

M=U-X"X)W, P=VvWIX'Xv, Vvi=I-M'M, (2.4)
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and where W is the Wronskian of ¥ and Y defined in (2.1). The dagger in (2.4) denotes
the Moore—Penrose pseudoinverse of a matrix, i.e., the unique matrix X' satisfying the four
properties X"X and XXT are symmetric, XXTx = X, and XTXXT = xT. We refer to [1,2,4]
for general theory of pseudoinverse matrices. We note that the matrix V in (2.4) is the or-
thogonal projector onto Ker M and that the matrix P is symmetric, see [13, Theorem 2.1].
In this case indP denotes the number of negative eigenvalues of P, and obviously we have
ind(—P) =rankP — ind P.

For convenience we define the elementary 2n x n matrix
E:=(0, DT, (2.5)

where 0 is the n x n zero matrix and / is the n x n identity matrix. The following properties in
Propositions 2.1 and 2.2 are proven in [13, Section 2].

Proposition 2.1. Let Y and Y be 2n x n matrices satisfying (2.1) and let E be given by (2.5).
Then the comparative index w(Y,Y) and the dual comparative index *(Y,Y) defined in (2.3)
have the following properties:

w(¥,Y)+rank X = pu*(Y,Y) +rank X, (2.6)

w(¥,Y)+ (Y, Y)=rank W = u*(¥,Y) + u*(¥,Y), (2.7

w(Y, 17) < min{rank W, rankf(}, w (Y, 17) < min{rank W, rank )~(}, (2.8)
w(¥,E)=0=pu*(Y,E), w(E,Y)=rankX = pu*(E,Y). (2.9)

We note that the second conditions in (2.7) and (2.8) about the dual comparative index are
not explicitly stated in [13], but they follow from (2.6) and from the corresponding properties for
w(Y,Y)in (2.7) and (2.8).

We recall that a real 2n x 2n matrix S is symplectic if S7.7S = J. Symplectic matrices are of
basic importance for the theory of linear Hamiltonian system (H), since any fundamental matrix
of (H) is symplectic on [a, b] whenever it is symplectic at some initial point.

Proposition 2.2, Let Z, Z, ® be real 2n x 2n symplectic matrices and let E be defined by (2.5).
Then the following transformation formulas hold:

W(®ZE, ®ZE) — n(ZE, ZE) = W(®ZE, PE) — w(®ZE, PE), (2.10)

W (PZE,PZE) — u*(ZE, ZE) = u*(®ZE, PE) — u*(®ZE, PE). (2.11)

Further properties of the comparative index and the dual comparative index are proven in [13].
In this paper we will also utilize the following new lower bounds of the comparative index, which
complement the upper bounds in (2.8).

Lemma 2.3. Let Y and Y be 2n x n matrices satisfying (2.1). Then

0< rank X — min{rankf(, rank X} < min{u (Y, 17), w* (Y, I?)}, (2.12)
0 <rank W — min{rank W, rank X} < min{u (Y, 17), w* (Y, 17)}. (2.13)
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Proof. Let us put p := =rank X — min{rank X, rank X } and g :=rank W — min{rank X, rank W}.
Then p >0 and g > 0. We know from (2.6) and u *(Y,Y) > 0 that u(Y, Y) > rank X — rank X
holds, and similarly from (2.6) and /,L(Y Y) >0 we get u*(Y, Y) > rank X — rank X. We will
analyze the latter difference. If rank X > rank X, then pP= rank X — rank X, while if rank X <
rank X, then p = 0. But since u(Y, Y) >0 and pu*(Y, Y ) > 0, it follows from the above that

w(y, Y) > p and u*(Y, Y) > p, i.e., (2.12) holds. Next, the first conditions in (2.7) and (2.8)
imply that

~ ~ (2.8)
ul,Y) @D rank W — u(Y,Y) > rank W — min{rank W, rank X} = ¢

In a similar way we obtain from the second conditions in (2.7) and (2.8) that u*(Y, Y ) >gq.
Therefore, the estimates in (2.13) hold as well. O

Applications of the comparative index in the oscillation theory of discrete symplectic systems
can be found in [6—10,14,16]. In Section 4 below we will show how the comparative index arises
in the theory of continuous time linear Hamiltonian system (H) and how it can be utilized in
order to derive new Sturmian separation theorems for conjoined bases of (H).

3. Properties of linear Hamiltonian systems

A 2n x n solution (X, U) of (H) is called a conjoined basis if X T(to) U(tp) is symmetric and
rank (X7 (19), U7 (19)) = n for some, and hence for any, point ¢y € [a, b], compare with (2.1). As
an example of a conjoined basis of (H) we mention the principal solution at the point s € [a, b],
denoted by ()A( S5 U s), which is defined as the solution of (H) with the initial conditions

A A

Xs(s)=0, Us(s)=1. (3.1)

By [22, Corollary 3.3.9], any given conjoined basis (X, U) can be completed by another con-
joined basis (X, U) to a (symplectic) fundamental matrix of (H), i.e., to a so-called normalized
pair of conjoined bases, which then satisfy the relation W := X T (1) U O -UT®)X(@t)=1on

X ) of (H) is symplectic

[a, b], compare with (2.2). The fact that the fundamental matrix ® := U

is also equivalent with
x0T —xvT=1, xx"=xx", vo"=0U"T (3.2)

on [a, b], see [22, Proposition 1.1.5]. Moreover, similarly to [29-32] we say that (X, U) has
constant kernel on the open or half-open interval (a, b), (a, b], [a, b), if the kernel of X (¥) is
constant on that interval.

Let us fix for a moment a conjoined basis (X, U) of (H) with constant kernel on (a, b) and
a point o € (a, b). We define the constant orthogonal projector P onto Im X7 () = [Ker X "1+,
the symmetric n x n matrix function S(¢), and the orthogonal projector Ps(¢) onto Im S(¢) by

P=P@t):=X'(1)X(), t€a,b), (3.3)
t
S(1) ::/X*(s)B(s)XTT(s) ds, t€(a,b), (3.4)

Ps@t):=S"t)St)=S1)ST(t), t€(a,b). (3.5)
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We note that S(¢) is correctly defined on (a, b), since in the present setting the function X (1)
is piecewise continuously differentiable on (a, b), hence continuous, see [4, Theorems 10.5.1
and 10.5.3]. The next result follows from standard properties of symmetric monotone matrix-
valued functions.

Lemma 3.1. Assume that (1.1) holds, (X, U) is a conjoined basis of (H) with constant kernel on
(a,b), and o € (a, b) is given. Then the following hold.

(1) The matrix S(t) <0on (a,o] and S(t) > 0 on |, b).
(i1) The matrix S(t) is nondecreasing and piecewise continuously differentiable on (a, b) with
S't)=XT@)B@)XTT(t) > 0o0n (a,b).
(iii)) The set Im S(¢) is nonincreasing on (a,a] and nondecreasing on [, b) with Im S(t) =
Im Ps(¢) € Im P on (a, b), and the following limits exist

Ps, = lim Psg(t), ImPs,CImP, 3.6)
t—a+t

Psp := lir;? Ps(t), ImPs, CImP. 3.7
t—>b—

(iv) The matrix ST(¢) is nonincreasing on (a,a + ¢) and on (b — ¢, b) for some ¢ € (0,b — a)
and the following limits exist

T,:= lim S'(t), T,<0, ImT,CImPs,, (3.8)
t—at

Ty = lim ST(t), T, >0, ImT, CIm Psy. (3.9)
t—>b—

Proof. The statements in parts (i) and (ii) follow by direct considerations from the definition of
S(¢) in (3.4). The monotonicity property of Im S(¢) in part (iii) is proven in [29, Theorem 4.2],
which then yields that the set Im S(¢) and hence the matrix Ps(¢) are constant in some right
neighborhood of a and in some left neighborhood of . This shows that the limits in (3.6)—(3.7)
exist. Part (iv) follows from the fact that the image of S(#) is constant on some right neighbor-
hood (a,a + ¢) of a and on some left neighborhood (b — €, b) of b by part (iii), and ST(@) is
nonincreasing on these neighborhoods by part (ii). Therefore, the limits in (3.8)—(3.9) indeed
exist and have the stated properties. O

We note that the matrices Ps, and Pgsy, in (3.6)—(3.7) are the maximal orthogonal projectors
onto Im S(¢) on (a, «] ar_ld on [, b), respectively. Next we relate the matrix S(¢) with some
special conjoined basis (X, U) of (H) associated with (X, U) and « € (a, b).

Lemma 3.2. Assume that (X, U) is a conjoined basis of (H) with constant kernel on (a, b) and
o € (a, b) is given. Let the matrices P, S(t), Ps(t) and T,, Ty be defined by (3.3)—(3.5) and

(3.8)—(3.9). Then there exists a conjoined basis (X, U) of (H) such that (X, U) and (X, U) are
normalized and

X" (@) X (@) =0. (3.10)

Moreover; the matrix X (t) also satisfies for all t € (a, b) the identities
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SH=X"OXP, XOP=X(t)SQt), (3.11)
P(t)y:=X"0)X()=1— P+ Ps(t), (3.12)
ST =X"T0)X@) Pt) =XT(t) X (1) Ps(1), (3.13)
XS O XT)y=x@) X (). (3.14)

If in addition condition (1.1) holds, then

X)X ) =X T, X" @), XBXTB)=Xb)T,XT b)), (3.15)
XOXT @) <0onla,al, X@) X' (t)>0on|a, bl (3.16)

Proof. The existence of a conjoined basis (X, U), which is normalized with (X, U) and which
satisfies (3.10) and (3.11) is proven in [29, Theorem 4.4 and Remark 4.5(ii)]. We note that condi-
tion (1.1) is not needed in the assumption of the latter reference. By [28, Theorem 2.2.11(i)] we
know that Ker X (f) = Im[P — Ps(¢)] on (a, b), which means that the matrix I — P + Ps(t) is
the orthogonal projector onto the set Im XT@),ie., identity (3.12) holds. Next, by the identities
(suppressing the argument t) X = X P, PPs = Ps = PsP, and PsST = S' we obtain

(3.12) 3.11)

X'xp XTXP(I—P+pPs)=X'xPs'E XTxss xX'xpst

CL) ppsT—(1— P+ Ps)PST = PsPST = PsST= 5T,

which proves the identities in (3.13). In turn, we have by the symmetry of XX, see (3.2),

XsTxT LD xxtxPxT = xxTxXT=xxTxxT = xxT = xx7,

which shows that identity (3.14) also holds. Upon taking the limit as t — a™ and t — b~ in
(3.14) and using the definition of 7, Tp in (3.8)—(3.9) and the continuity of X (z), X(t) we
obtain (3.15). Finally, by Lemma 3.1(i) we know that ST(t) <0 on (a,a] and ST(r) > 0 on
[a, D), since a matrix and its pseudoinverse have the same definiteness properties. Therefore, the
inequalities in (3.16) follow from (3.14) and (3.15). The proof is complete. O

Remark 3.3. It is obvious to see that if the conjoined basis (X, U) has constant kernel on (a, b],
then the statements in Lemma 3.2 hold also with & = b. Similarly, if (X, U) has constant kernel
on [a, b), then the statements in Lemma 3.2 hold also with & = a.

For completeness we note that the conjoined basis (X,U) in Lemma 3.2 is not uniquely
determined by (X, U) in the function U. On the other hand, the solution (X P, U P) of (H) is
uniquely determined by (X, U), as we showed in [29, Remark 4.5(ii)].

Remark 3.4. In order to measure to what extent the controllability assumption on system (H)
is violated, the following quantity was introduced in [25, Section 3], see also [29, Section 5]
or [31, Section 3]. For fixed «, B € [a, b] with @ < B we denote by Al«, 8] the linear space
of piecewise continuously differentiable vector-valued functions u : [, ] — R”, which satisfy
the equations u’ = —A” (t)u and B(t)u = 0 on [«, B]. The functions u € A[«, B] correspond to
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the solutions (x =0, u) of system (H) on [«, B]. The space Alw, B8] is finite-dimensional with
dla, B] :=dim Alw, 8] < n. The number d[«, B] is called the order of abnormality of system
(H) on the interval [«, B]. We remark that system (H) is called normal on [«, f] if d[o, B] =0,
while it is called identically normal (or completely controllable) on [, 8] if d(J) = 0 for ev-
ery nondegenerate subinterval J C [«, 8]. The integer-valued function d[z, 8] is nondecreasing,
piecewise constant, and right-continuous on [a, B]. Similarly, the integer-valued function d[w, 7]
is nonincreasing, piecewise constant, and left-continuous on [«, b]. This implies that the limits

df = lim dla,t] = max dla,t], 0<d] <n, (3.17)
t—at te(a,b]

d, ;= lim d[t, B] = max dlt,B], 0<d, <n, 3.18

p = lm B  max, p 5 (3.18)

exist. The numbers d; and dﬂ_ are called the maximal orders of abnormality of (H) at the point
o from the right and at the point B from the left, respectively. Since d[«, t] and d[¢, B] are
integer-valued functions, the existence of the limits in (3.17) and (3.18) implies that

dlo, t]—d+f0rallte(oe o +¢], andd[t, B] = d forallt € [B —¢, B)

for some ¢ > 0. It is known in [28, Theorem 3.1.2], see also [29, Theorem 5.2], that these con-
stant quantities are related to the rank of the principal solutions (X4, Uy) and (Xg, Ug). More

precisely, Ker )A(a (¢) is constant on («, @ + €], Ker )A(ﬂ (z) is constant on [B — ¢, ), and

rankf(a(t) =n—dla,tl=n— dj forallt € (o, + €], (3.19)
rank Xg(1) =n —d[t, Bl=n — dy forallze[B—e,p). (3.20)

The relations in (3.19) and (3.20) will be utilized in Section 6 when studying the limit properties
of the comparative index.

4. Comparative index and continuous Sturmian theory

In this section we derive two main equalities involving the comparative index, as defined
in (2.3), 1n the context of the continuous time linear Hamiltonian system (H). We recall the
notation (Xa, U ) and (X b Ub) introduced in (3. 1) for the principal solutions of (H) at the points
a and b, respectively. Moreover, if (X, U) and (X U ) are conjoined basis of (H), then we set
Y:=XT, U7 and Y = ()?T, ﬁT)T, that is, we define for ¢ € [a, b] the 2n x n matrices

_(X® - (X®) s [ Xa@) s (Xp()
Y(’)'_(UU))’ Ym"(l?(r))’ Y“”"(Ua()) Yb(”"(wo) —

The central result of this section allows to express the difference between the numbers of left
proper focal points in (a, b] for two conjoined bases (X, U) and (f( U ) of (H) in terms of the
comparative index evaluated at the endpoints of the considered interval. Similarly for the right
proper focal points of (X, U) and ()~( U ) in [a, b) we use the dual comparative index. For this
purpose we introduce the notation
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mp (a, b] := the number of left proper focal points of (X, U) in (a, b], “4.2)
mpgla, b) := the number of right proper focal points of (X, U) in [a, b), 4.3)
my (a,b] := the number of left proper focal points of (f( U ) in (a, b], “4.4)
mgla, b) := the number of right proper focal points of (X', 0) in [a, b). 4.5)

The left and right proper focal points are always counted including their multiplicities. By (1.5)
and (1.6) we then have the equalities

mp(a,bl= Y mp@), mgla,b)= Y mg().

te(a,b] t€la,b)

We note that under (1.1) the above sums are always finite, since the kernel of X (¢) is piecewise
constant on [a, b] by Proposition 1.1. With the notation in (4.2)—(4.5) we prove the following
main result, which implements the comparative index into the Sturmian theory of continuous
time linear Hamiltonian systems (H).

Theorem 4.1 (Sturmian separation theorem). Assume that (1.1) holds. Then for any conjoined
bases (X,U) and (X, U) of (H) we have the equalities

mp(a, bl —fig(a, b= pn(Y (1), Y (b)) — n(Y (), ¥ (), (4.6)
mgla, b) = igla,b) = u* (Y (@), Y (@) — u* (Y (b), Y (b)). (4.7)

The proof of Theorem 4.1 is presented at the end of this section. The idea is to prove equalities
(4.6) and (4.7) first under an additional assumption on the constant kernel of (X, U) and (f( U )
on (a, b] or [a, b), and then apply this partial statement to a suitable partition of the interval [a, b].
Before we proceed to this step we derive several auxiliary statements about the comparative
index.

Proposition 4.2. Let (X, U) and ()2' LU ) be conjoined bases of (H). Then for all t € [a, b]

w(¥Y®,Y®) — (Y@, Y@)=un(Y (), Ya(®) — n(Y (1), Ya (), (4.8)
WY (0, Y (1) = w*(Y(B), Y (B)) = w*(Y (@), V(1)) — ™ (Y (1), Yy (1)) (4.9)

Proof. Let E be the matrix in (2.5), so that Y,(a) = E. Let ®(z), ®(z), ®a(t), $p(¢) be the
fundamental matrices of system (H) such that

YO) =D E, Yt)=dWOE, S, ()E=Y,(t), Ppt)E=7Yp(1t), t€la,bl.
(4.10)

That is, the fundamental matrices ®(¢), CIJ(t) CI> (t) CDb (t) are symplectlc and they are con-
structed in such a way that the conjoined bases Y (1), Y (1), Y (1), Yb (t) form their second 2n x n
matrix columns, respectively. This can be done by a suitable choice of conjoined bases which
complete Y (¢), Y(t) Y (1), Yb (7) to normalized conjoined bases of (H). For example, the first
2n x n column of the matrix ®(¢) can be given by Y(t):=(—XT(@),-UT ()T, where (X, U)
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is the conjomed basis from Lemma 3.2 associated with (X, U), or the first 2n x n column of
the matrix dD (t) is given by Y, (1) = (XT(t) UT(t))T where (X,, U,) is the conjoined ba-
sis of (H) with the initial conditions X, (a) =1 and U (a) = 0. In particular, we can construct
CD (t) and CDb (1) such that they satisfy <I> (a)=1= <I>b (b). It then follows by the uniqueness of
solutions of system (H) that

D, (1) D(a) = D(t) = Dp(t) Db), (1) D(a) = D) = Dp(t) DMb), tela,b]. (4.11)

By using (4.10) and (4.11) and applying formula (2.10) in Proposition 2.2 with the symplectic
matrices ® := ®,(¢), Z := ®(a), and Z := ®(a), we then obtain the equality

w(Y(@®,Y(®) —pn(Y(@),Y@) = (c1> (t)P(a)E, D (t)CI)(a)E) (cp(a)E,c'E(a)E)

= (@0 ) 2@ E, $u () E) = 1(®a () 3@ E, bu(1) E)

= n(r®. %a) — n(¥ ). La(0)).

Therefore, (4.8) is proven. Similarly, by applying formula (2.11) in Proposition 2.2 with the
symplectic matrices ® := @, (¢), Z := ®(b), and Z := $(b), we obtain
Y@, Y0) = (Y ), Y () = (D) @(b) E, Dy(t) D(b) E)
— W () E, d(b)E)

2.11) 1 (p(t) @(b) E, Dy(1) E)

— 1 (Bp(1) BD) E, Dy (1) E)
WY (1), V(1)) — u* (Y (1), Yp(0)).

The proof of (4.9) is also complete. O

Proposition 4.3. Let (X, U) be a conjoined basis of (H) with constant kernel on (a, b]. Then
1w(Y (), Ya(0)) =0, u*(Y(a),Yp(a)) =rank X (b) — rank X (a). (4.12)

Proof. Let P(t) be the orthogonal projector onto Im X T(t) defined in (3.3). Since we now as-
sume that the kernel of X (¢) is constant on (a, b], it follows by the continuity that Ker X (¢) =
KerX(a*) € KerX(a) on (a,b], so that Im P(a) € Im P(b). This in turn implies that
P(b) P(a) = P(a) = P(a) P(b). By (2.3)—(2.4), we have M(Y(b), Y, (b)) =rank M + ind P,
where M =[I — P(B)]W,V =1 - MM, P=VvWTXxT(b)X,(b) V, and where the constant
Wronskian W = X7 (¢) 0a ) —UT@) )A(a (t) on [a, b]. In particular, evaluating the Wronskian
att =a yields that W = X T (a) and hence,

=[I—-Pb)]X"(a)=[I - Pb)Pa)XT(a)=[I — P(b)] P(b) P(a) X" (a) =0,
V=IP=X)X®) X,0).
(4.13)
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By Remark 3.3 and Lemma 3.2 with « = b we have for ()A(a, Ua) the representation

Xa@)\ _ (X)) X0\ [(-XT@\ _ (=X XT(a)+X1) X" (a) € la. b]
U.y)  \U@ U@ X' )"\ - X" (@) + U)X (a) €l ol
where (X, U) is a conjoined basis of (H) such that (X, U) and (X,U) are normalized and

XTb)X()=0 according to (3.10). From this we obtain

(4 13)

P =" X(@) X' () Xo(b) = X (@) XT (D) [-X (b)) XT (@) + X (b) XT (a)]

C1 _ ¥ (a) P(a) P(b) X7 (@) = —X(a) P(@) XT (@) = —X (@) XT(@) > 0. (4.14)

The calculations in (4.13) and (4.14) show that ,u(Y (b), IA’a (b)) = rank M + ind P = 0, which
proves the first equality in (4.12).

Next we evaluate the dual comparative index i (Y (a), I?b (a)) =rank M +ind P, where M =
[I—P(a)] W V=I- MTM P=—vWIXx"(a) Xb(a) V', and where the constant Wronskian
w=XxT@ Ub ) —UT (1) Xb (t) on [a, b]. Evaluating the Wronskian at t = b yields that W =
XT(b) and hence,

=[I - P@]XT (), ImM=Im[I — P(a)] P(b) =Im[P(b) — P(a)],

4.15
rank M =rank P (b) — rank P (a) =rank X (b) — rank X (a). ( )
Next we shall prove that
ImX'(b)V =ImP(a), ie, X' (BH)V=P@K (4.16)

for some invertible matrix K. Since MV = 0, it follows that P(a) X7 (b)V = X7 (b) V and
hence, ImX” () V C Im P(a). Conversely, assume that v € Im P(a). Then we also have
v eImP(b) =ImXT (b) and there exists w € R” such that v = X7 (b) w. Then we write
XTh)yvw=XTb)w — XT(b) M"Mw =v — XT (b) M Muw. But by using (4.15) we have
Mw=1[I — P@]XT(b)w =[I — P(a)lv =0, so that v = X7 (b) Vw. Therefore, v €
Im X7 (b) V and (4.16) is proven.

By Remark 3.3 and Lemma 3.2 with « = b we have for ()A( b l}b) the representation

(&(t)) _ (X(r) {m)) <—XT<b>) _ (—X(:)X%) + X)) X" (b)

o0 ) = \vey o0)\ x7®) —U(r)XT<b>+U<z>XT<b>>’ t€la.bl,

where Q_( JU) is a conjoined basis of (H) such tha‘E (X,U) and ()_(_ ,U) are _normalized and
X7 (b) X (b) = 0 according to (3.10). This yields that X;,(a) = —X (a) XT (b) + X(a) XT (b). But

X(@)XTh) = X@ P@PB)XT(b)=X@) X" (b)Xb) X" (b)

) x (@) xT ) Xb) XT (b) =

which implies that X p(a) = X (a) XT (b). For the matrix P we then have by (4.16) the expression
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(4.16)

P=-VXD) X (@) Xa)XT )V —KTP)XT(a)X(a) P(a) K

- KX @ X@P@K =K' X' @X@ X @xT@K "= 0.

Therefore, the equality ind P = 0 holds. From the definition of the dual comparative index and
(4.15) we then obtain the formula p* (Y(a), Y, (a)) =rank M +ind P = rank X (b) —rank X (a),
which proves the second equality in (4.12). O

Proposition 4.4. Let (X, U) be a conjoined basis of (H) with constant kernel on [a, b). Then
n(Y (b)), Y, (b)) =rank X (a) —rank X (b), u* (Y (a), ?b(a)) =0. 4.17)

Proof. The proof is similar to the proof of Proposition 4.4 with the difference that « = a is used
in Remark 3.3 and Lemma 3.2 instead of o = b. The details are therefore omitted. O

With the notation in (4.1), (4.2), and (4.3) we have the following.

Corollary 4.5. Let (X, U) be a conjoined basis of (H) with constant kernel on the interval (a, b]
or on the interval [a, b). Then

mi(a, bl = p(Y (), Ya(b)), mgla,b) = p*(Y(a), Yy(@)). (4.18)

Proof. If (X, U) has constant kernel on (a, b], then Ker X (1) = Ker X (a™) € Ker X (a) for all
t € (a, b]. Therefore, my (a,b] =0 = u(Y (), Y, (b)) and mgla,b) = def X (a) — def X (b) =
rank X (b) —rank X (a) = u*(Y (a), Yy (a)), both by (4.12) in Proposition 4.3. Similarly, if (X, U)
has constant kernel on [a, b), then Ker X () = Ker X(b™) C Ker X (b) for all ¢t € (a,b]. In
this case m (a, b] = def X (b) — def X (a) =rank X (a) — rank X (b) = ,u(Y(b), ffa (b)) and also
mgla,b) =0=u* (Y(a), I?b(a)), both by (4.17) in Proposition 4.4. Therefore, if (X, U) has
constant kernel on (a, b] or [a, b), then in both cases the two formulas in (4.18) hold. O

Now we can proceed with the proofs of key equalities (4.6) and (4.7) in Theorem 4.1.

Proof of Theorem 4.1. Step I. First we prove that the equalities in (4.6)—(4.7) hold under the
additional assumption that (X, U), resp. (X U ), has constant kernel on (a, b] or on la,b). In
this case we know by (4.18) applied to (X, U) and (X, U) that my (a, b] = (Y (b), Y, (b)) and
fip(a, bl = u(Y ), Y, (b)). Upon subtracting these two terms and using identity (4.8) at t = b
we obtain equality (4.6). Similarly, by (4.18) we know that mgla, b) = u* (Y (a), IA/b (a)) and
mgla,b) = (17 (a), I?b (a)) which in combination with identity (4.9) at t = a yields (4.7).

Step II. Let now (X, U) and (X U ) be arbltrary two conjoined bases of (H). From (1.1) it
follows through Proposition 1.1 that (X, U) and (X U ) have piecewise constant kernel on [a, b],
that is, there exists a common partition 7 :={a =19 < t; < --- < ty = b} of the interval [a, b]
such that forevery j € {0, 1, ..., k — 1} the kernel of X (¢), resp. the kernel of X (1), 1s constant on
(tj,tjx1]loron [tj,t;11). Indeed, if a =79 < 71 < --- < T, = b are the points where the kernel
of X (t) or the kernel of X (t) changes, then the desired partition 7 is formed by the points t;,
i €{0,1,...,m}, and e.g. by the midpoints of the intervals (z;, 7;4+1) fori € {0, 1,...,m —1}. By
Part I of the proof we may apply identities (4.6) and (4.7) on each partition subinterval [z}, 7;41]
to get
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mp(tj, ti ]l —mp el = m(Y (40, Ytj40) — w(Y (), Y (t))),
mpltj, tjis1) —mgltj, tjiv1) = p* (Y (), Y(t))) — n* (Y (tj31), Y (tj31))

forevery j € {0, 1,...,k— 1}. The results in (4.6) and (4.7) for arbitrary (X, U) and ()N(, U) now
follow by the telescope summation. O

S. Further Sturmian separation theorems via comparative index

In this section we derive further Sturmian separation theorems for proper focal points of two
conjoined bases of (H), as well as new and optimal bounds for the numbers of proper focal points
of one conjoined basis of (H). These results are essentially based on Theorem 4.1. First we derive
a formula, which relates the number of left proper focal points in (a, b] and the number of right
proper focal points in [a, b) for one conjoined basis of (H).

Theorem 5.1. Assume that (1.1) holds. Then for any conjoined basis (X, U) of (H) its numbers
of left proper focal points in (a, b] and right proper focal points in [a, b) satisfy

myp (a, b] +rank X (b) = mpgla, b) + rank X (a). 5.1

Proof. Let (X, U) be a conjoined basis of (H). By Proposition 1.1 we know that the kernel of
(X, U) is piecewise constant on [a, b], in particular, the numbers my (a, b] and mpg(a, b) are
finite. Since by (1.5) and (1.6) we have

mp(a,b]=mp(a,b)+defX(b) —defX(b™), mgla,b)=mpg(a,b)+defX(a)—defX(a™),
it follows that formula (5.1) is equivalent with
mp(a,b) +rank X (b™) =mpg(a, b) +rank X (a™). 5.2)

Therefore, the statement in the theorem will be proven once we show that (5.2) holds. Let
1, ..., 4ty € (a,b) be the points where the kernel of X () changes inside (a, ) and put #p :=a
and #,, 11 := b. Then rank X () is constant on each interval (¢;,¢;41), i.e., we may define the
quantity r; :=rank X (¢) for t € (t;,¢;41) and j € {0, 1,..., m}. It follows that

mp(tjz1)=rj —rank X (¢j41), mg(tj)=rj —rankX(¢;), j€{0,1,...,m}. (5.3)

Consequently, we have by the telescope summation

mp(a,b) —mpg(a,b) = Y [mp(t;) —mg(t)]
j=1

m
=S ot —rank X (1)) — rj + rank X (1) ]
j=I

= Z(rj_l —rj)=r0g—rIm= rank X (a1) — rank X (b7).
j=1

Therefore, formula (5.2) and hence also (5.1) holds, which completes the proof. O
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The statements in Proposition 1.4 can be reformulated as
|mp(a, bl —nig(a,bl| <n, |mgla,b)—iigla,b)|<n. (5.4)

In the following results we use the comparative index as a tool, which allows to improve the
estimates in (5.4).

Theorem 5.2 (Sturmian separation theorem). Assume that (1.1) holds. Then for any conjoined
bases (X, U) and (X, U) of (H) we have the estimates

|mp(a, bl —fig(a, b]| <min{rank W, r(a,b), F(a,b) } <n, (5.5)
|mgla,b) —iigla, b) | < min{rank W, r(a,b), 7(a,b) } <n, (5.6)

where W is the (constant) Wronskian of (X, U) and (f( , U ) and
r(a, b) := max{rank X (a), rank X (b)},  7(a, b) := max{rank X (a), rank X (b)}. (5.7)

Proof. By formula (4.6) in Theorem 4.1 we know that Ehe left-hand side of (5.5) is equal to
|L(b) — ()|, where w(t) is the abbreviation for u(Y (1), Y (¢)). From (2.8) we know that u(a) <

min{rank W, rank X (a)} and 1 (b) < min{rank W, rank X (»)}, which yields that
ln(b) — u(a)| < minfrank W, 7 (a, b)}, (5.8

Wperf: F(a,b) is given~in (5.7). If we now switch the roles of the conjoine~d b~ases (X,U) and
(X, U), abbreviate ,u(Y(t), Y(t)) as [i(t), and use that the Wronskian of (X, U) and (X, U) is
equal to —WT, then the formula (7)) + fi(f) = rank W in (2.7) yields

(5.8
(D) — n(@)| =) — ji(a)l S)min{rank W, r(a,b)} (5.9)

with r(a, b) given again in (5.7). By combining (5.8) and (5.9) we obtain the estimate in (5.5).
Formula (5.6) is proven in a similar way by using (4.7) and the properties of the dual comparative
index in (2.7) and (2.8). O

Similarly with (4.2)—(4.5) we introduce the following notation involving the principal solu-
tions (X4, U,) and (Xp, Up) of (H) at the points a and b, respectively:

mpq(a, b] := the number of left proper focal points of ()?a, 05,) in (a, b], (5.10)
M rala, b) := the number of right proper focal points of (X, U,) in [a,b),  (5.11)
myp(a,b] := the number of left proper focal points of ()A( b 0;,) in (a, b], (5.12)
mgpla, b) ;== the number of right proper focal points of (Xb, Ub) in [a, b). (5.13)

These numbers turn out to be essential parameters in the Sturmian theory of system (H) on the
interval [a, b].
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The next two results relate the numbers of left or right proper focal points of the principal
solutions ()A(a, ﬁa) and ()A(b, ﬁb) in (a, b] and [a, b). More precisely, in (5.14) we show how to
compute the number of left proper focal points of ()A( b Ub) in (a, b] in terms of the left proper
focal pomts of (Xa, U ) in (a, b], while in (5.15) we show the same for the right proper focal
points of (Xa, U ) in [a, b) in terms of the right proper focal points of (X b Ub) in [a, b).

Theorem 5.3. Assume that (1.1) holds. With the notatlon in (5. 1()) (5. 13) we have for the left
and right focal points of the principal solutions (Xa, U, ) and (Xb, Ub) in (a,b] and la,b),
respectively, the equalities

Mp(a, bl =ra(a, b]+rank X, (b) = il 14 (a, b] + rank Xp(a), (5.14)
Mrala, b) = mgpla, b) + rank Xp(a) = i gpla, b) + rank X, (b). (5.15)
Proof. We first apply Theorem 4.1 with (X, U) := (Xp, Up) and (X, U) := (X4, U,) to get
~ ~ 4.6 - N 2.9 ~
AiLs(a, bl — mra(a, bl = w(E, 1)) = 1(¥p(a), E) = rank X, (1),

and then again Theorem 4.1 with (X, U) := (X, Up) and (X, U) := (X, Up) to get

~ ~ 4.7 ~ A 2.9 ~
Agala, b) — fgpla, b) ‘= p*(E, Vp(@)) — 1 (Ya(b), E) = rank X (a).

This shows the ﬁrst equalities in (5.14) and (5.15). For the second equalltles we note that
rankX (b) = rank Xb (a), which follows from the relation X p(a) = -X T(b) obtained by the

evaluation of the constant Wronskian of (Xa, Ua) and (X b Ub) att=aandr=>b. O
Corollary 5.4. Assume that (1.1) holds. With the notation in (5.10)—(5.13) we have

mpala,b) =mpp(a,bl, mpq(a, bl =nigpla,b). (5.16)
Proof. By using Theorem 5.1 with (X, U) := ()A(a, l}a) we obtain that

ira(a,b] +rank X, (b) "2 i gala. b). (5.17)

Upon inserting (5.17) into (5.14) we obtain the first equality in (5.16). Similarly, we have

S)A

fira(a,b] "2 figala, b) — rank X, (0) =" i gola, b),

which proves the second equality in (5.16). O

Remark 5.5. The equation m,(a, b] = mgpla, b) in (5.16) is a reformulation of the statement
in Proposition 1.2, hence it is already known, see also [24, Corollary 4.8]. The proof in the
latter reference is based on the oscillation theorem for the associated eigenvalue problem and its
time-reversed form. In this paper we present a different proof, which depends on the properties
of the comparative index rather than on the properties of the eigenvalues. Therefore, the present
study is self-contained and independent on the results in [24].
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In the following result we derive new and optimal bounds for the numbers of left and right
proper focal points of any conjoined basis (X, U) in (a, b] and [a, b), respectively. These bounds
are optimal in a sense that they are formulated in terms of quantities, which do not depend on the
chosen conjoined basis (X, U). More precisely, they are formulated in terms of the numbers of
left and right proper focal points of principal solutions (X @ Ua) and (X b Ub)

Theorem 5.6 (Sturmian separation theorem). Assume that (1.1) holds. Then for any conjoined
basis (X, U) of (H) we have the inequalities

Mra(a,b) <mp(a,b]l <mpy(a, bl =i q(a, b] + rank X,(b), (5.18)
mgrpla,b) <mgla,b) <iigala,b) = iigpla, b) + rank X, (a). (5.19)

Proof. We apply Tpeorem 4.1 with (f(, U) = ()A(a, Ua) or (f(, U) = ()A(b, Ub) and use the fact
that Y,(a) = E = Yu(b) and u(Y, E) =0 = pu*(Y, E) by (2.9). Since the comparative index is
nonnegative, it follows that

mi(a, bl —ipa(a, bl = w(Y (), ¥a(b)) — u(Y (@), E) =’ (¥ (), V(b)) = 0,

(5.20)
mr(a, bl —iigp(a, bl = u(Yb), E) = n(¥ (@), ¥p(@) "=’ —p(¥ (@), V(@) <O0.

(5.21)

Similarly, for the right proper focal points we have

)(2)

mgla, b) — mgpla, b) = w* (¥ (@), T(@) — w* (Y (), E) =’ u*(¥ (@), V(@) > 0,

(5.22)
~ 4.7 % A 2.9) * A
mgla, b) — mgala, b) =" 1* (Y (@), E) = w*(Y(b), Ya®)) =" —1* (Y (b), Ya (b)) < 0.
(5.23)

These calculations show that the first two inequalities in (5.18) and (5.19) are satisfied. The last
equalities in (5.18) and (5.19) follow directly from Theorem 5.3. O

Remark 5.7. According to (5.16) in Corollary 5.4, the lower bounds in (5.18) and (5.19) are the
same, as well as the upper bounds in (5.18) and (5.19) are the same. Moreover, these lower and
upper bounds are independent on the conjoined basis (X, U). Since these bounds are attained
for the specific choices of (X, U) := ()A(a, 0a) and (X, U) := ()A(b, Ub), the inequalities in (5.18)
and (5.19) cannot be improved — in the sense that the estimates (5.18) and (5.19) are satisfied for
all conjoined bases (X, U) of (H).

The results in Theorem 5.6 yield another improvement of the estimates in (5.4). In particu-
lar, in contrast with Theorem 5.2 we obtain the estimates, which do not depend on the chosen
conjoined bases (X, U) and (f( U ). In addition, it allows to compare the numbers of left proper
focal points of (X, U) and right proper focal points of (X, U) and vice versa.
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Corollary 5.8 (Sturmian separation theorem). Assume that (1.1) holds. Then for any conjoined
bases (X, U) and (X, U) of (H) we have the estimates

|mp(a,b] —fig(a, b] | < rank X,(b) = rank X (a) <n, (5.24)
|mgla, b) — figla, b) | < rank Xj(a) = rank X, (b) <n, (5.25)
|mp(a,b] — figla, b) | < rank X, (b) = rank X, (a) < n. (5.26)

In particular, for one conjoined basis (X, U) of (H) we have
|my(a,b] —mgla, b) | = | rank X (a) — rank X (b) | < rank X, (b) = rank Xp(a) <n. (5.27)

Proof. Inequality (5.24) follows from (5.18) in Theorem 5.6 applied to (X, U) and (f( U ).
Similarly, (5.25) follows from (5.19) applied to (X, U) and (X, U). Next we apply inequality
(5.18) to (X, U) and inequality (5.19) to ()N(, U) and use Corollary 5.4 to obtain (5.26). Finally,
estimate (5.27) follows from Theorem 5.1 and from inequality (5.26) with (f( U ) =(X,U). O

In the proof of Theorem 5.6 we derive the exact formulas

mp(a,bl=fipq(a,bl+ u(Y(b), Ya()), mgla,b) =iigpla,b) + pn* (Y (a), Ys(a)),
(5.28)

which show how to calculate the number of left or right proper focal points of an arbitrary
conjoined basis (X, U) of (H) as a sum of a quantity which does not depend on (X, U) and
the comparative index of (X, U) with ()A( a Ua) at t = b, or the dual comparative index of (X, U)
with (Xp, Up) at t = a. The formulas in (5.28) then highlight the importance of the comparative
index in the Sturmian theory of linear Hamiltonian systems (H).

Formulas (5.28) are especially important for theoretical investigations about the proper focal
points of (X, U). For practical purposes, e.g. in the oscillation theory, it is more convenient
to have estimates for the numbers my (a, b] and mg[a, b), which do not explicitly involve the
possible complicated evaluation of the comparative index. In Theorem 5.9 below we present
such estimates of m (a, b] and mg|[a, b). At the same time we show that the universal lower and
upper bounds for my (a, b] and mpg[a, b) in Theorem 5.6 can be improved for some particular
choice of (X, U).

Theorem 5.9 (Sturmian separation theorem). Assume that (1.1) holds. Then for any conjoined
basis (X, U) of (H) we have the inequalities

M ra(a, b] + rank X, (b) — min{rank X, (b), rank X (b)} < m_ (a, b, (5.29)
mrq(a,b] +rank X (a) — min{rank X (a), rank X (b)} <m (a, b], (5.30)
mp(a,b]l <mp,(a, b]+ min{rank X (a), rank)z'a (b)}, (5.31)

and
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i rpla, b) + rank Xp,(a) — min{rank Xp(a), rank X (a)} < mgla, b), (5.32)
mpgpla, b) + rank X (b) — min{rank X (b), rank X (a)} < mgla, b), (5.33)
mpgla, b) <mpgpla, b) + min{rank X (b), rank Xh (a)}. (5.34)

Proof. The estimates in (5.29) and (5.30) follow from a combination of (5.20) and Lemma 2.3,
in which we take Y := Y (b), Y = fa (b), and W := X7 (a) being the Wronskian of (X, U) and
()A(a, Ua). With the same notation, the result in (5.31) follows from (5.20) and from the first
condition in (2.8). In a similar way we obtain (5.32)—(5.34) from (5.22) and from Lemma 2.3
and the second condition in (2.8), in which we take Y := Y (a), Y = I?b(a), and W := XT (b)
being the Wronskian of (X, U) and ()A(b, ﬁb). O

The estimates in Theorems 5.6 and 5.9 yield the following improvement of Corollary 5.8.

Corollary 5.10 (Sturmian separation theorem). Assume that (1.1) holds. Then for any conjoined
bases (X, U) and (X, U) of (H) we have the estimates

|my(a,b] —fip(a, b] | < min{ max{rank X (a), rank X (a)}, rank X,(b) } <n,  (5.35)
|mgla, b) — fiigla, b) | < min { max{rank X (b), rank X (b)}, rank X, (a) }<n, (536
‘mL(a, bl — mgla,b) | < min { max{rank X (a), rankf((b)}, rankf(a(b) } <n. (5.37)

In particular, for one conjoined basis (X, U) of (H) we have
|my(a,b] —mgla, b) | < min { max{rank X (a), rank X (b)}, rank X,(b) } <n.  (5.38)

Proof. From the lower bound in (5.18) and from the upper bound in (5.31) applied to (X, U)
and (X, U) we get the estimate

|my(a,b] — fig(a, b] | < max { min{rank X (), rank X,(b)}, min{rank X (@), rank X, (b)} }.

Inequality (5.35) now follows from the fact that for any real numbers x, y, z we have the
equality max{min{x, z}, min{y, z}} = min{max{x, y}, z}. In a similar way we obtain (5.36)
from the lower bound in (5.19) and from the upper bound in (5.34) applied to (X, U) and
(X, U). Also, (5.37) follows by a combination of (5.18) and (5.31) applied to (X, U) and of
(5.19) and (5.34) applied to (X' U ). Finally, (5.38) is a consequence of (5.37) for the choice
(f(, (7) := (X, U). Note also that (5.38) can be obtained from (5.27) in Corollary 5.8, if we
realize that | rank X (a) — rank X (b)| < max{rank X (a), rank X (b)}. O

Remark 5.11. The results in Corollary 5.10 have interesting consequences. Namely, it is pos-
sible to obtain an estimate for the difference of the left proper focal points of two conjoined

bases (X, U) and (f( . U) in the interval (a, b], which does not depend on the values at the right
endpoint b. More precisely, inequality (5.35) implies that

|mp(a,b] — iy (a, b] | < max{rank X (a), rank X (a)} < n. (5.39)

Similarly, inequality (5.36) yields the estimate
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|mgla, b) — figla, b) | < max{rank X (b), rank X (b)} <n, (5.40)

which does not depend on the values at the left endpoint a. The results in (5.39) and (5.40) allow
to compare the numbers of proper focal points of (X, U) and (X, U) in unbounded intervals,
when the system (H) is nonoscillatory, see also Remark 7.6.

6. Continuity and limit properties of comparative index

In this section we derive two results regarding the continuity and limit properties of the
comparative index and a connection of the comparative index (or its one-sided limits) with the
multiplicities of proper focal points of a conjoined basis of (H) at a point #.

Theorem 6.1. Assume that (1.1) holds. Then for any two conjoined bases (X, U) and ()2 , U ) of
(H) the following properties are satisfied.

(i) The comparative index M(Y(t), ?(t)) is piecewise constant on [a, b] and right continuous
on la, b). In addition,

lim (Y (0), Y (1)) = (Y (1), Y (t0)) — mp(to) + AL (t0), to€(a,bl,  (6.1)

l—)lo

and M(Y(t), 17(1‘)) is not left continuous at ty € (a, b] if and only if my (tg) # m (tp).
(i1) The dual comparative index M*(Y ), Y (t)) is piecewise constant on [a, b] and left continu-
ous on (a, b). In addition,

lim (Y (), ¥ () = 1* (Y (t0), ¥ (10)) = mr(to) + fip(to), to€la,b),  (6:2)

114
and p* (Y(t), I?(t)) is not right continuous at ty € [a, b) if and only if mg(ty) # m g (to).

Proof. Let 79 € (a, b] be fixed and let ¢ € (a, ty) be close to #5. We apply formula (4.6) in Theo-
rem 4.1 witha :=¢ and b :=1g and let r ' 9. We have

mp (o) —mp(to) = lim mp(t,t0] — Lim 7ig (¢, 10] = lim {mp (¢, 0] — AL (¢, 10] }
l—)lo l‘—)l‘o l—)lO
= (Y (@) T t9) — lim w(Y (1), ). (63)
l‘—)l‘0

Similarly, if #y € [a, b) is fixed anc~1 t € (19, b) is close to 1o, then we may assume without loss of
generality that Ker X (s) and Ker X (s) are constant for s € (f, t), so that both m (f9, t] = 0 and
my (to, t] = 0. Hence, by formula (4.6) with a := fy and b := ¢ and taking 7 \| fp we have

0= lim {mp (10, 1] = Lo, 1} = Tim u(¥(@®), 7)) = n(Y(t0), Vt0)).  (6.4)

=1 =1y

Formulas (6.3) and (6.4) show that the one-sided limits of 4¢(Y (), ¥ (#)) exist and that
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lim (Y (1), ¥ (1) = u(¥ (t0), ¥ (), to € [a, b), (6.5)

=1

as well as (6.1) hold. Therefore, the comparative index ,u(Y (1), Y (t)) is right continuous on [a, b)
and it is not left continuous exactly at points 7y € (a, b], where my (ty) # m (fy). Moreover,
since (Y (1), Y (1)) attains only integer values, it follows from (6.1) and (6.5) that (¥ (1), Y (1))
is constant on some left neighborhood of every 7y € (a, b] and on some right neighborhood of
every fg € [a, b). These facts together with the compactness of [a, b] imply that M(Y(t), Y (t)) is
piecewise constant on [a, b], which completes the proof of part (i). For part (ii) we proceed in
a similar way by applying formula (4.7) in Theorem 4.1, once for ty € (a, b] witha :=t¢, b := 19,
and t 7 1y to get mg[t, tg) = 0 = mig|t, to) and

0= lim {mglt, ) — Aiglt. t0)} 2’ lim pw*(Y (1), ¥ (1)) — w* (Y (t0), Y (t0)),  (6.6)

=1, =1,

and once for #g € [a, b) witha :=1y, b :=t¢, and 1 "\ fy to get

mpg (o) —mg(to) = lim mglto, 1) — lim Aiglto, 1) = lim {mglto,1) — mglto, 1) }
=1 =1 t—1
4.7 ~ i -
2w (Y @), ) — Tim @ (Y (@), F0). 6.7)
t—)to

Equations (6.6) and (6.7) then show the statements in part (ii). O

Remark 6.2. Since ,u(Y (1), Y (t)) and /L*(Y (1), f’(t)) attain only nonnegative integer values, the
existence of their one-sided limits showed in the proof of Theorem 6.1 is equivalent with the
conditions

(Y (10), Y (10)) — mp (o) + g (19) forallz € (i — &, to),

(
n(Y (t), Y (tp)) forallt € (to, to + &),
*(Y (t0), Y (t9)) forallt € (tg — e, to),

u(Y @), Y1)
n(Y®,Y0)

(Y(0).Y (@)
(Y1), Y (@)

*

ESERS

"
n *(Y(t0), Y (to)) — mg(to) +iig(ty) forallt € (fo, 19+ &),

in all four cases for some ¢ > 0 depending on the chosen point #.

The next result shows how to compute the multiplicities in (1.5) and (1.6) of left and right
proper focal points of (X, U) at some point 7y by a limit involving the comparative index.

Theorem 6.3. Assume that (1.1) holds. Let (X, U) be a conjoined basis of (H) and let ()A( ts 0,)
be the principal solution of (H) at the point t, i.e., (3.1) holds with s = t. Then with the notation
in (4.1) we have

mp(to) = lim (Y (t9), Y; (1)), o € (a, b], (6.8)
t—)to
mp(to) = lim pu*(Y(t0), ¥; (10)), 10 € la, b). (6.9)

=1,
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Proof. Let 1o € (a b] be fixed. For (6.8) we apply formula (4.6) on the interval [z, 9] with
(X U )= (X ts U,) being the principal solution at ¢, together with the notation (5.10) and (5.13)
on [t, tp]. First we observe that the principal solution (X 0> U,O) of (H) at 7 has no right proper
focal points in [¢, f9) when t < fg is close enough to 7y, since the kernel of X 7 (s) 1s constant for
s € [t, o) in this case. Therefore, m g, [, t9) = 0 for all 1 < #o close enough to #9. This implies
by (5.16) that also

mp(t,to] = mpylt, 10) =0 forall 7 < tg close enough to 7. (6.10)

By using ¥, (f) = E and formula (2.9) we obtain that u(Y (1), E) =0 and hence,

mito) = Tim mp(t, 1] =" lim {mp (¢, to] — (¢, 101 )
t—)to t—)to

= tim (Y (@), T (0) = (Y (0). E)} = tim (¥ (10). T (1),

=1, =1,

which proves (6.8). In a similar way, if ¢y € [a, b) is fixed, then the principal solution ()A( f0 ﬁt())
of (H) has no left proper focal points in (g, ¢] when ¢ > £y is close to fy, since the kernel of X 10 (S)
is constant for s € (o, ¢] in this case. Therefore, by (5.16) we obtain

mpelto, 1) =mp(to, t]=0 forall r > 19 close enough to 7. (6.11)

By using formula (2.9) we then obtain that u*(Y(t), E) = 0 and hence,

mg(t) = lim melio, 1) =" lim {mglto, 1) — Agelo, 1) }
t—)to [—)to

= tim (Y @), B () — 1 (Y (), E)} = Tim (Y (10), ¥ (10)).

t—)to t—>t0
This shows that (6.9) holds and the proof is complete. O

Remark 6.4. Formulas (6.10) and (6.11) in the above proof have the following interpretation.
There exists ¢ > 0 such that for all # € [#9 — &, fy) the principal solution (X fs ﬁt) of (H) at the
point ¢ has nonincreasing kernel on the interval (¢, 79], and for all ¢ € (¢, tp + €] the principal
solution ()A( . 0,) of (H) at the point # has nondecreasing kernel on the interval [#g, ¢). Therefore,
by (5.15) in Theorem 5.3 together with i gy, [, f0) = 0, X;(to) = — X (1), and (3.20) we obtain

mpg:lt, to) O rank X, (ty) = rankX,o(t) G20

n—d[t, o], te€lto—¢,1t). (6.12)
Similarly, from (5.14) and (3.19) together with i1, (f, ] = 0 we obtain

iz (to, 11 "2 rank X, (t0) = rank X, (1) "= n — d[to,1], 1 € (to. to + 1. (6.13)
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In Theorem 6.3 we established the existence of the left-hand limit at 7o of the compar-
ative index M(Y (t0), Y; (to)) and the right-hand limit at 79 of the dual comparative index

w* (Y(to), I?, (to)). In the next result we show that these comparative indices have limits at the
point 7 also from the opposite sides. It is surprising that the values of these limits then depend
on the abnormality of system (H) in the corresponding left or right neighborhood of the point 7.
We recall from Remark 3.4 the notation d% for the maximal order of abnormality of system (H)
at the point 79 from the right and left.

Theorem 6.5. Assume that (1.1) holds. Let (X, U) be a conjoined basis of (H) and let ()A( t lA]t)
be the principal solution of (H) at the point t. Then

lim u(Y (), ¥, (t0)) =n—d}, 1o €la,b). (6.14)
t—>t0
lim p*(Y(10), Y; (10)) =n —dy, 1o € (a, D], (6.15)

t—>ty
where the numbers d;)r and dy; are defined in (3.17) and (3.18).

Proof. Letty,t € [a, b] be given. Since the Wronskian of (X, U) and (X ‘s Ijt) is equal to X (1),
it follows from properties (2.6) and (2.7) that

(Y (), Yr (1)) + w* (Y (t), Y: (t0)) = rank X (r) + rank X, (t) — rank X (1o). (6.16)

Assume that 1y, ¢ € [a, b) with 1o < ¢. By (6.13) in Remark 6.4 we know that rankf(t(to) =
n — d[ty, t] when ¢ is sufficiently close to #9. By Proposition 1.1 we also know that rank X (s) =
rank X (t(;r ) is constant on (#g, t] for ¢ close to 7. Combining these facts with the limit in (6.9) in

Theorem 6.3 we obtain from (6.16) that the limit of (Y (7o), Y, (to)) as t — 4 exists and

lim n(Y (10), Y, (to)) = rank X (1) + lim+(n — d[1o, 1]) — rank X (to)

=1, =1,

— lim w* (¥ (t0), ¥; (10))

l‘—)l‘O

SAY) rankX(tar) —rank X () +n — d;)r —mg(ty) © n-— d?()L-

Therefore, equality (6.14) holds. Next we assume that ty,t € (a, b] with ¢t < f9. Then simi-
larly as abgve we obtain from (6.16) by using (6.12), (6.8), (3.18), and (1.5) that the limit of
uw* (Y(to), Y, (t())) as t — f, also exists and

lim p*(Y (10), Y, (to)) = rank X (f;) + lim (n — d[t, 19]) — rank X (19)

t—>t0_ t—>t0_
— lim M(Y(to), Y, (IO))
t—>t0

CL) rank X (¢, ) —rank X (7o) +n — dt; —mpr(ty) (L) n—d

[\

Therefore, equality (6.15) holds and the proof is complete. O



P. Sepitka, R. Simon Hilscher / J. Differential Equations 262 (2017) 914—-944 937

Remark 6.6. Since the values of the comparative index M(Y(to), )A’, (to)) and the dual compara-

tive index ,u*(Y(to), I?, (to)) are nonnegative integers, the existence of the limits in (6.8), (6.14)
and in (6.9), (6.15) is equivalent, respectively, to the statements

(Y(t ) 7 @ )) _ mr (ty) for all ¢ € (9 — &, tg) for some & > 0, 6.17)
H 07 T H0I) = n—d;)r for all t € (¢g, 9 + ¢) for some € > 0, '
A —d forall ¢t € (tg — &, tp) for some € > O,
WY (to), Vi i) = { (to =&, 10) ~ (6.18)
mpg(ty) for all ¢ € (¢y, ty + &) for some & > 0.

Equations (6.17) and (6.18) show that the values of the comparative index /,L(Y (t9), IAG (to)) for ¢

in a right neighborhood of 7y and of the dual comparative index ,u*(Y (1), Y ) (to)) for ¢ in a left
neighborhood of #y do not depend on the choice of the conjoined basis (X, U). Hence, the limits
in (6.14) and (6.15) also do not depend on the choice of (X, U).

Remark 6.7. Formula (6.16) together with Proposition 4.3 implies that if 7o, t € [a, b] are such
that 79 < ¢ and a conjoined basis (X, U) has constant kernel on (zg, 7], then

1 (Y (t0), Y: (1)) =rank X () — rank X (t0),  p(Y (¢0), Y (t0)) = rank X, (to). (6.19)

Similarly, if # < f9p and (X, U) has constant kernel on [¢, #p), then formula (6.16) and Proposi-
tion 4.4 yield the equalities

(Y (1), ¥y (t0)) = rank X (t) — rank X (t9), 1" (Y (¢0), Y (t0)) = rank X, (to). (6.20)

The expressions in (6.19) and (6.20) can be utilized for an easier evaluation of the limits in (6.14)
and (6.15).

7. Examples and concluding remarks

We conclude this paper by several examples, which illustrate our new theory, and by remarks
about the results of this paper, related topics, and future research directions. First we consider
a scalar controllable system (H) from [31, Example 7.1].

Example 7.1. Let n = 1, [a,b] = [0,2], A(t) =0, B(r) = 1 + 12, and C(r) = —2/(1 + 1?)%.
Since B(t) > 0, it follows that system (H) is completely controllable on the interval [0, 2]. The
principal solutions of (H) at the points a =0 and b =2 are

(Xa@, Ua@) = (6, /A +1%),  (Xp (), Up(0) = (2% =31 =2, (41 = 3)/(1 +17)).
For their numbers of left and right proper focal points we then have
n?La(()! 2]203 f’\/lRa[Oy 2): 17 ’%Lb(oa 2]: 13 fﬁRb[Oa 2):03

because (X, Uy,) has the only right proper focal point at # = 0 and (Xp, Up) has the only left
proper focal point at t = 2. Since rankX (2) =1 =rank X »(0), we can see that
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mpp(0,2]=1=iLa(0,2] +rank X4(2), #gal0,2) =1 = iig,[0,2) + rank X (0),
as we claim in (5.14) and (5.15) in Theorem 5.3. At the same time we have
Mmgal0,2) =1=mrp(0,2], mra(0,2]=0=mgpl0,2),

as we claim in (5.16) in Corollary 5.4. Moreover, by (5.18) and (5.19) in Theorem 5.6 every
conjoined basis (X, U) of (H) satisfies

0=mp(0,2]<1, 0=mg[0,2)<1. (7.1)

For example, consider the conjoined bases

(X(0), U®) = (=242t +1, (=2t4+2)/(1+1D), (X@), U@®)) = (=141, =2t/(1+1%)),

which of course satisfy (7.1), since my(0,2] =0 = mR[O 2) and m7(0,2] =1 =mg[0,2). In
the latter case the left and right proper focal point of (X, U) is at ¢ = 1. For the differences of the
numbers of the left/right proper focal points of (X, U) and (X, U) we then have

|mp(0,21—mp(0,2]| =1, |mp(0,2]—mgl0,2)| =1, |mp(0,21—mgl0,2)|=0<1,
|mgl0,2) —7igl0,2) | =1, |mg[0,2) —mp(0,2]|=1, |mr(0,2]—g[0,2)]=0<1,

which illustrate the estimates (5.24)— (5. 27) in Corollaly 5.8. Also, since in this case we have
rank X (0) = 1 = rank X (2) and rank X (0) = 1 = rank X (2), the equalities

mp (0,2] 4+ rank X (2) =1 =mg|[0, 2) + rank X (0),
711(0, 2] + rank X (2) = 2 = n1g[0, 2) + rank X (0)
illustrate the validity of (5.1) in Theorem 5.1. Concerning the comparative index M(Y (1), Y(t))

and the dual comparative index p* (Y (1), Y (1)), we have by (2.3)~(2.4) that W = —2, M(1) =0,
V(t)=1,and P(t) =2(t> — 1)/(—t*> + 2t + 1). Therefore, rank M (¢) = 0 and

I, 1e€l0,1),

oo a2
(Y (), Y(t)) =ind P(t) = ind (¢ 1)_{0, re[l,2],

(Y (), T (1)) =ind[=P©)] =ind (1 =2y = { 'O
' ’ - - 11, teq,2n

Consequently, we obtain

m(0,2] = (0,21 = —1=p(Y(2),Y(2)) — u(Y(0), Y (0)),
mgl0,2) — igl0,2) = —=1=pu*(Y(0), Y(0)) — n*(Y(2), Y (2)),

which illustrate equalities (4.6) and (4.7) in Theorem 4.1.
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In our second example we consider an abnormal system (H) and, in addition to the Sturmian
separation theorems illustrated in Example 7.1, we also analyze the continuity and limit proper-
ties of the comparative index. This example is motivated by [35, Example 3.4].

Example 7.2. Letn =2, [a, b] = [%, 77”], A(t)=0,C(t)=—1,and

((1) 8), tel[, n)U[2n,3n),

B() =
(8 ?) t € [m,27) U 3r, ZZ].

If J C [%, 77”] is a given interval, then the order of abnormality d(J) = 1 if the interval J

does not contain the points 7, 27, 37 in its interior, and otherwise d(J) = 0. In particular,
d[% 5 2 L1 = 0. The principal solution of (H) at a = ’5 has the form

—cost sint 0 -
0 1 ) l‘E[—,JT],
1 T —t 0
((0 —smt) ( 0 —cost))’ relm, 2],

< COSt—”SIHI 8),(—Sint6ncost _01)) t € 2n,3m],
((0 Sl?lf) (f—OZN C(?st))’ t €3, 5,
and the principal solution of (H) at b = 77” has the form

«Si(r)lt (1)>’(C%St 2n0—t>)’ tel5,ml,
((8 —cost(insint)’<_01 sint—oncost>>’ t €[m,2m],
<(_S()im _01>’(_C(;)St ,_0377)), 1 €27, 37,
((8 Cc?st>’<(l) —Soint)>’ t € 37, Z1.

For the analysis of the proper focal points of ()A(a, Ua) and ()A( b Ub) as well as of some other

(Xa(), Ua(0)) = |

(Xp(1), Up(t)) =

conjoined bases of (H) we introduce the special points 77, ..., 76 € (%, 77”) defined as
71 = arccotg(—2m) ~ 0.95m7, Ty :=m + arccotgm ~ 1.1m,
13 (=1 + arccotg(—m) ~ 1.97, T4 :=2m + arccotgm ~ 2.1m,

75 :=2m + arccotg(—m) &~ 2.97, 16 := 37w + arccotg(2mw) &~ 3.057.

These points are located according to the inequalities
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371

a=% <7 <T<T<F <r3<27'r<r4<5”

<r5<3n<r6<b:77”.

The numbers and locations of the left and right proper focal points of the principal solutions
(X4, Uy) and (Xp, Up) in the intervals (7, 77”] and [7, 77”) are

mrq(%, 77”] =2 (located at 27, 14), Mmral75, 77”) =4 (located at 5, 7, 14, 37),
mry (5, 77”] =4 (located at 7, 13, 37, 77”), mrpl5, 77”) =2 (located at 13, 27),

and the multiplicity of each left and right proper focal point is 1. Since we have in this case
rank X, (77”) =2 =rank X, (%), the equalities

~ 7 ~ 7 ~ 7 ~ 7
mRa[%, %):4:ml,b(%a Tn]’ mLa(%, TH]:ZZmRb[%, 771')

illustrate the validity of Theorem 5.3 and Corollary 5.4. By Theorem 5.6 we conclude that for
every conjoined basis (X, U) of (H) we have

2<mp(Z,ZE1<4, 2<mp[Z,Z)<4. (7.2)

We demonstrate the validity of (7.2) with the conjoined basis (X, U) defined by

cost O —sint O -

<< 0 1)’ ( 0 —t>>’ relz.ml,
—1 0 t—m 0

(( 0 nsint—cost)’ ( 0 ncost—i—sint))’ t€lm,2n],
mwsint —cost 0 7T CcOSt + sint 0

1 0 2w —t 0 .
((O cost—2nsint>’< 0 —sint—2ncost)>’ t €[3m, 5],

and the conjoined basis (X, U) defined by

2mwsint +cost 0 27w cost — sint 0 fe [T o]

0 1)’ 0 20—t ) )’ Y

(( ! ) (“377 0 )) ¢ € [ 27,
—Ccost — sint 0 sint — 7t cost
—cost—nsmt 0 sint — 7 cost 0

T g

4 —t 0 T

(< cost) ( 0 —sint))’ rel3m 7l

(X1, U@®) =4

(X0), U@)) =
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The numbers and locations of the left and right proper focal points of (X, U) and (X,0) are

mp (%, 77”] =3 (located at 13, 74, T¢), mel%, 77”) =4 (located at %, 13, 14, T¢),
mp (%, 77”] =4 (located at 1y, 13, s, 77”), mrl%, 77”) =3 (located at 11, 13, T5),

and the multiplicity of each left and right proper focal point is again 1. Since in this case
rank X, (77”) =2 =rank X b(%), the inequalities in Corollary 5.8 are then illustrated by
|me (%, Bl—mp (5, 2| =1=<2, |mel%. Z)—mrl%. ) |=1=2,

|mp (%, Bl1—mgl%, Z)|=0=<2, |mgl%, B -3, ZF1|=0=<2,

|mp (G, ZEl—mpl%, By | =1<2, |mg(%, Zl-mrlZ ZF)|=1<2.

Also, since rank X (7) =1 = rankf((%”) and rankX(%”) =2= rankf((%), the equalities

mp (%, 1 +rank X () =5 =mpl5, ) + rank X (%),

mp (%, 77”] —{—rankf((%”) =5=mgl7, 77”) —l—rankf((%)
illustrate the validity of Theorem 5.1.
Next we calculate the comparative index M(Y(t), f/(t)) and the dual comparative index
w*(Y (1), Y (1)). The constant Wronskian of (X, U) and (X, U) is W = 27 I. Therefore, by (2.4)
we have M(¢) = 27 [I — XT(t) X(t)]. This shows that M(¢) is symmetric and rank M (1) =
def X (). This implies that V (t) = X7 (t) X (t) = P(t) and P(t) =2 X' (1) X (t) P(1). Since the
matrices X (7) and X (¢) are diagonal, they commute and ind P(¢) = ind X (¢) X (t). Therefore, by
(2.3) we have in this case the expressions

w(Y(0),Y(@®) =def X(t) +ind X (t) X (1), p*(Y(t),Y(t)) =def X (1) +ind[-X () X (1)].
This yields after straightforward calculations that

1, rel[Z,t1) U, 13) Ulw, t5) U[16, 77”)»
0, t €lt1,2) U[13, T4) U [75, T6) U{%}’

p(@) = p(Y®), Y (0) = {

te{F}U (1, 2] U (13, 4] U (15, T6],

t€ (G ulU(n, 53]V (w, 151U (16, 1.

~ 2,
wH(0) = (Y (1), P (1) = { 1

We can see that w(z) and u*(¢) are piecewise constant on [Z %1 and that w(t) is right-

20 2
T In n In

continuous on [75, 7-) and w*(¢) is left-continuous on (7, 5], as we claim in Theorem 6.1.
The discontinuity points of w(z) are located at t1—74 and at 77” and the discontinuity points of
w*(t) are located at % and at t1—1¢. Moreover, according to (6.1) and (6.2) the jumps in the
values of w(¢) and p*(¢) at each discontinuity point 7 satisfy

pu(to) = lim p(r) =mp(to) —mp(to), p*(fo) — im p*(t) =mg(to) —mg(to).  (7.3)
t—1; t—ty
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For example, the differences in (7.3) are equal to 1 when 7y € {12, 74, 76} and they are equal to
—1 when 1y € {11, 13, T5}. Also, Theorem 4.1 is illustrated by the equalities

mp(Z, E =i (&, Fl=—1=pn(Z) — u?),
mpl%, ) —mgl%, B =1=p*(Z) — n*(5).

Next we will illustrate the validity of Theorems 6.3 and 6.5 at some given fy, e.g., at the
point fo = 12 € [, 27]. For this purpose we need to calculate the value of the principal solution
(Xt, Uy) at the point 77 for ¢ in some neighborhood of 7. We can directly verify that

(}2,@),0,@)):((8 Sin(so_t)),(é Cos(f_t)>), s,t €[m,2m]. (7.4)

The conjoined basis (X, U) is invertible (and hence has constant kernel) on the intervals [, 72)
and (13, 2] and it has a left and right proper focal point at 1, with rank X (o) = 1. Therefore,
we obtain from Remark 6.7 that

WY@ Y () =1 pu¥ ()Y (n)=rankX,(r2), te(n.2n],  (15)
WY (@), Y () =1, p*(Y(r). Y () =rankX,(r2), t€[m, 1) (7.6)

From (7.4) we get that rankf(,(rz) =1 forall ¢t € [w,27], t # 1p. Since d[t, 2] =1 for t €
[, 72) and d[12,t] =1 for t € (12, 2], it follows by (3.17) and (3.18) that alti2 = 1. Then we
obtain from (7.5) and (7.6) that

lim u(Y(©2). ¥ () =1=mp(), lim u(Y(®). ¥ () =1=n—df,
t—)‘[z z‘—>‘L’2
lim p*(Y(22). ¥ () =1 =n—d, lm @*(Y(). ¥ (@) = 1 =mr(z).
t—)‘rz t—>‘L'2

These one-sided limits coincide with those in Theorems 6.3 and 6.5, compare also with Re-
mark 6.6.

Remark 7.3. The results in this paper (in particular, in Theorems 4.1, 5.2, 5.6, 5.9, 6.1, 6.3 and
in Corollaries 5.8, 5.10) are new even for a completely controllable system (H). In this case the
left and right proper focal points of (X, U) coincide, since the matrix X (¢) is invertible on [a, b]
except at finitely many isolated points.

Remark 7.4. Some results in this paper about the numbers of focal points of conjoined bases
of linear Hamiltonian system (H) can be regarded as continuous analogs of discrete time results
for conjoined bases of a symplectic difference system. More precisely, formulas (4.6) and (4.7)
correspond to [13, Corollary 3.1 and Equation (3.4)], formula (5.1) corresponds to [13, Equa-
tion (3.5)], formulas (5.14) and (5.15) correspond to [7, Equations (4.27a)—(4.27b)], formula
(5.16) corresponds to [ 13, Lemma 3.3] and [7, Equations (4.29a)—(4.29b)], inequality (5.31) cor-
responds to [3, Theorem 3.2], and formulas (6.8) and (6.9) correspond to [13, Corollary 3.1].
In this respect the discrete time theory motivates the development in the continuous time theory,
which is the opposite direction compared to the traditional approach. On the other hand, it is easy
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to see that the new estimates in Theorems 5.6 and 5.9 and in Corollaries 5.8 and 5.10 can now be
derived also in the discrete time setting for symplectic systems.

Remark 7.5. During the preparation of the final version of this paper in June 2016, we were
notified about the paper [15] by J. Elyseeva. Her paper deals with comparison and separation
theorems for left proper focal points in (a, b] of two conjoined bases of two different linear
Hamiltonian systems of the form (H) satisfying the Sturm majorant condition. Hence, in some
sense her results are more general than ours in this paper. More specifically, formula (4.6) in our
Theorem 4.1, the statement (i) in our Theorem 6.1, and equality (6.8) in our Theorem 6.3 are
contained in [15] as Theorems 2.2, 2.3, and Lemma 3.1. We would like to emphasize that the
results in the present paper were derived independently of [15] and, to our knowledge, in about
the same time. Also, our proofs use different techniques and they are more straightforward, as
we deal with one system (H) only. In addition, we derive our results for the right proper focal
points as well, and relate them with those for the left proper focal points.

Remark 7.6. The results in this paper open new directions in the oscillation theory of linear
Hamiltonian systems as well as self-adjoint Sturm—Liouville differential equations. For example,
singular Sturmian type theorems for a controllable system (H) on unbounded intervals [a, 00),
(—o0, b], or (—oo, o) are proven in [11]. We are convinced that it is now possible to generalize
and complete the results in [11] to uncontrollable systems (H) by using the comparative index.
We also believe that the comparative index will lead to solving the fundamental questions about
possible distribution and locations of (left and right proper) focal points of conjoined bases of
(H) in [a, b]. These topics will be discussed in our subsequent work.
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1. Introduction

Let n € N be a given dimension. In this paper we consider the linear Hamiltonian system
X =AW x+BOu, u'=CH)x—AT(t)u, tel, (H)

where Z C R is a fixed interval (not necessarily compact) and A, B, C : Z — R"*" are given
piecewise continuous matrix-valued functions on Z such that B(z) and C(¢) are symmetric and
the Legendre condition holds, i.e.,

B(t)=0 foralltel. (1.1)

The purpose of the paper is to develop new fundamental results in the Sturmian theory of
a nonoscillatory system (H) on the interval Z = [a, c0) or Z = (—o0, b], in particular to de-
rive the Sturmian separation theorems concerning the numbers of focal points in Z of conjoined
bases of (H). We refer to Section 2 for the definitions of a conjoined basis and the nonoscillation
of (H). We show that the known Sturmian separation theorems on a compact interval Z = [a, b]
can be extended to the unbounded interval Z = [a, c0) or Z = (—o0, b]. The main ingredients
in this extension are the new concept of a multiplicity of a focal point at infinity for conjoined
bases of (H), which we introduce in this paper, and using the minimal principal solution of (H) at
infinity from [25] as the reference solution for counting the focal points. As a natural tool, which
connects these two concepts, we use the comparative index from [9,10], which was recently
implemented into the theory of linear Hamiltonian systems by the authors in [30] and indepen-
dently by Elyseeva in [12,13]. We note that the first applications of the comparative index in the
continuous time theory were derived in [11, Section 3].

It is known in [19, Theorem 3] or in [14, Proof of Lemma 3.6(a)] that under (1.1) every
conjoined basis (X, U) of (H) has the kernel of X (¢) piecewise constant on Z, i.e., the kernel
of X (¢) changes finitely many times in any compact subinterval of Z. In this case we say that
(X, U) has a left proper focal point at 1y € L if Ker X (¢,) ; Ker X (#p) with the multiplicity

mp (to) := def X (1) — def X (¢, ), (1.2)
and a right proper focal point at to € 1 if Ker X (tg' ) ; Ker X (#p) with the multiplicity
mg(to) := def X (to) — def X (t), (1.3)

see [20,34]. The notations Ker X (tgﬁ), def X (tgﬁ), and later rank X (tgﬁ) represent the one-
sided limits at ¢y of the piecewise constant quantities Ker X (¢), def X (¢) := dim Ker X (¢), and
rank X (7).

In the historical development of the Sturmian theory for system (H) on a compact interval Z =
[a, b] the principal solutions at the points a and b play a fundamental role, see [21, Corollary 1,
p. 336], [20, Corollary 4.8], [32, Theorems 1.4—1.5], and recently [30, Theorem 5.6]. We recall
that the principal solution (X, Uy) of (H) at the point s € [a, b] is defined as the solution of (H)
starting with the initial conditions

X () =0, Us(s)=1. (1.4)
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For future reference in the paper we state the following result from [30, Theorem 5.6]. We em-
phasize that the focal points are always counted including their multiplicities. A more detailed
statement is presented in Proposition 2.2.

Proposition 1.1. Assume that (1.1) holds with T = [a, b]. If the principal solution ()A(a, Ua) of
(H) has m left proper focal points in (a, b], then any other conjoined basis of (H) has at least m
and at most m + rank X, (b) left proper focal points in (a, b]. Similarly, if the principal solution
()A(b, ﬁb) of (H) has m right proper focal points in [a, b), then any other conjoined basis of (H)
has at least m and at most m + rank X, (a) right proper focal points in [a, b).

We note that rank X a(b) =rank X »(a), since this quantity is equal to the rank of the (constant)
Wronskian of the two solutions ()A(a, 0a) and ()A( bs 0;,).

The above result in Proposition 1.1 holds for a general system (H) without any controlla-
bility assumption. Recall that system (H) is completely controllable on Z if the trivial solution
(x (1), u(t)) = (0, 0) is the only solution of (H), for which x(¢) = 0 on a nondegenerate subinter-
val of Z. When Z = [a, oo) resp. Z = (—o0, oo) and system (H) is completely controllable on Z,
then Dosly and Kratz proved in [8, Theorem 1 and Corollary 1] the following results.

Proposition 1.2. Assume that (1.1) holds with T = [a, 00), system (H) is completely controllable
on [a, 00) and nonoscillatory at co. If the principal solution of (H) at infinity has m focal points
in [a, 00), then any other conjoined basis of (H) has at least m focal points in [a, 00).

Proposition 1.3. Assume that (1.1) holds with T = (—o00, 00), system (H) is completely control-
lable on (—o0, 00) and nonoscillatory at £00. Then the principal solutions of (H) at infinity and
minus infinity have the same number of focal points in (—00, 00).

For a completely controllable system (H) on [a, c0) we know by [18, Theorem 4.1.3] that
Ker X (toi) = {0} for every point ty € [a, 00). This means that the notions of left and right proper
focal points in (1.2) and (1.3) coincide, i.e., m (ty) = mg(ty), and the corresponding multiplicity
is

m(ty) :=def X (#p). (1.5)

Recall that the pripcipal solution ()A( o0 000) of (H) at infinity is defined as a conjoined basis
of (H), for which X, (#) is invertible on some interval [¢, c0) and

t
-1
lim < / X&I(S)B(S)X;_l(s)ds) =0.

t—00
o

According to [21, Theorem VII.3.3] or [5, Theorem 3, p. 43] or [16, Section XI.10.5(1)—(i)],
this solution exists and is unique up to a constant right nonsingular multiple when system (H)
is nonoscillatory and completely controllable on [a, c0). However, the questions regarding the
validity of the estimates in Proposition 1.1 on unbounded intervals (i.e., for b = 00), as well as
removing the complete controllability assumption in Propositions 1.2 and 1.3 remained open.

In this paper we provide a solution to both of the two above problems. We show that in the
absence of the controllability assumption the minimal principal solution of (H) at infinity from
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[25,26] should be used as the reference solution for counting the (left and right proper) focal
points. According to [25, DeﬁniAtion 7.1], this solution is defined as a conjoined basis (X0, Uso)
of (H), for which the kernel of X (#) is constant on some interval [¢, 00) and

t
;
lim ( / XTI (s) B(s) X;T(s)ds) =0, (1.6)

1—00
o

where the dagger denotes the Moore—Penrose pseudoinverse [2—4]. Similarly to the controllable
case, the minimal principal solution of (H) at infinity exists and is unique up to a constant right
nonsingular multiple when the system (H) is nonoscillatory, see [25, Theorems 7.2 and 7.6] and
Proposition 2.9.

The second main ingredient of the present paper is concerned with the definition of the multi-
plicity of a focal point at infinity (Definition 3.1) for conjoined bases of (H). This is a completely
new notion in the theory of differential equations (it is new even in the controllable case), which
is related to a unified view on the principal solutions of (H) at a finite point and at infinity. In [31,
Theorem 5.8] we proved that these two types of solutions coincide, that is, the principal solution
at 7 is in fact the (left and right) minimal principal solution of (H) at 7y in a sense parallel to (1.6).
Then, motivated by the result in [31, Theorem 6.1], we define the multiplicity of a focal point of
(X, U) at infinity as the difference of the defect of its associated 7'-matrix Ty, o and the order of
abnormality of system (H) on [«, 00). The matrix T},  is defined by

t
To. 0o ::tl_i)rgoS;(t), Sy (1) ::/XT(S)B(s)X”(s)ds, t € o, 00), (1.7)

o

where o € [a, 00) is such that the kernel of X (¢) is constant on [¢, 00). Using this new concept
we prove (Theorem 5.7) that the results in Proposition 1.1 extend naturally to unbounded inter-
vals, when the multiplicities of the left proper focal points are counted in the interval (a, oc]. In
particular, the multiplicity of the (left) focal point at infinity should be included.

The results in Proposition 1.1 are essentially based on using the comparative index, which was
introduced by Elyseeva in [9,10], to express the difference of the numbers of left proper focal
points of two conjoined bases (X, U) and ()~( U ) of (H) in (a, b]. Similarly, the dual comparative
index is used for the difference of the numbers of right proper focal points of (X, U) and (X, U)
in [a, b), see Subsection 2.2. As a main tool for proving our new Sturmian separation theorems
we derive (Theorem 5.1) extensions of the above mentioned formulas to unbounded intervals
(a,o0] or [a, 00). In this approach we also apply the limit characterization of the minimal prin-
cipal solution of (H) at infinity in different genera of conjoined bases from [26, Corollary 5.5], as
well as a newly derived characterization of antiprincipal solutions of (H) at infinity in different
genera of conjoined bases (Theorems A.1 and A.4 in the appendix). Our new results also include
optimal estimates for numbers of focal points of one or two conjoined bases (Theorems 5.7
and 5.10 and Corollaries 5.8 and 5.13), as well as limit properties of the comparative index at
infinity (Theorem 6.1) and its relationship with the multiplicities of focal points at infinity (The-
orem 6.4). As an application of the main Sturmian separation theorems for system (H) we derive
a singular version of the Sturmian separation theorem for the second order Sturm-Liouville dif-
ferential equations (Remark 7.1) and discuss the corresponding notion of disconjugacy on the
unbounded interval [a, oo] (Theorem 7.2). We note that all the presented results extend naturally
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to the unbounded intervals of the form (—o0, 00], [—00, 00), or (—00, 00) (Remark 8.1). We also
wish to emphasize that all the results are new even for the completely controllable system (H).

In conclusion, we believe that this paper provides a new perspective in understanding the
Sturmian theory of linear Hamiltonian systems and Sturm-Liouville differential equations on
unbounded intervals. We are also convinced that these results will stimulate further development
in the oscillation theory of differential equations in general.

2. Conjoined bases and their properties

In this section we present an overview of the properties of conjoined bases of (H) in the
general possibly uncontrollable case. We also recall the definition of a comparative index, the
order of abnormality of (H), the nonoscillation and genera of conjoined bases of (H), and the
principal and antiprincipal solutions of (H) at infinity.

2.1. Conjoined bases
We adopt a usual convention that 2n x n matrix-valued solutions of (H) will be denoted by

the capital letters, typically by Y, Y, Y, Y, etc. In this case we split the solutions into two n X n
blocks denoted by X and U (preserving the notation in Y), i.e.,

(X - (X(1) o (X()
Y(t) = (U(t))’ Y(t)= (U(t))’ Y(t)= (U(t)) (2.1)
for generic conjoined bases of (H), or
o (XY o (K@Y 5 (Xe®

for the (minimal) principal solutions of (H) at the point s € Z, resp. at plus/minus infinity.

A solution Y of (H) is a conjoined basis if XT (t) U(t) is symmetric and rank Y (t) = n for
some (and hence for any) ¢ € Z. The principal solution Y, for s € Z, which is given by the initial
conditions (1.4), is an example of such a conjoined basis. For two solutions Y and Y of (H) their
Wronskian

WYY =Y JYo) =XxT0U@®) —UT (1) X (1) (2.3)

is constant on Z, since its derivative is zero throughout Z. Any conjoined basis Y forms a one
half of a symplectic fundamental matrix ®(¢) of (H), i.e.,

o= (Y1) Y1), TOITe0)=J. J::(_O, é) (24)

In this case the conjoined bases Y and Y are normalized in a sense that their Wronskian is
W(Y,Y) = I. This can be equivalently formulated as

xuT —xvT=1, xx'=xx", vo'=v0U", (2.5)



7486 P. Sepitka, R. Simon Hilscher / J. Differential Equations 266 (2019) 7481-7524

sayi_ng}hat > == CDT(t_) J and ®(t) @ 1(r) = I. We note that for any conjoined bases
Y, Y, Y of (H) such that W(Y, Y) = I the n X n matrix

WY)W, V)] is symmetric. (2.6)

The proof of (2.6) follows from the properties in (2.5).

Next we consider constant real 2n x n matrices Y;, i € {1, 2, 3, 4}, and derive additional prop-
erties regarding their Wronskian type matrices W(Y;,Y;) = Yl.Tj Y;. In applications of these
properties in Section 4 the matrices Y; will be the values of conjoined bases of (H) at some fixed
point 1o € Z.

Proposition 2.1. Let Y1, Y3, Y3, Y4 be real constant 2n x n matrices. Then

WXL, Y) W3, Y) — WXL Y)W, Y) =Y T (Y2 13)T (Y2 Y3)TJY4- (2.7)

In particular, if W(Y2, Y2) =0= W (Y3, Y3) and W (Y3, Y2) = I, then
WY1, Y2) W(Y3, Ys) — W(Y1, Y3) W(Y2, Yg) = W(Y1, Ya). (2.8)

Proof. Identity (2.7) follows by direct calculations by using that Y» Y3T — Y3 Y2T =YJ)y’
with the 2n x 2n matrix Y := (Y2 Y3). If in addition W(Y>,Y>) = 0 = W(¥3,Y3) and
W (Y3, Y>) = I, then the matrix ) satisfies VI7Y=—7,and hencealso Y J YT = — 7. There-
fore, identity (2.8) follows from (2.7). O

If Y is a conjoined basis of (H), then we use for simplicity the terminology kernel of Y, image
of Y, and rank of Y for the quantities Ker X, Im X, and rank X, respectively. In this context the
property that Y (¢) has a constant kernel on some interval Zg C Z means that the kernel of X (¢)
is constant on Zy.

2.2. Focal points and comparative index on compact interval

For a conjoined basis Y of (H) the multiplicities of its left and right proper focal points are
defined, under (1.1), by formulas (1.2) and (1.3). For the interval Z = [a, b] we denote by

mp (a, b] := the number of left proper focal points of Y in (a, b], 2.9)
mgla, b) := the number of right proper focal points of Y in [a, b). (2.10)

In the same spirit as in (2.9) and (2.10) we will use the notations my (a, b], mgla,b) and
mps (a b], mgsla, b) for the numbers of left and right proper focal points of a conjoined ba-
sis ¥ and of the principal solution Yy in the given interval, typically with s € {a, b, t} or later in
Section 5 with s = +00. The following regular Sturmian separation theorems were derived in
[30, Section 5], compare also with Proposition 1.1.

Proposition 2.2. Assume that (1.1) holds with Z = [a, b). Then for any conjoined basis Y of (H)
and the principal solutions Y, and Y, we have
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my (a,b] + rank X (b) = mgla, b) + rank X (a), (2.11)

mrp(a,b] =ie(a, b] +rank X,(b), #iggla, b) = iigpla, b) + rank Xp(a), (2.12)
Mmgala,b) =mypp(a,bl, mrq(a,bl=mgpla,b), (2.13)

mpqa(a,bl <mp(a,b] <mpp(a,bl, mgrpla,b) <mgla,b) <mgrala,b). (2.14)

The identities and estimates in Proposition 2.2 are based on the exact formulas

mp(a,b] —fig(a, b= p(Y (1), Y (b)) — n(Y (). ¥ (@), (2.15)
mgla, b) —iigla, b) = p*(Y(a), Y (@)) — u* (Y (b), Y (b)), (2.16)
mp(a, bl =iira(a, bl + u(Y (b)), Ya(b)), (2.17)
mgla, b) = fiigsla, b) + 1* (Y (@), Ys(a)), (2.18)

which involve the comparative index u(Y, 17) and the dual comparative index u*(Y, Y ), see [30,
Theorem 4.1, Equation (5.28)] and also [12, Theorem 2.3]. In addition, the multiplicities in (1.2)
and (1.3) are related with the comparative index by the formulas, see [30, Theorem 6.3] or [12,
Lemma 3.1],

mp(to) = lim p(Y (t0), Y;(t0)), mr(to) = lim 1 (¥ (10). ¥: (t0)). (2.19)

1=ty =1y

More precisely, following [9,~Deﬁnition 2.1] or [10, Definition 2.1] we define for two real
constant 2n x n matrices Y and Y such that

Y'gy=0, Y'JY=0, rankY=n=rank¥, W:=Y'JY (2.20)
their comparative index (Y, Y ) and the dual comparative index pu*(Y, Y ) as the numbers
w(¥,Y):=rank M +indP, w*(¥,Y) :=rank M + ind(—P), (2.21)
where M and P are the n x n matrices
M=U-X"X)wW, P=vWIX'Xv, v.i=1—-MM. (2.22)

Here Y and Y are partitioned into n x n blocks according to the notation in (2.1). We note
that the matrix V is the orthogonal projector onto Ker M and the matrix P is symmetric, see
[10, Theorem 2.1]. The quantity ind’P denotes the index of P, i.e., the number of its negative
eigenvalues, and obviously ind(—P) = rank’P — indP. Among the algebraic properties of the
comparative index in [10, Section 2], see also [30, Section 2] for their overview, we mention

w(¥,Y)+rank X = pu*(Y,Y) +rank X, (2.23)
w(,Y)+uY,Y)=rank W = u*(¥,Y) + u*(¥,Y), (2.24)
w(Y,E)=0=pu*(Y,E), p(E,Y)=rankX =u*(E,Y), E:=(,DT. (2.25)

The following transformation formulas were proven in [10, Theorem 2.2].
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Proposition 2.3. For arbitrary symplectic 2n x 2n matrices S, ®, and ® we have

w(SPE,SE) — n(S®E,SE) = un(S®E,SPE) — uw(®E, DE), (2.26)
wW (S PE,SE) — u*(SPE,SE) = u*(SPE,SPE) — u*(PE, DE). (2.27)

In addition, by using (2.20)—(2.22) we can check easily the identities
u(=Y, V) =p(¥,=V)=p¥,¥V), u*(=Y,¥)=p*(¥,-¥V)=p*(¥,7). (2.28)
2.3. Order of abnormality

We denote by d[¢, oo) the dimension of the space of vector solutions (x =0, u#) of (H) on the
interval [z, 00). This number is called an order of abnormality of system (H) on [z, 00). Then
0 <d[t,00) < n and the integer-valued function d[¢, c0) is nondecreasing, piecewise constant,
and right-continuous on [a, 00). Therefore, there exists the maximal order of abnormality d,
which satisfies

doo := lim d[t,00) = max d[t,o0), 0=<dy <n. (2.29)
—00 tela,o00)

Obviously, for a completely controllable system (H) we have d[f,00) = dso = 0 for all ¢ €
[a, 00). In a similar way we define for Z = (—o0, b] the quantity

d_oo:= lim d(—o0,f]= max d(—o00,t], 0<d_ <n, (2.30)
I——00 te(—o0,b]

compare with [31, Equations (2.16)—(2.17)].
2.4. Nonoscillation of system (H)

Let Z = [a, 00). We say that a conjoined basis Y of (H) is nonoscillatory (at 0o) if there exists
a € [a, 00) such that Y has no left proper focal points in the interval (o, 00). In this case we may
assume without loss of generality that the point « is such that Ker X (¢) is constant on [, 00). By
[33, Theorem 2.2] we have the following.

Proposition 2.4. Assume that (1.1) holds with T = [a, 00). Then there exists a nonoscillatory
conjoined basis of (H) at oo if and only if every conjoined basis of (H) is nonoscillatory at oo.

Based on this result we say that system (H) is nonoscillatory if one (and hence every) con-
joined basis of (H) is nonoscillatory (at co). In the opposite case we say that system (H) is
oscillatory (at 0o). In a similar way we define for Z = (—o0, b] the nonoscillation of system
(H) at —oo in terms of the nonexistence of right proper focal points of a conjoined basis Y in
the interval (—oo, B) for some B € (—00, b], or equivalently by the property of having constant
kernel of X (¢) on (—oo, B]. The opposite situation defines the notion of an oscillatory system
(H) at —oo. We note that we can use either the left proper focal points or the right proper focal
points to define the oscillation of a conjoined basis Y at £00, since by (2.11) we have
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imp(a, bl —mgla, b)| = |rank X (a) — rank X (b)| < n.

Let Z = [a, c0) again and let system (H) be nonoscillatory at co. Let Y be a conjoined ba-
sis of (H) with constant kernel on [o, o0). We define the constant orthogonal projector P onto
Im X7 () = [Ker X (+)]* and the orthogonal projector R(¢) onto Im X (¢) on [«, 00) by

P=X"X1®), RO:=X0X'@), tela 00). (2.31)
In this case Y has constant rank r on [«, 00) with, see [25, Equation (5.13)],
r:=rank X (¢) =rank P =rank R(¢), te€la,o0), n—dla,o0)<r <n. (2.32)

The matrix X' (¢) is then piecewise continuously differentiable on [«, o0) by [4, Theorems 10.5.1
and 10.5.3]. This yields that the associated matrix Sy (¢) in (1.7) is well defined on [, 00)
and, under (1.1), it is symmetric, nonnegative definite, and piecewise continuously differen-
tiable on [«, 00). Moreover, the set Im Sy (¢) is nondecreasing and hence eventually constant
with Im S, () € Im P on [«, 00), see [25, Theorem 4.2]. This implies that the orthogonal projec-
tor Pg, () onto Im S, (7) is eventually constant and we write

Ps, (t) := S5 (1) Su(t) = Su(2) SI(2), 1€, 00), Ps,o0:=Ps,(t), t—o00. (2.33)

In addition, by [25, Theorem 5.2 and Remarks 5.3 and 6.2(ii)] we have the properties

Im Sy (t) =Im Pg, (1) CIm Ps, oo CImP, 1€ [a,00),

(2.34)
ImTy 00 €Im Ps, o, Ttank Ps o =n —d[a, 00).

The function S, (¢) is closely related with a certain class of conjoined bases of (H), which are
normalized with Y. More precisely, in [25, Theorem 4.4] we proved that for a given conjoined
basis Y with constant kernel on [«, 00) there exists a conjoined basis Y of (H) such that ¥ and ¥
are normalized, i.e., (2.5) holds, and

X" (@) X (@) =0. (2.35)

Moreover, by [25, Remark 4.5(i1)] the matrix X (1) is uniquely determined by Y on [«, 00), as
well as the matrices

XOP=X(0)Sy(t), UOP=U®)Sa@®)+XTO)+UOUI-P)X () X" () (2.36)

are uniquely determined by Y on [«, 00).
The following result from [25, Theorem 4.6] shows that under a certain condition the con-
joined bases of (H) with constant kernel on [¢, 00) are mutually representable.

Proposition 2.5. Assume that (1.1) holds with T = [a, 00). Let Y| and Y> be conjoined bases of
(H) with constant kernels on [a, 00) and let Py and P> be the projectors defined in (2.31) through
the functions X1(t) and X,(t), respectively. Let Yy be expressed in terms of Y| via matrices M1,
N1 and let Y1 be expressed in terms of Y2 via matrices Ma, N», that is,
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X2\ _ (X1 X1 M, X1\ _ (X2 )_(2 My
()= a) () (2)=(5 &) (%) wwo. em
where Y| and Y, are conjoined bases of (H) satisfying (2.5) and (2.35) with regard to the con-
joined bases Y1 and Y. If Im X1 () =Im X7 (@), then

@) MIT Ni and MZT Ny are symmetric and N1 + N2T =0,
(i) My and M, are nonsingular, My My = My My = I, and P,M, = (P Ml)T,
(ii1) Im Ny € Im P and Im Ny C Im P;.

Moreover, the matrices M1, N1 do not depend on the choice of Y1, and the matrices M>, N» do
not depend on the choice of Y, namely

Ni=W(Y1,Y2), Na=W(Y2,Y))=—N], M =-W(¥,Y2), My=—-W(,1)).
(2.38)

The first equality in (2.36) applied to the conjoined bases Y| and Y> allows to rewrite expres-
sions (2.37) into the form

X3 () =X;®)[P; M; + Sia (1) N;], tela,00), iefll,?2}, (2.39)

where S14 () and Sy (¢) are associated with Y7 and Y, through (1.7). Hence, under the assump-
tions of Proposition 2.5 we have Im X1 (#) = Im X»(¢) on [«, 00), that is, the conjoined bases Y
and Y; have eventually the same image.

2.5. Genera of conjoined bases

Let system (H) be nonoscillatory at co. As in [26, Definition 6.3 and Remark 6.4] we define
a genus G of conjoined bases of (H) as an equivalence class of all conjoined bases of (H) which
have eventually the same image. In this case we define the rank of G as the eventual rank of
some (or any) conjoined basis Y € G°°, see also [27, Remark 6.4]. Moreover, from (2.32) and
(2.29) it follows that n — d < rank G < n.

Conjoined bases Y of (H), which have eventually the smallest possible rank n — d, according
to (2.32), form the unique minimal genus G2% . Similarly, conjoined bases having the largest
possible rank n form the unique maximal genus Gy, . That is, for Y € G2, the matrix X (¢) is
eventually invertible, see also [26, Remarks 7.14 and 7.15].

In [28, Section 4] we introduced an ordering Q’loo < g2°° between two genera of conjoined
bases by the inclusion between the images of their representing conjoined bases, i.e., eventually
Im X (¢) € Im X>(¢) holds for Y1 € G° and Y, € G5°. In particular, the results in [28, Theo-
rem 4.8 and Remark 4.7] say that the set ' > of all genera of conjoined bases of (H) forms
a complete lattice, where G7°A G5° and G{°V G5° denote the genera represented by conjoined
bases having their image eventually equal to Im X1 () N Im X (¢) and Im X{(¢) 4+ Im X»(?), re-
spectively. In this case the two genera G and G7 . are the smallest and the largest elements of
the set I"* in this ordering.

In a similar way we treat the genera of conjoined bases in the neighborhood of —oo by using

the notation G=°°, G_>, G etc.
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Remark 2.6. The theory of genera of conjoined bases of (H) at 0o discussed above as well
as in [24,26-28] extends under the Legendre condition (1.1) in a straightforward way to the left
and right neighborhoods of any finite point ¢y € [a, 00). This is a consequence of the fact that the
left and right proper focal points of any conjoined basis of (H) are isolated, by [19, Theorem 3].
In this context we will use the notation G (th) for the genus corresponding to a conjoined basis
Y in a left/right neighborhood of the point g, or the notation Gpi, (tg:) and Gmax (tgt) for the
corresponding minimal and maximal genus. This idea is similar to the unification of the theory of
principal and antiprincipal solutions at =00 and at a finite point ¢y, which was recently developed
in [31].

2.6. Relation being contained for conjoined bases

In the following subsection we recall a construction of conjoined bases of (H) with constant
kernel through a relation “being contained”, see [25, Section 5] for more details. Let Y and Y, be
two conjoined bases of (H) such that ¥ has constant kernel on [, 00). Let P and Pgs,, be the
associated orthogonal projectors for Y defined in (2.31) and (2.33). We say that Y, is contained
in'Y on [a, 00), or that Y contains the conjoined basis Y, on [«, 00), if there exists an orthogonal
projector P, such that X, (#) = X(¢) P on [«, 00) and

Im Ps, oo €Im P, CIm P. (2.40)

It follows that every conjoined basis Y, of (H), which is contained in a conjoined basis Y of (H)
with constant kernel on [«, 00), has also a constant kernel on [«, 00) with

Ker X, (1) =Ker P,, X, (t)=X"(t)R.(r) onl[a,o0), (2.41)

where the matrix R,(¢) is defined in (2.31) through X, (). The importance of the relation being
contained can be seen from the following results, see [25, Section 5].

Remark 2.7. (i) In [25, Theorem 5.11] we proved that the relation “being contained” preserves
the corresponding S-matrices, and hence also the T-matrices. More precisely, if Y is a conjoined
basis of (H) with constant kernel on [«, 00) and S, (7) is the associated matrix in (1.7), then for
any conjoined basis Y, of (H), which is contained in Y on [«, 00), its corresponding matrix Sy ()
satisfies the equality Sy (#) = Sq(¢) for all ¢ € [, 00), and consequently also Tiy, 0o = T, co-

(i1) From [25, Remark 5.13] it follows that every conjoined basis of (H) from the minimal
genus r‘fgn, which has constant kernel on [, 00), can be constructed from a given conjoined
basis Y with constant kernel on [«, 00) by using the relation “being contained” with the choice
of Py := Pg, . Moreover, as we comment in [26, Remark 7.14] and in Subsection 2.5, for
any two conjoined bases Y and Y, of (H) belonging to G°* there exists @ € Z such that Y}
and Y, have constant kernel on [«, 00) and the equality Im X (#) = Im X»(¢) holds on [«, 00). In
particular, if M1 and N are the associated constant matrices in Proposition 2.5, then the matrices
T14.00 and Toy o in (1.7) corresponding to Y and Y, satisfy

Tow.00 = M Tig.00 M1 + M[ Ny. (2.42)

The following result from [28, Remark 4.12] shows that the relation being contained allows
to construct conjoined bases from a genus H> by using conjoined bases from a given genus
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G satisfying H* < G°°. This construction will be utilized in the proof of Theorem A.4 in the
appendix.

Proposition 2.8. Assume that (1.1) holds with T = [a, 00). Let Y be a conjoined basis of (H)
from a given genus G and let o € T be such that Y has constant kernel on [a, 00). Moreover,
let P and Ps,~, be the associated matrices in (2.31) and (2.33). Then for every genus H> < G
there exists a unique orthogonal projector Py satisfying (2.40) such that Y contains a conjoined
basis Y, of (H) on [a, 00) with respect to Py, which belongs to the genus H°.

2.7. Principal and antiprincipal solutions at infinity

Following the discussion about the S-matrices in (1.7) and Subsection 2.4, we observe that
for a conjoined basis Y of (H) with constant kernel on [&, c0) the matrix-valued function
S(}: (t) is nonnegative definite and nonincreasing on [«, 00). Therefore, the matrix Ty, o de-
fined in (1.7) exists, it is symmetric and nonnegative definite, and Im 7y oo € Im Pg, o, see
[25, Remark 6.2(ii)]. Moreover, we know from [3 1, Theorem 10.3] that under (1.1) the subspace
Im Ty, o0 @ Ker Pg, o and its dimension d[a, 00) + rank 7, «, do not depend on the choice of
the point o € [a, 00), for which the kernel of Y is constant on [«, 00). In particular, the esti-
mates

doo <d[a,00) +rank Ty, oo < n, (2.43)

hold, see [31, Remarks 5.2 and 5.4]. When the abnormality of (H) is maximal on [«, 00), we ob-
tain from (2.43) that 0 <rank 7, o0 <n — do, see also [27, Corollary 4.11]. In the two extreme
cases in (2.43), i.e., for the values of rank 7, o, equal to doo — d[a, 00) and n — d[«, 00), we
say that Y is a principal solution of (H) at oo and an antiprincipal solution of (H) at oo, respec-
tively, see [31, Definition 5.1] and compare with (1.6). It follows from the above discussion that
these definitions are correct. The principal solutions of (H) at co will be denoted by Yoo, as we
discussed in (2.2).

By [26, Theorem 7.12] and [27, Theorem 5.12] we know that in every genus G there exists
a principal and an antiprincipal solution of (H) at co. In particular, for the case of the minimal
genus G we will use the terminology minimal principal and minimal antiprincipal solution of
(H) at oo, which have their rank equal to n — d. Similarly, for the case of the maximal genus
G« we will use the terminology maximal principal and maximal antiprincipal solution of (H)
at 0o, which have their rank equal to n. The following result is from [25, Theorems 7.2 and 7.6],
compare also with [26, Theorem 7.6] and [27, Theorem 5.8].

Proposition 2.9. Assume that (1.1) holds with 7 = [a, 00). System (H) is nonoscillatory at oo if
and only if there exists a minimal principal solution Yoo of (H) at 0o. In this case the solution
Yoo Is unique up to a constant right nonsingular multiple.

Remark 2.10. We note that, according to Remark 2.7(i), the property of being a principal or
an antiprincipal solution of (H) at oo is preserved under the relation being contained for conjoined
bases of (H) with constant kernel on the interval [, 00).

For the proof of our main result in Theorem 3.3 we will need the following limit property of
the minimal principal solution Y, of (H) at oo, see [28, Corollary 5.5] and [29, Proposition 1].
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Proposition 2.11. Assume that (1.1) holds with T = [a, o0) and system (H) is nonoscillatory
at oo. Let IA’OO be the minimal principal solution of (H) at oo and let o € [a, 00) be such that I?oo
has constant kernel on the interval [a, 00). Then every conjoined basis Y of (H) satisfying (2.5)
and (2.35) with respect to Yoo is a maximal antiprincipal solution at oo and

lim X' (t) Xoo(t) = 0.
—> o0

In a similar way we treat the principal and antiprincipal solutions of (H) at —oco. More pre-
cisely, under (1.1) with Z = (—o0, b] and for a nonoscillatory system (H) at —oo we use the
notation Y_, for the (unique) minimal principal solution of (H) at —oo. If Y is a conjoined basis
of (H) with constant kernel on (—oo, 8] for some B € (—oo, b] and if Sg(¢) is defined in (1.7)
with o := B for ¢t € (—o0, B], then the corresponding 7 -matrix will be denoted by

Tp,—co = lim sg(z), T 00 <0, d_oo<d(—00,Bl+rankTp oo <n,  (2.44)

compare with (2.43) and with [31, Section 5].
3. Multiplicity of focal point at infinity

In this section we introduce one of the key concepts of this paper, which is the multiplicity
of the focal point at oo for a conjoined basis Y of (H). This notion is motivated by the result in
[31, Theorem 6.1 and Remark 6.4], in which we characterized the multiplicity of the left proper
focal point at 7y in (1.2) in terms of the order of abnormality of (H) near 79 and the rank of the
associated T-matrix. More precisely, if Y is a conjoined basis of (H) with constant kernel on the
interval [, fg), then

mp (1) =n —dla, 10) —rank T, .-, T, = lim SH),

2 _
l‘—)to
while if Y has constant kernel on the interval (#y, o], then

mp(to) =n —d(tg, 0] — rank T, s, T, o= lim S,
t—>t0

where d[«, tg) and d(fg, o] are the orders of abnormality of (H) on the intervals [«, #p) and (79, o],
respectively. Furthermore, we derive an equivalent formula for the multiplicity at oo resembling
the original definition in (1.2). The results in this section are fundamental for the development of
the Sturmian theory of system (H) on the unbounded interval [a, o0) in Section 5. We note that
the presented notion and the results are new even for a completely controllable system (H), see
Remark 3.7 below.

Definition 3.1 (Multiplicity of focal point at 00). Let Z = [a, 00) and let Y be a conjoined basis
of (H) with constant kernel on the interval [«, 0o0) for some o € [a, 00). We say that Y has a (left)
proper focal point at oo if d[a, 00) 4 rank Ty, oo < n with the multiplicity

mp(00) :=n —d[a,00) —rank Ty, o, (3.1)

where Ty, » 1s the matrix defined in (1.7) corresponding to Y.
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Remark 3.2. (i) In accordance with Subsection 2.7 we note that under (1.1) the number m 1, (00)
defined in (3.1) does not depend on the particular choice of the point « € [a, 00), for which the
conjoined basis Y has constant kernel on [, 00). In particular, the inequalities in (2.43) imply the
estimates 0 < my (00) < n — ds. We also point out that the quantity m (co) in (3.1) is preserved
under the relation being contained for conjoined bases of (H), since the matrix 7}, « is preserved
under this relation, see Subsection 2.6.

(i1) From (3.1) it follows that the conjoined basis Y has no focal point at oo if and only if
Y is an antiprincipal solution of (H) at co. Indeed, the multiplicity m (co) = 0 if and only if
rank 7y oo =n — d[o, 00), which is according to Subsection 2.7 the defining property of an an-
tiprincipal solution at co. Similarly, the multiplicity m (00) = n — d 1s maximal possible if
and only if Y is a principal solution of (H) at oo, since in this case rank 7y, oo = doo — d[ct, 00).

In the next result we present a way for computing the multiplicity of the focal point at co in
terms of the rank of the genus of a conjoined basis Y near co and the rank of the Wronskian
of Y with the minimal principal solution at co. This is obviously much simpler for practical
calculations than the expression in (3.1). In Remark 3.5 below we shall discuss this result in the
relation with the definition of the multiplicity of a left focal point at 7y in (1.2).

Theorem 3.3. Assume that (1.1) holds with T = [a, o0) and system (H) is nonoscillatory at oo.
Let Y be a conjoined basis of (H) with constant kernel on [, 00) C T belonging to a genus G
with the associated matrices P, Ps, oo, and Ty o in (2.31), (2.33), and (1.7). Let I?oo be the
minimal principal solution of (H) at co. Then

Im[W (Yoo, ¥)1T =Im Ty 0o ® Im (P — Ps,00), (3.2)
rank Ty, oo = rank W (Yo, Y) 4+ n — rank G — d[a, 00). (3.3)

Moreover, the multiplicity of the focal point of Y at oo defined in (3.1) satisfies
mp (00) = rank G — rank W (Yoo, Y). (3.4)

Proof. Let « be as in the theorem and choose B € [«, 00) such that d[B, 00) = d«. Denote by
T3, 0 and PS o the matrices in (1.7) and (2.33) associated with the conjoined basis Y on the
interval [B, oo) Without lost of generality we may assume that the minimal principal solution
Yoo has constant kernel on [B, 00). Moreover, let Yg be a conjoined basis of (H) satisfying (2.5)

and (2.35) with Y := Yoo and o := 8. It then follows from Proposition 2.11 that Yﬁ 1s a maximal
antiprincipal solution of (H) at co and the equality

lim. X/gl(z) Xoo(t) =0 (3.5)

holds. Following the notation in Proposition 2.5 we represent Y in terms of Yoo and Yﬁ via
(constant) matrices A;Ioo and NQ@ = W()A’oo, Y). That is,

X\ _ (Xoo®) Xg0)\ (Moo
(U(t)>_<ﬁoo(t) U,g(;))(zvoo)’ t€p. ). (3.6)

In particular, the representation in (3.6) implies the formula
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X(1) = Xoo(t) Moo + Xp(t) Neo, 1 €[B, 00). (3.7

In turn, by combining (3.5) and (3.7) we obtain that

A

hm X/3 (t) X(t) hm [X (t) Xoo(t) Moo + Noo] N (3.8)

On the other hand, from Corollary A.6 in the appendix with o := 8, Y := Y 85 Y=Y , P = ,

PS o = PSﬁoo, and Ta, 0o :=Tg, o it follows that

lim X/ X0 =L with ImLT =ImTp oo ®Im (P — Ps;00). (3.9)

Therefore, by using (3.8) and (3.9) we get the equality Noo = L and

ImNL =ImTp o & Im (P — Ps,00). (3.10)

Since Im 77, oo € Im Pgs,o, € Im P for t € [a, 00) by (2.34), we know that

ImT; 0o ®Im(P — Ps,00) =ImT; oo ® (Im P N Ker Ps, )
=ImPN (Im T, 5o @ Ker PS,oo)v t € [a, 00).
But since the subspace ImT7; o, ® Ker Pgs, o, does not depend on the choice of 7 € [a, o0) by
[31, Theorem 10.3], it follows that the subspace ImT; o, @ Im (P — Pg, ;) does not depend on

t € [, 00) as well, and we may replace the point g in (3.10) by «. This yields formula (3.2).
Consequently, by using rank G* = rank P and (2.34) we have

rank ]\AfOO =rank Ty, o + (rank P —rank Pg,_ )
=rank Ty, oo + rank G — (n —d|a, oo)). (3.11)

This shows the validity of (3.3). Finally, by using (3.11) and (3.1) we have

rank G — rank Nog G, —d[a, 00) — rank Ty, oo @D mp (00),

showing formula (3.4). The proof is complete. O
We comment the results in Theorem 3.3 in the following remarks.

Remark 3.4. We note that formulas (3.2) and (3.4) do not depend on the particular choice of the
minimal principal solution Yoo. More precisely, if Yoox is another minimal principal solution of
(H) at oo, then accordlng to Proposition 2.9 there exists a constant nonsmgular matrix K € R"*"
such that YOO*(I) = Yoo(t) K for all t € Z, and hence W(YOO*, Y)=KT W(Yoo, Y). Thus, we
have Im [W(Yoo*, )T =Im [W(Yoo, Y)]T and rank W(Yoo*, Y) =rank W(Yoo, Y).
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Remark 3.5. The multiplicity of the left proper focal point of Y at 7y € Z satisfies

my(to) "= rank X (1) — rank X (1) = rank Gty ) — rank W (¥,,. ¥), (3.12)

where G (%) is the genus of Y in the left neighborhood of 7y according to Remark 2.6, and where
W(ﬁo, Y) = —X(t). Formula (3.4) is then a counterpart of (3.12) for the case of #yp = oc. In this
respect the expressions in (3.4) and (3.12) represent natural interpretations of the definitions of
the multiplicity of the (left) proper focal point of Y at #y € Z U {oo}, which do not use the actual
value of X (¢) at 1y.

Remark 3.6. Similarly as in (3.1) we define for Z = (—o00, b] the multiplicity of the (right)
proper focal point of ¥ at —oo by

mgr(—o0) :=n —d(—00, B] —rank Ty _o, (3.13)

where B € (—o00, b] is such that the conjoined basis Y has constant kernel on (—oo, 8] and
where the matrix Tg, _ is defined in (2.44). The definition in (3.13) is correct under assumption
(1.1), as we also comment in Remark 3.2(1). Then 0 < mz(—00) <n — d_oo with d_, defined
in (2.30). In this case mg(—o0) = 0 if and only if Y is an antiprincipal solution of (H) at —oo,
while mg(—00) =n — d_ if and only if Y is a principal solution of (H) at —oo. Finally, if ¥
belongs to a genus G~ near —oo, then analogously to Theorem 3.3 we have the formula

mg(—00) =rank G~ — rank W (Y_o0, Y), (3.14)
where f,oo is the minimal principal solution of (H) at —oo.

In the final remark of this section we comment the above results for the case of a completely
controllable system (H).

Remark 3.7. The idea to consider the multiplicity of a focal point of Y at oo is new in the theory
of nonoscillatory linear Hamiltonian systems. It is new even for the completely controllable sys-
tem (H) on [a, 00). In this case d[«, 00) = 0 = d, for all & € [a, 00) and there is only one genus
G =G = Gmx of conjoined bases of (H), which satisfies rank G> = n. Let Y be a conjoined
basis of (H) with X (¢) invertible on an interval [«, 00) and let 7,,, o be the corresponding matrix
in (1.7). According to (3.1) we define in this case

mp(00) :=n —rank Ty o =def Ty, . (3.15)

The results in (3.2) and (3.4) in Theorem 3.3 then reduce to the equalities

Im[W (Yoo, V)IT =ImTy oo, rank Ty oo =rank W (¥, ¥), (3.16)
mp(00) =n —rank W (Yeo, Y) = def W (Yo, ¥) (3.17)

In particular, in this case the number m (c0) measures “how much” the conjoined basis ¥ and
the principal solution Y., at oo are linearly dependent. In a similar way, if (H) is completely
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controllable on the interval (—oo, b], then d(—o00, 8] =0=d_, for all B € (—o0, b]. And if Y
is a conjoined basis of (H) with X (¢) invertible on (—oo, 8], then by (3.13) we define

mpg(—0o0) :=n —rankTg oo =def Tg . (3.18)
Analogously to (3.16) and (3.17) we then have

IM[W(Y_oo, V)T =ImTp, _o, rankTp _o =rank W(Y_s, ¥),
mp(—00) =n —rank W(¥Y_oo, Y) = def W(¥Y_oo, Y).

We also note that the considerations in this remark are new also for the even order Sturm—
Liouville differential equations, being a special case of a completely controllable linear Hamil-
tonian system (H), see Section 7.

4. Comparative index on unbounded interval

In this section we analyze the properties of the comparative index for two conjoined bases
of (H) on an unbounded interval. In particular, we study in detail the situation when one of
the conjoined bases is Yoo, i.e., the minimal principal solution of (H) at co. The results in this
section extend the results from [30, Section 4] to an unbounded interval. First we derive a simple
statement about Wronskians involving Yoo. It can be regarded as an extension of [30, Lemma 3.2]
to the case of b = oco.

Lemma 4.1. Assume that (1.1) holds with Z = [a, 00) and system (H) is nonoscillatory at oo.
Let Y be a conjoined basis of (H) with constant kernel on |« 00) < T and let Y be a conjoined

basis of (H) {atisfying (2.5) and (2.35). Then the matrix X (t) XT (t) > 0 for every t € [a, 00).
Moreover, if Yo is the minimal principal solution of (H) at oo, then

W (Yoo, ¥) [W (Yoo, )17 = 0. (4.1)
Proof. By [30, Lemma 3.2] we know that X (¢) XT(t) = 0 on [«, b] for every b € (o, 00),
which yields the first part of the theorem. From (2.6) with Y := Yoo we know that the matrix
W(I?OO, Y) [W(I?oo, T is symmetric. Next, choose B € [, 00) such that d[B, 00) = dx and
the conjoined bases Y, Y, and I?oo have constant kernel on [, 00). Let Y, s be a conjoined basis
of (H) satisfying (2.5) and (2.35) with Y := I?oo and o := B. By Proposition 2.11 we know that

Yg is a maximal antiprincipal solution of (H) at oo, while from formula (3.8) in the proof of
Theorem 3.3 it follows that

W (Yoo, Y) = lim )_(/;1(1,‘) X(#), W(¥s,Y)= lim )’(/;I(t) X(t). 4.2)
t—00 [—>00
Consequently, with the aid of (4.2) we obtain
W (Yoo, V) [W (Yoo, M1 = Tim X' () [X() X" (1)1 X}~ (1) = 0.
t—>00

This shows that (4.1) holds. O



7498 P. Sepitka, R. Simon Hilscher / J. Differential Equations 266 (2019) 7481-7524

In the sequel we will use a symplectic fundamental matrix of nonoscillatory system (H) at oo,
which is determined by the minimal principal solution Y,. According to (2.4) we denote

oo (t) 1= (Pao(t) Yoolt)), t€la,o0), (4.3)

where Yo is a conjoined basis of (H) which is normalized with I?oo, ie., W(?Oo, Yoo) = 1. Every
conjoined basis Y of (H) can be then uniquely represented in the spirit of Proposition 2.5 via the
fundamental matrix ®,,(¢) and a constant 2n x n matrix Dy, that is,

—g _ (W, Y) W(Poo, V)
Y(1) = @o(t) Do, 1 € [a, 00), DOO_(W(YOO,Y))’ JIDeo = (W(YOO,Y)>’

(4.4)

where the matrix 7 is given in (2.4) and Dy, = CTDgol HYer)y=-J &)go(t) JY(t), see (2.38).
The following result is a fundamental tool for the proof of the Sturmian separation theorem
(Theorem 5.1) in the next section. It is formulated in terms of the matrix Do from (4.4).

Theorem 4.2. Assume that (1.1) holds with T = [a, 00) and system (H) is nonosczllatory at oo.
Let Yoo be the minimal principal solution of (H) at oo with the associated matrix CDoo(t) in (4.3).
Moreover, let Y be a conjoined basis of (H) with constant kernel on [a, 00) € T belonging to
a genus G and let Yy be the principal solution of (H) at the point . Then

#(IDoo, TDY,) = rank G —rank W (Yoo, V), p*(Y (@), Yoo (@) =0, (4.5
where Do, and DS, are the constant matrices in (4.4) corresponding to Y and I?a.

Proof. Following (4.4), let the matrices Do, and Dg, be split into the n x n blocks as

Mo —W (Yoo, Y) o« _ (M ~W (Yoo, Ya)
D — — )N s D = 0 = A ~ . 46
> (Noo) ( W(Yoo,Y>> * AN W (Yoo, Ye) o
By (4.4) with Do, and DZ in (4.6) and by the definition of the comparative index in (2.21)—(2.22)
with Y := JDy and Y := JDY, (note that (2.20) holds) we get

,u(jDoo, ng‘o) =rank M 4 ind P, 4.7)
M= =N No)W, P=VWININLV, V=I-MM, (4.8)

where W := W (JDoo, JD%). We will show that W = W(Y, Yo). According to (2.3)—(2.4) and
(4.4) we obtain for ¢t € Z that

W, ¥) E YT (1) T ¥y (t) = DL [OL (1) T oo ()] D, ‘E’ DL 7D

— DL (JTTJ) D& = (IDeo) T (ID%L) ‘E) W (TDog, TDL) = W.
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In particular, evaluating the Wronskian W (Y, l?a) at t = « and using (1.4) with s := « yields the
equality W = X7 («). Consequently, the first and the second identity in (4.8) then read as

M=(I—=N_Noo) X (@), P=VX(@) N NLV. (4.9)

Let P, Ps, o0, and Ty, o be the matrices in (2.31), (2.33), and (1.7), which correspond to Y.
In accordance with Theorem 3.3 we have Im NOTo =ImTy o @ Im (P — Ps, ), while (2.34)
implies Im 7, o € Im P. This yields that

ImNL CImP, ie, PN Noo=NNow=N NP (4.10)
And since P = [XT (@) X (@)]F by (2.31), the first equality in (4.9) yields that

ImM =Im (I — N]_Nyo) P =Im (P — NI, Nso), 4.11)
rank M =rank P — rank Ny, = rank G™ — rank No. 4.12)

Next we will prove that the matrix V satisfies
ImX (@) V=ImNL, ie, XT(@)V=NLK (4.13)

for some invertible matrix K. Since MV = 0, it follows that NgoNoo XT@)V=XT()V by
(4.9) and hence, Im X7 (@) V C Im N;rONOo =Im NOTO. Conversely, assume that v € Im NOTO. Then
we also have v € Im P = Im X7 («) and there exists w € R” such that v = X7 («) w. Then we
write X7 (@) Vw = XT (@) w — XT (@) MTMw = v — XT (o) M" Muw. But by using (4.9) we
have Mw = (I — NlyNoo) XT (@) w = (I — NlyNoo) v = 0, so that v = X7 («) Vw. Therefore,
v elm XT(a) V and (4.13) is proven.

LetY bea conjoined basis of (H) satisfying (2.5) and (2.35) and set Noo := W(Yoo, Y). Since
w(Y, Y) 0=W(,Y) and W(Y,Y) = I, according to formula (2.8) in Proposition 2.1 with
Y| _Yoo, Yy =Y, Y;:=Y,and Y4 _Y we obtain

W (Yoo, V)W, Yy) — W (Yo, Y) W(Y, ¥y) = W( Yoo, Ya). (4.14)

Following the albovg notatiAon and using the facts that W (Y, I?a) =XT (), W(Y, I?a) =X (),
and N =W (Yo, Yo) = Xgo(a), identity (4.14) then has the form

Neo XT (@) = Noo XT () = N& = X1 (). (4.15)

Combining the formula for P in (4.9) with equalities (4.13) and (4.15) and with the identities
X(@)=X()P, NOQNOTO = NOONOTO, and PXT (o) = 0 then implies that

P2 VX (@) NI NLY

(4.13), (4.10)

LV X (@) NI [Noo XT (@) — Noo XT ()] V

KT'NoN NooNL K — VX(@) NI NooPXT (@) V
=K' NN NooNL K = KT NooNL K > 0,



7500 P. Sepitka, R. Simon Hilscher / J. Differential Equations 266 (2019) 7481-7524

where the last inequality follows from (4.1) in Lemma 4.1. Therefore, ind P = 0. Upon combin-
ing (4.7) and (4.12) we get u(JDoo, JD%,) = rank M = rank G — rank Noo. This shows the
first formula in (4.5). For the second formula in (4.5) we have by (2.21)—~(2.22) with Y := Y (@)
and ¥ := Yoo (@)

1 (Y (@), Yoo(@)) = rank M + ind(—P), (4.16)
M=U-P)W, P=VW XT0)Xac@)V, V=I-MM, (4.17)

where W = W (Y, I?oo) = —NOTo by (4.6). According to (4.10) we have M =0, so that V = [ and
P=—Nyp XT(a) )A(oo(oz) by (4.17). Consequently, using the value )A(oo(oz) in (4.15) we get

—P =Noo X7 (@) [Noo XT (@) = Noo XT (@)1 = NooPNL — Noo X7 () X (@) NL,
2 N PNL Y2 NN > 0,

where the last inequality follpws from Lemma 4.1. Therefore, ind(—P) = 0 and hence, equation
(4.16) yields that u*(Y (), Yoo ()) = 0. The proof is complete. O

Remark 4.3. The second formula in (4.5) follows also from the algebraic properties of the com-
parative index in [10, Property 3, p. 448] and from Lemma 4.1. The first property in (4.5) can be
then obtained by (2.24) and [10, Property 3, p. 448] again as follows:

1(TDoo. TDZ,) "= rank X (@) — u(TD%,. TDoo)

=rank G®° — (T o) (@) E, T (@) d () TE)

= rank G — 11 (boo (@) TE, @(e) TE) = rank G — u* (Yoo (@), ¥ (@)

C2Y rank G — rank W (¥ (@), Yoo (@)) + 11 (Y (@), Yoo (@), (4.18)

where the symplectic fundamental matrices CTDOO(t) and ®(r) are given in (4.}) and (2.4). Now
the last term in (4.18) is zero, while the middle term is equal to the rank of W (Y, Y). Therefore,
we obtain the first property in (4.5) from (4.18).

In view of Theorem 3.3 we can now interpret the result of Theorem 4.2 as an analogue of [30,
Corollary 4.5] with b := oo.

Corollary 4.4. With the assumptions and notation in Theorem 4.2 we have
mr(a, 00] = 1 (TDso, TDL),  mgla, 00) = p* (Y (@), Yoo (@)). (4.19)

Proof. Since the conjoined basis Y has constant kernel on [«, 00), we have m («, 00) = 0 and
mpgla, 00) = 0. The formulas in (4.19) now follow from (3.4) and (4.5). O

In the last result of this section we will consider two conjoined bases Y and Y of (H) with
constant kernel on [«, 00). Namely, we calculate the difference of their comparative indices in
the spirit of Corollary 4.4.
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Lemma 4.§. Assume that (1.1) holds with T = [a, 00) and system (H) is nonoscillatory at oc.
Let Y and Y be conjoined bases of (H) with constant kernel on [«, 00) C 1. Then

mp (at, 00] — i p, (&, 00] = (T Door TDoo) — (Y (@), ¥ (@), (4.20)
mgla, 00) — i glar, 00) = pu* (Y (@), Y (@) — u* (T Doo, TDoo), (4.21)

where Doy and Do are the constant matrices in (4.4) corresponding to Y and Y.

Proof. We define the constant symplectic matrix S := —7 &9(;01 (o), where &Doo(t) is given
in (4.3), and consider the symplectic fundamental matrices ®(¢) and ®(r) of (H) such that
®(t)E =Y (1) and ®(t) E = Y (1) on [a, 00), with the constant 2n x n matrix E from (2.25).
In addition, let DS be the matrix in (4.4) corresponding to the principal solution Yy of (H) at
the point o. Then we have Y (1) = ®oo (1) Doo, Y (1) = Poo(t) Doo, and Y (1) = ®oo(t) D, on
[a, 00). It follows that for t = « we have

JDoo =—-S®@)E, JDoo=-S®@)E, JD% =-SE. (4.22)

By Corollary 4.4 applied to ¥ and Y together with transformation formula (2.26) with the matri-
ces S :=—-8, &:=P(x), and ¢ := $(«) we obtain

(4.19)

1(IDoo, TDL) — 1(I Do, TDL)

mp (o, 00] — mp (o, 0]
(4.22)

(226) ~ ~

(=S ®() E, —S () E) — u(®(a) E, ®(a) E)

(

w(—S ®(@) E, —SE) — u(—-S d(a) E, —SE)
(-

(422) (

1(TDoo, TDoo) — (Y (@), ¥ (),
which shows formula (4.20). Next, by (4.3) we know that CTDOO(I) JE = ﬁ,o (t) on [a, 00). Thus,
Yool) =S7'E, Y(@)=S7'SO@)E, Y(@)=8'Sd()E. (4.23)

Combining Corollary 4.4 applied to ¥ and Y and transformation formula (2.27) with the matrices
S:=5"1, &:=8S®(x), and  := S &(«) then yields

mla, 00) — figlat, 00) "2 1* (¥ (@), Yoo (@) — (¥ (@), Yoo @)
C2) (SISO E, STE) — n* (S!S B(a) E, ST'E)

C2D) (5T S B(@) E, ST 'S B(@) E) — p* (S (o) E, S B(a) E)

(4.23),:(4-22) ,LL* (Y(Ol), ?(O()) — M*(—jDom _j[)OO)

2:28) M*(Y(O{), ?(Ot)) —u* (jDom jboo)’

which shows formula (4.21). The proof is complete. 0O
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5. Singular Sturmian separation theorems

In this section we derive Sturmian separation theorems for the numbers of left proper focal
points, resp. right proper focal points, of two conjoined bases of a nonoscillatory system (H) on
the unbounded intervals (a, oo] or (—00, b], resp. [a, o0) or [—o0, b). The results regarding left
proper focal points include the multiplicities of focal points at co as we discussed in Section 3,
while the results regarding right proper focal points include the multiplicities of focal points
at —oo. In addition, we will also derive the corresponding results for the open intervals (a, 00)
or (—oo, b). As in the previous sections we do not impose any controllability assumption and the
results are new even for a completely controllable system (H).

The following result corresponds to formulas (2.15) and (2.16) in the case of a compact inter-
val Z =[a, b], see [30, Theorem 4.1] and Remark 5.2 below.

Theorem 5.1 (Singular Sturmian separation theorem). Assume that (1.1) holdsNWith 7 =la, o0)
and system (H) is nonoscillatory at co. Then for any conjoined bases Y and Y of (H) we have
the equalities

mr(a, 00l — fiig (@, 00] = u(JTDoo, TDso) — (Y (@), ¥ (@), (5.1)
mgla, 00) —figla, 00) = u*(Y(a), Y (a)) — u* (I Doo, Do), (5.2)

where Doy and Do are the constant matrices in (4.4) corresponding to Y and Y.

Proof. Let o € 7 be such that both conjoined bases Y and ¥ have constant kernel on the interval
[a, 00). Applying formulas (2.15)—(2.16) on the interval [a, o] we obtain that

mp(a, o] —fig(a, ol = pu(Y (@), Y (@) —u(Y(@),Y (@), (5.3)
mgla, @) —figla, @) = 1*(Y (@), ¥ @) = 1* (Y @), ¥ (@)). (5.4)

On the other hand, according to (4.20)—(4.21) in Lemma 4.5 we have the identities

mp (e, 00] — iy (¢, 00] = 11(T Do, TDoo) — (Y (@), ¥ (@), (5.5)
mglo, 00) — i g, 00) = p* (¥ (@), ¥ (@) — * (T Door TDoo).- (5.6)

Since my (a, 00l =my (a,a]+my(a, oo] and niy (a, oo] = my (a, a]+my («, 0o], adding equal-
ities (5.3) and (5.5) yields the formula in (5.1). Similarly, from mpg[a, o0) = mgla, o) +
mgla, 00) and mgla, 00) = mgla, @) + mg[a, 00) together with (5.4) and (5.6) we obtain the
formula in (5.2). The proof is complete. O

Remark 5.2. The results in Theorem 5.1 represent the true “singular version” of the formulas

in (2.15) and (2.16), which deal with a compact interval Z = [a, b]. Indeed, for a fixed point
s € [a, b] we consider the (symplectic) fundamental matrix ®;(¢) of system (H) in the form

O5(1) = (Ys(1) Y,()), té€la,bl, (5.7)
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where Y is the principal solution of (H) at the point s and where Y; completes Y, to a normalized
pair of conjoined bases, i.e., W(f ‘s l?s) = I. Here we take the conjoined basis Y, with the initial
conditions Yy(s) = —JE = (-1, 0)7, so that dADX (s) = —J. Then for every conjoined basis
Y of (H) there exists a unique constant 2n x n representation matrix Dy such that, in spirit of
Proposition 2.5,

_ & (W, Y) (W, Y)
Y(t) = &,(t) Dy, t€la,bl, Ds_(W(?S’Y)), JDS_<W(?S’Y)>. (5.8)

Using (5.7) and (5.8) with s :=a and s := b yields that Y(a) —JD, and Y(b) = —TIDy.
Similarly, for another conjoined basis Y of (H) we have Y (a) = —jﬁa and Y (b)) = —ij.
Therefore, by using property (2.28) of the comparative index, the formulas (2.15) and (2.16) can
be rewritten as

mp(a,b] —mig(a, bl = u(JIDp, TDp) — n(IDy, TDy),
mgla, by — figla, b) = p*(IDy, TD4) — W*(JTDp, TDp),

while the formulas (5.1) and (5.2) in Theorem 5.1 can be rewritten as

mp(a,o0] — iy (a, 0] = u(JIDoso, TDoo) — t(TDa, TDy),
mgla, 00) — fiigla, 00) = n*(JDa, TDg) — 1£*(TDoos T D).

By considering a special choice of the conjoined basis Y in Theorem 5.1 we obtain the fol-
lowing formulas. They highlight the importance of the minimal principal solution Yoo Of (H) at
oo in counting the exact number of left and right proper focal points of any conjoined basis Y
of (H) in the intervals (a, oo] and [a, 00). Also, they correspond to formulas (2.17) and (2.18) in
the case of a compact interval Z = [a, b], see [30, Equation (5.28)].

Corollary 5.3. Assume that (1.1) holds with I = [a, 00) and system (H) is nonoscillatory at oc.
Then for any conjoined basis Y of (H) we have the equalities

mp(a,o00] =iprq(a, 0ol + u(JTDoo, TDL), (5.9)
mgla, 00) = il poola, 00) + u* (Y (@), Yoo (a)), (5.10)

where Do, and DS are the constant matrices in (4.4) corresponding to Y and Ya.

Proof. Formula (5.9) follows from (5.1) with ¥ := I?a, since in this case Do, = bgo with the
notation used in (4.4) and (4.6), and ,u(Y (a), Y (a)) (Y (a), E) = 0 by (2.25). Similarly,
formula (5.10) follows from (5.2) with Y = Yoo, since in this case Do = (I, 0)7 and hence,
1£*(TDos, TDoo) = W*(JIDoo, —E) =0. O

In the next statement we connect the multiplicities of left and right proper focal points of one
conjoined basis Y of (H) in an unbounded interval. This result corresponds to formula (2.11), see
also [30, Theorem 5.1].
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Theorem 5.4. Assume that (1.1) holds with Z = [a, 00) and system (H) is nonoscillatory at oc.
Let Yoo be the minimal principal solution of (H) at co. Then for any conjoined basis Y of (H)
its numbers of left proper focal points in the interval (a, 0o] and right proper focal points in the
interval [a, o0) satisfy

my (a, oo] + rank W(I?OO, Y) =mgla, o0) + rank X (a). (5.11)

Proof. Let Y be a fixed conjoined basis of (H). According to Proposition 2.4 we choose o > a
such that Y has constant kernel on [, o0). By (2.11) applied to the interval [a, o] we get

my(a, o] +rank X (o) = mpgla, a) + rank X (a). (5.12)

In particular, the equalities my (a, o] = mp(a,o0), mgla, o) = mgla,o0), and rank X () =
rank G* hold, where G*° is the genus corresponding to Y. Then formula (5.12) reads as

mp (a,00) +rank G® = mpg[a, 00) +rank X (a). (5.13)

Finally, combining formula (3.4) in Theorem 3.3 and equality (5.13) yields

mp(a,o0] +rank W (Yeo, Y) = my (a, 00) + mp (00) + rank W (Yo, ¥)

D 1 (a, 00) +rank G “L” mgla, 00) + rank X (),

which shows identity (5.11). The proof is complete. O

In the remaining results of this section we will use the principal solution Y, of (H) at the point
a and the millimal princiApal solution Y4, of (H) at co. For these particular conjoined bases of (H)
we have W (Yoo, Y,) =X ; (a) and the statement of Theorem 5.4 yields

i Loo(@, 00] = fil goola, 00) + rank X oo (a), (5.14)
Mra(a, 00] 4 rank X o (@) = figala, 00). (5.15)
In the following statement we relate the numbers of left and right proper focal points of Y, ~o and

I?a in (a,o0] and [a, o0). This result corresponds to formulas (2.12) and (2.13), see also [30,
Theorem 5.3, Corollary 5.4].

Theorem 5.5. Assume that (1.1) holds with T = [a, o0) and system (H) is nonoscillatory at oo.
Then we have

ML oo(a, 00] =g q(a, 00] +rank Xoo (@), i gala, 00) = il geola, 00) 4 rank Xoo(a), (5.16)

n?La(aaoo]:mROO[a’oo)’ n/’;Ra[a,OO):ﬁLoo(a,oo]. (517)

Proof. The first formula in (5.16) follows from (5.9) with Y := ?OO. Indeed, in this case we have
with the notation used in (4.4) and (4.6) that
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__ o _(Wx YD)\ _ [(XL(@
JDoo = —E, JDOO—<W(YOO,?Q))_(X§O(@)' (5.18)

Hence, u(JDw, JDS,) = n(—E, JDS,) = rankf(oo(a) by (2.25). Similarly, the second for-
mula in (5.16) follows from (5.10) with Y := f/a, since in this case u*(?a(a),l?oo(a)) =
w* (E , l?oo (a)) = rank )A(oo (a) by (2.25). Finally, the formulas in (5.17) follow directly from
(5.15)and (5.16). O

Remark 5.6. The results in Theorem 5.5 yield interesting connections with the limits of the
corresponding equalities in (2.13). First of all, it is not at all clear whether the limits

lim myp(a,b], lim mgpla,b) (5.19)
b—00 b—00

exist, and if they exist, then what are their values. Below we show that both of these limits indeed
exist and that the first one is equal to 7 (a, 00] as we would formally expect, but surprisingly
the second one is not equal to 7 geo[a, 00) in general. More precisely, we have

. —~ 2.13 . ~ —~ 17)
lim #iip(a, b] "2 lim figala, b) = iigala, 00) "= Lo (a, 00l
b— 00 b— 00
. —~ 2.13 . —~ —~ 5.17) <
lim igpla,b) “2" lim i q(a, b] = fze(a, 00) "2 i goola, 00) — i Lq(00).
b— 00 b— 00

The above calculation shows that the second limit in (5.19) is equal to the formally expected value
M Roola, 00) only when m,(00) = 0, i.e., only when the principal solution Y, is antiprincipal at
oo according to Remark 3.2(ii).

Equations (5.9) and (5.10) yield the lower bounds

mr(a,00] > mpq(a,00], mgla,00) > Mposola, 00) (5.20)

for the numbers of left and right proper focal points of any conjoined basis Y of (H) in the interval
(a, 0] and [a, 00). Observe that both lower bounds are the same according to (5.17). Observe
also, that the second estimate in (5.20) generalizes Proposition 1.2 to possibly uncontrollable
system (H). In the next statement we provide the corresponding optimal upper bounds for the
numbers my (a, oo] and mg[a, 0o0). These estimates correspond to (2.14) in the case of a compact
interval Z = [a, b], see [30, Theorem 5.6].

Theorem 5.7 (Singular Sturmian separation theorem). Assume that (1.1) holds with T = [a, 00)
and system (H) is nonoscillatory at co. Then for any conjoined basis Y of (H) we have

ﬁ/l\La(avOO] me(a,OO] Sn//zLOO(a9OO]v (521)

n//EROO[avOO) EmR[a’OO) fn/’zRa[a’oo)- (5’22)

Proof. The lower bounds in (5. 21) and (5.22) are proven in (5.20). For the upper bound in (5.21)
we apply formula (5.1) with Y := Yoo and Dy := (I, 0)T to get
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mp(a, 00l — fiipoo(@, 00] = u(TDoo, —E) — (¥ (@), Yoo(@)) = —p(¥ (a), Yoo (a)) < 0.
Similarly, for the upper bound in (5.22) we apply (5.2) with Y :=Y, and Dy := Dgo to get

mgla, 00) — fiigala, 00) = u*(Y (@), E) — u*(IDoo, JDL) = —i* (I Dos, TDL,) < 0.
The proof is complete. O

The results in the above theorem yield the following optimal estimates for the left and right
proper focal points of any two conjoined bases of (H). They correspond to [30, Corollary 5.8] for
the case of a compact interval Z = [a, b].

Corollary 5.8 (Singular Sturmian separation theorem). Assume that (1.1) holgls with L =la, 00)
and system (H) is nonoscillatory at co. Then for any conjoined bases Y and Y of (H) we have

|mp(a, 00l — i (a, 00] | < rank Xoo(a) <n,
| mgla, 00) —figla, 00) | < rank Xo0(a) <n,

‘ mp(a,o00] —mgla, oo) ‘ < rank X o (a) < n.
Proof. The given inequalities follow by the combination of Theorems 5.7 and 5.5. O

Remark 5.9. In [30, Theorem 5.9, Corollary 5.10] we derived some additional Sturmian separa-
tion theorems for compact interval Z = [a, b]. These results can now be extended to unbounded
interval (a, oo] and [a, 0o0) by the methods of this paper. In partlcular these results hold also on
the corresponding unbounded intervals when the quantltles rank X (b) rank X (b), and rank X (b)
are replaced respectively by the quantities rank W (Yoo, ¥s), rank W (Yo, Y), and rank W (Y, Y).

In the last part of this section we will analyze the numbers m (a, c0) and mg(a, oo) of left
and right proper focal points of a conjoined basis Y of (H) in the open interval (a, co). The aim
is to find optimal lower and upper bounds for these numbers resembling the results in (5.21) and
(5.22) in Theorem 5.7. The motivation for studying the above problem comes from the question
whether the estimates on the bounded interval [a, b] in (2.14), or the estimates on the unbounded
interval (a, o] in (5.21) and on [a, 00) in (5.22), lead to the conclusions that

mrq(a,00) <mp(a,00) <mre(a,oo), (5.23)

M Roo(a, 00) <mg(a, 00) < mpq(a, 0o). (5.24)

We will show that the lower bounds in (5.23) and (5.24) are correct and optimal, but the upper
bounds in (5.23) and (5.24) are wrong in general, see Remark 5.12 below. In fact, it is surprising
that the correct and optimal upper bounds for m (a, 0c0) and mg(a, 0o) are the same as in (5.21)
and (5.22), i.e., they are equal to m o (a, o0] and m g, [a, 00), respectively.

Another motivation for the study of my(a,o0) comes from the fact that my(a,o0) =
mp (a,o0] when Y is an antiprincipal solution of (H) at co, see Remark 3.2(ii). Examples of
such antiprincipal solutions at oo are discussed in Proposition 2.11, in Appendix A below, and
in [27, Proposition 5.15] and [31, Theorem 7.1].
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Theorem 5.10. Assume that (1.1) holds with Z = [a, 00) and system (H) is nonoscillatory at oo.
Then for any conjoined basis Y of (H) we have

Mpq(a,00) <mp(a,00) <mpq(a,oo)+rankG° =mpoo(a, ool, (5.25)
n?ROO(a, OO) S mR(Cl, OO) S n?ROO(a, OO) + rankXOO(a_'—) = ﬁRa[aa OO)! (5'26)
where G2° is the genus of the principal solution Y, near oc.

Proof. Let Y be a conjoined basis of (H). By (2.12) and (2.14) with b :=t we have
Mra(a, t] <mp(a,t] <iipq(a,t]+rank X,(t) forallt € (a, 00). (5.27)

Upon taking the limit as t — oo in (5.27) we obtain

mLa(as OO) S mL(av OO) S ﬁLa(aa OO) +rankggo-

It remains to prove the last equality in (5.25), for which we utilize the results in Theorems 5.5
and 3.3. In particular, we have

~ 5.16) A ~ ~ A
i Loo(@, 001 "2 i q (@, 00] + rank X oo (@) = ifiLq (a, 00) + il 4 (00) + rank Xos (a)

3 Mrq(a, 00) + rank G° — rank W (Yoo, ¥a) + rank X o0 (a)

=nirq(a, 00) +rank G°,

because W(I?Oo, f/a) = )A(go(a). Therefore, (5.25) is established. For (5.26) we have by (5.22)
with a :=t and by the second equation in (5.16) with a := ¢ that

M Roolt, 00) < mg[t, 00) < M roolt, 00) + rank Xoo(t) for all 7 € [a, 00). (5.28)
Upon taking the limit as t — a™ in (5.28) we obtain
-‘r).

M Roo(@, 00) < mp(a, 00) < M geo(a, 00) + rank X o (a

Finally, the last equality in (5.26) follows from the calculation

o~ 5.16) A —~ ~ A
i Rala, 00) P2 i kool 00) + rank R oo (@) = i oo (@, 00) + 7 koo (@) + rank X oo (@)
(13) ~

=’ M Rroo(a, 00) + rank X oo (a™).
The proof is complete. O
We note that according to Remark 2.6 we can replace in (5.26) the quantity rank Xoo(a™) by

rank Goo (a ™), where Goo (a™) is the genus of Yo in the right neighborhood of a. This shows that
the estimates in (5.25) and (5.26) are symmetric in some sense.



7508 P. Sepitka, R. Simon Hilscher / J. Differential Equations 266 (2019) 7481-7524

Remark 5.11. (i) The lower and upper bounds in (5.25) are optimal in the sense that the lower
bound is obV10usly attained for Y := Y, while the upper bound is attained for Y := Y, for b large
enough, i.e., my,(a, 00) = My (a, oo] for b large enough. We will show that the latter equality
holds for all b > &, where

a, = inf {a € [a, 00), I?a has constant kernel on the interval [«, oo)}.

Let b > &,. With this choice of b the conjoined basis IA/a has constant kernel on the interval
[b, 00), so :[hat mpq(b,00) = 0. Then by the lower bound in (5.25) on the interval (b, 00) and
with Y := Y, we obtain that m1 (b, 00) < m,(b, o0) = 0. Hence, (b, 00) = 0 as well. Then

iy (a, 00) = fipp(a, bl + iy (b, 00) V2 fipa(a, b] + rank X, (b)

~ 5.25) ~
= iLa(a, 00) + rank G° "= i oy (a, o).

(i1) In a similar way we show that the lower and upper bounds in (5.26) are also optimal. In
particular, the lower bound in (5.26) is attained for ¥ := Yoo and the upper bound is attained for
Y = I}b for b sufficiently close to a, i.e., mgp(a, 00) = mpgyla, oo) for b sufficiently close to a.
Namely, we will prove that the latter equality holds for all b € (a, Boo), where

Boo := sup {B € (a,o0), Yo has constant kernel on the interval (a, B1}. (5.29)

Letus fix b € (a, ,éoo). Then we have by the second formula in (5.17) with a := b that

o~ ~ ~ 5.17) ~
ik (@, 00) = i gy (@, b) + i g [b, 00) O= i gy (@, b) + i oo (b, 0. (5.30)

Now we show that m g, (a, b) = 0. By (5.29) we know that ?oo has constant kernel on the interval
[z, b) for every t € (a, b), i.e., Mpoolt, b) = 0 for all 7 € (a, b). Then by (2.14) with a :=t and
Y = I?oo we conclude that i gp[t, b) = 0 for all ¢ € (a, b). Upon taking the limit as t — a™ we
obtain that m gp(a, b) = lim,_, ,+ mgp[t, b) = 0. Next, since Yoo also satisfies i o0 (a, b] =0 by
(5.29), it follows that 1 oo (b, 00] = M 100 (a, 00], while the latter quantity is equal to 71 g, [a, 00)
by (5.17). Therefore, it follows from (5.30) that m gp(a, 00) = M gyla, 00).

Remark 5.12. (i) Since by Remark 3.2(ii) the multiplicity of the focal point of IA/OO at oo is
M1oo(00) =n — dyg, it Tollows that 7710 (a, 00] = M s0(a, 00) + n — dso. This means that the
wrong upper bound from (5.23) has to be adjusted (i.e., increased) by the correction term n — d.
This shows that this correction term does not depend on the left endpoint a and that the maximal
number of left proper focal points of Y in (a,o0) or in (a, oo] is always greater or equal to
n — dso. Moreover, the upper bound in (5.23) is indeed optimal only when d, = n. In the latter
case every conjoined basis of (H) satisfies my (oco) = 0. Similarly, the wrong upper bound in
(5.24) has to be increased to the number m g,[a, 00) by the correction term mg,(a) =n — dj ,
where df is the maximal order of abnormality of (H) in the right neighborhood of a, see [31,
Equation (2.17)].

(i1) In the proof of Theorem 5.10 we showed that the upper bound in (5.25) is attained by
the principal solution ¥, when b > &y, i.e., Mizp(a, 00) = M 1so(a, oo]. This means that also
mpp(a, o0] = mpoo(a, oo], and consequently 7, (00) = 0. In other words, Y, is an antiprincipal
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solution at oo for every b > &,. This observation is in agreement with [27, Proposition 5.15] for
large b.

(iii) By similar arguments as in part (ii) adJusted to the upper bounds in (5.26) and (5.22) we
obtain that for all b € (a, ,Boo) the conjoined basis Y », satisfies m gp(a) =

As an analogy of Corollary 5.8 we obtain from Theorem 5.10 the following.

Corollary 5.13. Assume that (1.1) holds wjth T = [a, oo) and system (H) is nonoscillatory at oo.
Then for any two conjoined bases Y and Y of (H) we have

|mp(a, 00) —fig(a, 00) | <rank G° < n, (5.31)

| mg(a, 00) — fiig(a, 00) | < rank Xoo(a™) <n. (5.32)

Proof. The result in (5.31), resp. in (5.32), followstrom estimate (5.25), resp. from esti-
mate (5.26), applied to the two conjoined bases Y and Y. O

Our final result in this section connects the multiplicities of left and right proper focal points
of the principal solutions Y, and Y, in the open interval (a, 00).

Corollary 5.14. Assume that (1.1) holds with T = [a, 00) and system (H) is nonoscillatory at oo.
Then we have the equality

i La(a, 00) + rank G = i geo (@, 00) + rank X oo (a™), (5.33)
where G2° is the genus of the principal solution IA/a near oo. In particular, the equality
Mpq(a,o0) = mMpso(a, oo) (5.34)
holds if and only if rank G2° = rank X« (a™).
Proof. By (3.4) and (1.3) we have

mpq(00) =rank G ° — rank W(I?oo, I}a) =rank G ° — rank)A(OO(a),

M Roo (@) = rank X o (a™h) — rank X o (a).

Therefore, equation (5.33) is equivalent with the first equality in (5.17). The second statement in
the corollary then follows directly from (5.33). O

In the completely controllable case every conjoined basis ¥ of (H) has X (¢) invertible near
a and near oo. Therefore, the condition rank G>° = rank X so(a™) =n is automatically satisfied
and we get from Corollary 5.14 the following. This result is also new even in this special setting.

Corollary 5.15. Assume that (1.1) holds with 7 = [a, 00) and system (H) is comp{etely control-
lable on |a, 00) and nqnoscillqtory at 0o. Then the principal solutions Y, and Yoo satisfy the
equality in (5.34), i.e., Y, and Y~ have the same number of focal points in (a, 00).
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Remark 5.16. It is easy to see that under assumption (1.1) with Z = (—oo, b] and for a nonoscil-
latory system (H) at —oo the results in this section hold also for the numbers of left and right
proper focal points of the conjoined bases Y, ¥_o, and ¥}, in the intervals (—oo, b] and [—o0, b),
respectively in the open interval (—oo, b).

6. Asymptotic properties of comparative index

In this section we apply the results in Section 5 to obtain asymptotic formulas for the compar-
ative indices ,u(Y(t), Y(t)) and ,u*(Y(t), f’(t)) when t — £00. Moreover, in addition to (3.4)
and (3.14) we derive another representation formulas for the multiplicities m,(co) and m g (—00)
for a conjoined basis Y in terms of limits at 00 of comparative indices involving ¥ and the prin-
cipal solution Y,. These results essentially extend the limit properties of the comparative index
in (2.19) or in [30, Section 6] to the case of g = *o0.

Theorem 6.1. Assume that (1.1) holds with T = [a, 00) and system (H) is nonoscillatory at oo.
Then for any two conjoined bases Y and Y of (H) the limits of the comparative indices
(Y (), Y () and u*(Y (t), Y (1)) for t — oo exist and

poo(Y.¥) = lim (Y (1), ¥ (1)) = 1(JTDos, TDo) —mp(00) +7iir(00),  (6.1)
WY, ¥) = lim 1*(Y (1), ¥ (1)) = 14* (T Doo. TDoo). (6.2)

where Doy and Do are the constant matrices in (4.4) corresponding to Y and Y.

Proof. By Theorem 5.1 we know that for every ¢ € [a, 00)

(Y (@), Y (1)) = p(IDoo, TDoo) — my(t, 00] + i (t, 00], (6.3)
W (Y (0), Y (1)) = 1*(TDoo, TDoo) + mglt, 00) — i g[t, 00). (6.4)

Since system (H) is nonoscillatory at oo, the conjoined bases ¥ and Y have no left and right
proper focal points in the intervals (¢, 00) and [¢, 0o) for sufficiently large ¢, i.e., mp (¢, 00) =
0=myp(t,00) and mg[t, 00) = 0 = mg[t, 00) for large 7. Therefore, upon taking the limit as
t — oo in (6.3) and (6.4) we obtain (6.1) and (6.2), respectively. 0O

Remark 6.2. By taking Y = I?Oo we have j[)oo = —F and hence, u(JDxo, j[)oo) =0 by
(2.28) and (2.25). Therefore, in this case equation (6.1) with 717 (00) = M 50 (00) = n — do and
equation (6.2) yield

N (3.1) A
Moo(Y, Yoo) =N — doo —mp(00) ="rank Ty, o, /-’L;O(Ya Yoo) =0,

where o € [a, 00) is such that Y, ~o has constant kernel on [«, 00) and d[«a, 00) = d. This reveals
another interesting property of the matrix 7, o associated with Y, namely that its rank is equal
to the limit of the comparative index w(Y (), Yoo (2)) as t — oo.
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Remark~6.3. By [30, Theorem 6.1] or [12, Theorem 2.3] we know ‘[hat~ the comparative index
w(Y (¢), Y(t)) is right continuous, the dual comparative index w*(Y (¢), Y (¢)) is left continuous,
and the formula

lim u(Y (1), Y (1)) = u(Y (t0), Y (to)) — m . (to) + i (t0)

1=ty

holds. Therefore, the left discontinuity of w(Y (¢), Y (1)) at o measures the difference between
the multiplicities my (fo) and iy (fp). From this point of view the results in (6.1) and (6.2) of
Theorem 6.1 can be interpreted as a compactification of these properties on the extended in-
terval [a, o0] = [a, 00) U {00}, where we would define (Y (c0), I?(oo)) = w(JIDoo, j[)oo) and
w* (Y (00), Y (00)) := 1*(JDwo, JDwo). In this case the left discontinuity of (Y (1), Y (1)) at 0o,
i.e., formula (6.1), measures the difference between the multiplicities m (00) and m , (00).

In the next theorem we present a formula for calculating the multiplicity of the focal point at
oo of a conjoined basis Y in terms of the comparative index of Y with the principal solution Yy,
respectively in terms of their representing matrices Do and DX in (4.4) and (4.6). This result
corresponds to [30, Theorems 6.3 and 6.5] in the case of a compact interval Z.

Theorem 6.4. Assume that (1.1) holds with T = [a, o0) and system (H) is nonoscillatory at oo.
Then for any conjoined basis Y of (H) the limits of the comparative indices ,u(j Doo, J. Déo) and
p*(IDoo, TDL,) for t — oo exist and

Jim (T Doo. TDL,) = m.(00), (6.5)
Jim 11" (TDoo. TDg,) =n — doo, (6.6)

where Do, and D are the constant matrices in (4.4) and (4.6) corresponding to Y and I?,.

Proof. By Corollary 5.3 and Theorem 5.5 we have for every ¢ € [a, co) that

5.9 ~ 5.17 o~
1(TDoo, TDL) = m (2, 00] — i (t, 001 O= my (¢, 00] — Mpaolt, 00).  (6.7)

Since system (H) is nonoscillatory at oo, the conjoined bases ¥ and Yoo have no left and right
proper focal points in the intervals (¢, 00) and [¢, 0o) for sufficiently large ¢, i.e., mp (¢, 00) =
0 = M peolt, 00) for large ¢. Therefore, upon taking the limit as £ — 0o in (6.7) we obtain (6.5).
Alternatively we can use the first formula in (4.19) (with o := ¢) to obtain (6.5) directly. Next we
show that formula (6.6) follows from (6.5) by using the relationship between the dual compara-
tive index and the comparative index in (2.23) and (2.24). We fix t € [a, 00). By the form of the
matrices JDL_ in (5.18) with a := ¢ and JD in (4.4) we obtain from (2.23) that

1 (IDLy, TDoo) + rank Xoo (1) = (T Do, TDL,) + rank W (Yoo, ), (6.8)
where we also used that W(I?oo, f’,) =X go (t). Moreover, from (2.24) we get

1 (JDoo, IDY) + 1 (IDL,, TDog) = rank W (J Do, JD%,) = rank X (1), (6.9)



7512 P. Sepitka, R. Simon Hilscher / J. Differential Equations 266 (2019) 7481-7524

where we used that W (JDwo, JDL,) = W (Y, I?t) = X7 (¢). Upon subtracting (6.8) from equation
(6.9) we obtain

10*(TDoo, TDL) = rank X oo (1) + rank X (1) — rank W (Yoo, ¥) — (T Doo, TDL).  (6.10)

If G2 and G are the genera of conjoined bases corresponding to Yo and Y, respectively, then

rank X (1) =rank G = n — d and rank X (t) = rank G* for large . This fact together with

min
the validity of (6.5) imply that the limit of u*(JDso, JDL,) as 1 — oo exists, and by (6.10) and
(6.5) it is equal to

lim ;1*(JDog, JDk,) =1 — do + rank G — rank W (Yoo, ¥) — my (00) ) de.
— 00

The proof of formula (6.6) is complete. O

Remark 6.5. If assumption (1.1) holds with Z = (—o0, b] and system (H) is nonoscillatory
at —oo, then analogous results as in Theorems 6.1 and 6.4 and Remark 6.2 hold for the lim-
its of the corresponding comparative indices as t — —oo. More precisely, we have the formulas

pooo(Y.¥)i= Tim pu(Y (1), Y (1)) = t(ID—c0, TD-c0),
proo(Y. V)= lim p*(Y (1) Y (1)) = 0" (TD-o0, TD-o0) = mp(~00) + fii g (—00),

ooV, Vooo) =0, p* (Y, Y-oo) =rank T oo,

where 8 € (—oo, b] is such that }A’_oo has constant kernel on (—oo, 8] and d(—o0, 8] = d—co.
Moreover, we have the limits

lim p*(JD-oo, ID" o) =mp(—00),

t——00

i (D D) ==
where D_o, D_oo, and DU ~ are the constant matrices corresponding to Y, Y , and I?t with
respect to the symplectic fundamental matrix D_oo(t) = (IA’_OO (1) Y_oo (t)) involving the min-
imal principal solution I?_OO of (H) at —o0, i.e., as in (4.4) and (5.8) we have

W(¥ oo, ¥) - W (Yoo, V) : W (¥ e, ¥))
Doo=| > o IDoso=| ), IDL = T )
7 (W(Y_oo,n) 7 (W(Y_OO,Y)> TP (W(Y_OO,Y»)

Remark 6.6. The results in Theorems 5.1 and 6.1 and in Remark 6.5 allow to interpret the limit
case of the formulas (2.15) and (2.16) for b — 00. Indeed, by (5.1) and (6.1), respectively by
(5.2) and (6.2), for any conjoined bases Y and Y we have
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mp(a,o00) —iip(a,00) = oo (Y. ¥) — (Y (a), Y (a)).

mgla, 00) — figla, 00) = u* (¥ (a), ¥ () — ul, (Y. Y),
mp(—00,b] —fiip (=00, b] = w(Y (b), Y (b)) — —oo(Y. V),
mpg(—00,b) — fiig(—00,b) = p* (¥, ¥) — u* (Y (b), ¥ (b)).

These formulas represent the continuous time versions of the limit formulas for conjoined bases
of one discrete symplectic system in [7, Theorem 4.1].

7. Sturm-Liouville differential equation

In this section we will discuss some of the results from Section 5 for the second order Sturm—
Liouville differential equation

(r)y") + p@)y()=0, tela,o0), (SL)

where r, p : [a, 00) — R are given piecewise continuous functions such that r(¢) > 0 on [a, 00).
As it is common for piecewise continuous functions, the assumption of the positivity of r means
that the one-sided limits of r(¢) at its points of discontinuity are also positive, so that 1/r is
also piecewise continuous on [a, 00). Under these assumptions equation (SL) is a special case
of system (H) with n =1, A(t) =0, B(t) = 1/r(t), and C(¢t) = —p(t), that is, x := y and
u :=r(t)y’. For classical results (oscillation, nonoscillation, disconjugacy) about equation (SL)
with continuous coefficients on [a, co) we refer to [5,16,21,22]. We note that equation (SL) or
the corresponding system (H) with the above coefficients is completely controllable on [a, 00).

In order to apply the results from Section 5, we denote by y, the principal solution of (SL)
at a, i.e., it is determined by the initial conditions J,(a) =0 and y/ (a) = 1/r(a). We recall that
the principal solution y~, of a nonoscillatory equation (SL) at oo is defined by the condition
faoo 1/[r (1) )Aigo (1)]dt = oo, where « € [a, 00) is such that Y (¢) # 0 on [«, 00). The principal
solutions y, and y., are uniquely determined (up to a nonzero constant multiple).

The zeros (i.e., focal points in the terminology of the previous sections) of a nontrivial so-
lution y of (SL) are defined by the condition y(79) = 0, when 7 is a finite point. In addition,
according to (3.15) in Remark 3.7 we say that y has a zero at o0 if y = yo, i.€., if y is prin-
cipal at co. All the zeros of y are simple, i.e., their multiplicities are 1. In accordance with
(1.5) we will use the unified notation m(fy), m(ty), Mg (ty), Mo (to) for the multiplicities of 7
of the solutions y, ¥, V4, V~o. That is, for a solution y of (SL) we denote m(tg) := my (tg) for
to € (a,00] or m(ty) := mpg(ty) for 19 € [a, 00), where the equality m (t9) = mg(tp) holds for
every g € (a, 00). Similar notation will be used for the numbers of zeros of y, ¥, ¥, Yoo in some
given interval. In this context m(oo) = 0 if and only if y is an antiprincipal solution at oo, or in
other words faoo 1/[r(t) yz(t)] dt < oo for some « € [a, o0) such that y(¢) #£ 0 on [«, 00).

Remark 7.1. Recently we have observed the paper [1], which studies the validity of the singu-
lar Sturmian comparison theorem for two equations of the form (SL) under a standard (strict)
majorant condition. However, the approach in this reference does not allow to apply the results
to one equation (SL), hence to deduce the corresponding singular Sturmian separation theorem.
As a consequence of Theorems 5.5 and 5.7 we obtain the corresponding statement as follows.
Assume that equation (SL) is nonoscillatory at co and let y; and y» be two linearly independent
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solutions of (SL). If y; has two consecutive zeros at t1, 1 € [a, 00], 11 < f2, then y; has exactly
one zero in the open interval (¢1, t2).

Another motivation for the study of equation (SL) we found in the paper [6], which uses the
principal solution Yy to derive some existence theorems for second order nonlinear differential
equations. In particular, in [6, Remark 1, Lemma 5] the authors study the question when

Voo (t) # 0 on the whole interval [a, c0) (7.1)

and relate this condition to the disconjugacy of (SL) on the interval [a, 00). Following the classi-
cal terminology, see [16, Section XI.6] or [5], we define equation (SL) to be disconjugate on an
interval Zy C [a, oo] if any nontrivial solution of (SL) has at most one zero in Zy. Note that the
right endpoint oo is now included in the above definition.

It is well known that the disconjugacy of (SL) on [a, 00) is a condition, which is necessary but
not sufficient for the validity of (7.1). This fact is illustrated by [6, Example 1], where (SL) is dis-
conjugate on [a, o0) but the principal solution Yy satisfies Yoo () > 0 on (a, 00) and yo(a) =0,
i.e., (7.1) does not hold. This clearly means that yo, = y, (up to a nonzero constant multiple) and
this solution has two zeros in the interval [a, oc]. Hence, equation (SL) from [6, Example 1] is
not disconjugate on [a, oo] in the present setting.

The following characterization of (7.1) is an immediate consequence of the above definition
and the results in Theorems 5.5 and 5.7. We can see that the formulation is in the same spirit as
in the regular case, see [5, Theorems 1.1 and 1.2].

Theorem 7.2. The following statements are equivalent.

(1) Condition (7.1) holds.
(ii) The solution y, is positive on (a, 00) and antiprincipal at o0.
(iii) Equation (SL) is disconjugate on the interval [a, o0].
(iv) There exists a solution of (SL) with no zeros in the interval [a, o).

Proof. Assume that (i) holds, i.e., moo[a, 00) = 0. Then by (5.17) we get m,(a, oo] =0, so
that y,(¢) # 0 (positive) on (a, 00), as well as m,(co) = 0. The latter condition means that y,
is not principal at oo, i.e., (ii) holds. Next we assume that (ii) is satisfied, that is, m,(a) = 1
and my(a, o0] = 0. Then m,(c0) = 0 and my[a, 00) = 1. By (5.15) we get rank yoo(a) = 1,
so that by (5.16) we have mqo(a, oo] = 1. This implies through (5.21) that m(a, oo] < 1 for
every nontrivial solution y of (SL). If equation (SL) has a solution y with two zeros t; < t; in
[a, 00], then ¥ is not a constant multiple of y,, and hence a < t. Thus, n(a, oo] = 2, which is
a contradiction. Therefore, every nontrivial solution of (SL) has at most one zero in [a, 00], i.e.,
(iii) holds. Next we assume that (iii) is satisfied. Then the solution y, satisfies m,(a) = 1 and
my(a, o0] = 0. Hence, y, is not principal at co. Since the disconjugacy of (SL) on [a, oc] implies
the nonoscillation of (SL) at oo, the principal solution y., exists and satisfies m[a, 00) = 0,
compare with (5.17). Then without loss of generality y,(¢) > 0 on (a, 00) and y () > 0 on
[a, 00). Also, since mqo(00) = 1, the solutions y, and Y, are linearly independent. Then the
solution y := y, + Yo satisfies y(¢) > 0 on [a, 00) and y is not principal at co, i.e., n(co) = 0.
Hence, y has no zeros in [a, oo]. Finally, if (iv) is satisfied and y is the solution with no zeros in
[a, oo], then by (5.22) with y := § we have m[a, 00) < ni[a, 00) = 0. This means that y, has
no zeros in [a, 00), i.e., (7.1) holds. The proof is complete. O
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The results in Remark 7.1 and Theorem 7.2 clearly hold also on the unbounded intervals
[—o0, b] or [—00, 00], see also Remark 8.1, which we illustrate by the following example.

Example 7.3. Equation y” = 0 has the principal solution yo, = y_~ = 1 at 00, which is pos-
itive on (—o00, 00) but has two zeros in the interval [—00, oo] (its zeros are at 00). Therefore,
this equation is disconjugate on (—o0, 00), (—00, 00], or [—00, 00), but it is not disconjugate on
the interval [—oo0, oc]. Moreover, according to Remark 7.1 every solution y,, which is linearly
independent with y; = 1, has exactly one zero in the open interval (—oo, co). This obviously
holds, since y;(¢) = kt + g for k, g € R with k # 0.

8. Conclusions and remarks

In this paper we have presented Sturmian separation theorems for possibly uncontrollable
linear Hamiltonian systems (H) on unbounded intervals [a, 00) or (—o0, b]. We showed that the
classical Sturmian separation theorems on a compact interval [a, b] obtained recently in [12,30]
can be extended to unbounded intervals by using suitable properties of the comparative index.
The key feature is to define properly the multiplicities of proper focal points at oo and —oo
(Definition 3.1, Theorem 3.3, and Remark 3.6) and to count the multiplicities of proper focal
points including those at oo (for the left proper focal points) and at —oo (for the right proper focal
points). The main results contain exact formulas for the difference of the numbers of proper focal
points of two conjoined bases Y and Y (Theorem 5.1), exact formulas for the numbers of proper
focal points of one conjoined basis Y (Corollary 5.3), the relationship between the numbers of
left and right proper focal points for a given conjoined basis ¥ (Theorem 5.4), comparison of the
numbers of proper focal points of the (minimal) principal solutions Y, and Yo (Theorem 5.5),
optimal lower and upper bounds for numbers of proper focal points of any conjoined basis Y
(Theorems 5.7 and 5.10), optimal estimates for the difference of proper focal points of any two
conjoined bases Y and ¥ (Corollaries 5.8 and 5.13), and asymptotic formulas for the comparative
index and the dual comparative index involving two conjoined bases ¥ and ¥ (Theorems 6.1
and 6.4). Also, in the appendix below we derived new characterizations of antiprincipal solutions
of (H) at oo in terms of a Wronskian (Theorem A.1) and in terms of a limit (Theorem A.4), which
are used in the proof of Theorem 3.3 to calculate the multiplicities of focal points at co.

We emphasize that all the results in this paper are new even for a completely controllable
linear Hamiltonian system (H).

We are convinced that the contributions in this paper will motivate further development of
the oscillation theory for linear Hamiltonian systems and Sturm—Liouville differential equations.
For example, unified Sturmian separation theorems on regular intervals (i.e., compact intervals)
and on singular type intervals can be obtained as an immediate consequence of the results in [30]
and those in this paper. We will provide detailed statements of this unified theory in a separate
note. Furthermore, the new notion of a multiplicity of a focal point at 00 (Definition 3.1 and
Remark 3.6) will lead to a new interpretation of other classical topics in the theory of differential
equations, such as the disconjugacy of system (H) on unbounded intervals [a, 00), [a, oc], or
[—o0, oo]. This topic will also be addressed in our subsequent work.

Remark 8.1. In this paper we considered linear Hamiltonian system (H) on the unbounded
intervals of the form [a, 00) or (—o00, b], i.e., for intervals with one singular endpoint. The for-
mulations of the main results discussed above show that the presented theory remains valid also
for the interval Z with two singular endpoints, i.e., for a = —ooc and Z = R = (—00, 00). This
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can be seen by splitting the interval Z into two disjoint intervals (—oo, b] U (a, o0) with b =a
and by using that for any conjoined basis ¥ we have

mp(—00,00]l =mp(—00,b]+myp(a,oo], mg[—00,00)=mpg[—00,b)+mpgla,0).

In this case the quantities Y (a), Y (a), Yoo(a) and rank X (a), rank Xoo(a), rank G2° should be
replaced by the quantities JD_xo, jf)_oo, JDZ,, and rank W(I?_oo, Y), rank W(f’_oo, IA/OO),
rank G, respectively, compare with Remarks 5.2 and 5.16. More precisely, for a system (H)
which satisfies the Legendre condition (1.1) with Z = R and which is nonoscillatory both at co
and at —oo, we have from Theorem 5.1 for any conjoined bases ¥ and Y of (H) the equalities

mp(—00, 00] — i (—00, 00] = (T Doo, TDoo) — (T D—00. TD—0), (8.1)
mRg[—00, 00) — it g[—00, 00) = P*(TD—oc, TD—o0) — W*(TDso, TDx0),  (8.2)

from Corollary 5.3 for any conjoined basis Y of (H) the equalities

M1 (=00, 00] = i o6 (—00, 001 + (T Doo, TDT), (8.3)
mg[—00, 00) = il poo[—00, 00) + 1*(TD- 00, TD>,), (8.4)

from Theorem 5.4 for any conjoined basis Y of (H) the equality
mp (—00, 00] + rank W (Yoo, Y) = mg[—00, 00) 4 rank W (¥_oo, Y), (8.5)
from Theorem 5.5 the equalities

1M oo (—00, 00] = MM —oo(—00, 00] + rank W (Yeo, Y—oo),

MR 00 —00, 00) = MM Reo[—00, 00) + rank W (Yoo, Y_o0),

. . (8.6)
M —oo(—00, 00] = M Roo[—00, 00),
M R—o0[—00, 00) = MM oo (—00, 0],
from Theorems 5.7 and 5.10 for any conjoined basis Y of (H) the optimal estimates
M [,—o00(—00, 00] < m (=00, 00] < My (—00,00],
M Roo[—00, 00) < mpg[—00, 00) < M R—oo[—00, 00), 7)

ML —o00(—00,00) < mp(—00,00) <M _oo(—00,00) + rank G2, = nif00(—00, 00],

M Roo(—00, 00) < mR(—00, 00) < 1M Roo(—00, 00) + rank G5 = Mg —oo[—00, 00),
and from Corollaries 5.8 and 5.13 for any conjoined bases ¥ and ¥ of (H) the optimal estimates

| m 1, (—00, 00] — it (—00, 00] | < rank W (Yoo, Y_o0) <1,
| m g[—00, 00) — fii g[—00, 00) | < rank W (Yoo, Y_oo) <11,
| mp,(—00, 00] — i g[—00, 00) | < rank W (Yoo, Y_o0) <1, { (8.8)

| mp (=00, 00) — iy (—00, 00) | < rank G2 <n,

‘mR(—OO, 00) — M g(—00, 00) | <rankG > <n,
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where G is the genus of ¥_,, near oo and G is the genus of ¥, near —oo. We note that
the upper bounds in (8.8) satisfy

rank W (Yso, Y_o0) < min {rank G>, rank Q;OOO},

Wthh follows from (3. 4) with Y = Y_oo, from (3.14) with Y := Yoo, and from the equality
W(Y 00, Yoo) —[W(Yoo, Y_oo)]T A simple illustration of these estimates is presented in Ex-
ample 7.3. Moreover, from Corollary 5.14 we have

ML —00(—00,00) +rank G = m goo (—00, 00) + rank G_>°, (8.9)

ML —00(—00,00) = MRoo(—00,00) ifand only if rank G} =rankG_°. (8.10)

Condition (8.10) is a generalization of Proposition 1.3 to a possibly uncontrollable system (H).
Indeed, if the system (H) is completely controllable on R, then rank G | = n = rank G_™ holds.
Thus, we obtain from (8.10) the equality 72} o (—00, 00) = M goo (—00, 00) saying that the prin-
cipal solutions I?oo and I?_Oo have the same number of focal points in R, see also Example 7.3.
Finally, from Remark 6.6 we obtain for any conjoined bases ¥ and Y of (H) the equalities

mp(—00,00) — i (00, 00) = poo(V, V) — oo (Y, V), (8.11)
m g(—00, 00) — fii g(—00, 00) = p* (¥, ¥) — pk (Y. Y). (8.12)
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Appendix A. New results about antiprincipal solutions at infinity

In this section we present two new characterizations of antiprincipal solutions of (H) at oo,
which are related to their asymptotic behavior at co. The first result generalizes [27, Theo-
rem 5.13] to the case when the involved principal and antiprincipal solutions at oo belong to
two different genera of conjoined bases of (H). This result (or its Corollary A.3 presented below)
is utilized in the proof of Theorem 3.3 about the multiplicities of focal points of conjoined bases
at oo.

Theorem A.l. Assume that (1.1) holds with T = [a, 00) and system (H) is nonoscillatory at oo.
Let Y be a principal solution of (H) at oo and Y be a conjoined basis of (H) and let o € [a, 00)
be such that dla, 00) = do and Y and Y have constant kernel on the interval [, 00). Moreover,
let P 0o and Ps,,~, be the associated orthogonal projectors in (2.33). Then Y is an antiprincipal
solutlon of (H) at oo if and only if

rank[Pg W(Y,Y) Ps,00l =1 — doo. (A.1)
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Proof. Let G and G be the genera of conjoined bases of (H), which correspond to Yand Y,
respectively. Denote by H*® := QAOO/\ G the infimum of Q > and G°, see Subsection 2.5. Since
H™ < G and H® < G, we know from Proposition 2.8 that there exist conjoined bases ¥, and
Y, of (H) with constant kernel on [«, 00), which are contained in Y and Y on [«, 00), respectively,
and which belong to the genus H°°. Moreover, the conjoined basis Y, isa principal solution of
(H) at oo, by Remark 2.10. According to [28, Lemma 5.2] we have the equality

Pg o W(¥i. Ys) Ps,cc =P W(Y.Y) Ps,c. (A2)

Now if Y is an antiprincipal solution of (H) at oo, then also Y, is an antiprincipal solution of (H)
at 0o, by Remark 2.10. Consequently, the result in [23, Theorem 6.3.11] or [27, Theorem 5.13]

implies the identity rank[PS. o W(I?*, Yy) Ps,00] =n — doo. In particular, formula (A.1) then
follows from (A.2). Conversely, if (A.1) holds, then rank[Pg o W(I?*, Y) Ps,00l =1 — doo

by (A.2). Therefore, the result in [27, Theorem 5.13] yields that Y, is an antiprincipal solution of
(H) at co. Hence, Y is also an antiprincipal solution of (H) at co, by Remark 2.10. O

Remark A.2. (i) If Y in Theorem A.1 is the minimal principal solution at oo, i.e., if C; = ggf;n
in the above proof, then condition (A.1) reduces to rank [W(I? VY)Ps ool =n—d

(i) Similarly, if ¥ in Theorem A.1 is a minimal conjoined basis of (H) near oo, i.e., if G =
Qgﬁn in the above proof, then condition (A.1) reduces to rank [PSQOOW(I? V)| =n —ds.

(iii) In particular, if both Y and Y belong to the minimal genus G near oo, then condition
(A.1) reduces to rank W(I?, Y) =n — dw. This result is known in [27, Corollary 5.14].

The result in Theorem A.1 leads to a new interpretation of the limit characterization of prin-
cipal solutions of (H) at oo in terms of antiprincipal solutions of (H) at oo, resp. in terms of
the Wronskian W(f’, Y). More precisely, we obtain the following simultaneous characterization
of ¥ and Y being principal and antiprincipal solutions of (H) at co, which is in the light of
Theorem A.l an equivalent formulation of [28, Theorem 5.1].

Corollary A.3. Assume that (1.1) holds with T = [a, o0) and system (H) is nonoscillatory at oo.
Let Y and Y be two conjoined bases of (H) from given genera G and G, respectively. Let
o € [a,o0) be such that dlo, 00) = doo and Y and Y have constant kernel on the interval
[, 00). Denote by P¢s  and Ps, their associated orthogonal projectors in (2.33). Further-

more, let H>® = G®A QOO be the infimum of the genera G and G and let P, be the orthogonal
projector in Proposition 2.8 defined through Y and H™®. Then the following statements are equiv-
alent.

(i) The conjoined basis Yisa principal solution of (H) at oo and the conjoined basis Y is

an antiprincipal solutlon of (H) at oco.
(1) The limit of X (1) X (1) P* as t — oo exists and satisfies

lim X" ()X (1) P,=L with ImL" =Im(P, — Ps ). (A.3)
t—00 Mee)

In this case the Wronskian W(I?, Y) satisfies condition (A.1).
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Proof. Assume that condition (i) holds. Then Theorem A.1 yields that (A.1) is satisfied, and
then condition (ii) follows from [28, Theorem 5.1]. Conversely, if condition (ii) holds, then we
know by [28, Theorem 5.1] that Yisa principal solution of (H) at oo and (A.1) is satisfied. In
turn, Theorem A.l implies that Y is an antiprincipal solution of (H) at oo, which shows that
condition (i) holds. O

The result in Corollary A.3 poses a question about the existence of the limit in (A.3) when
the conjoined basis Y is not in general a principal solution of (H) at co. We answer this question
in the theorem below. At the same time we generalize [27, Theorem 6.3] to the case when the
considered conjoined bases Y and Y belong to two different genera G* and G, see the con-
jecture in [27, Remark 6.7(iv)]. Moreover, our new result also completes the statement in [27,
Theorem 6.3] in a sense that it is actually an equivalence instead of an implication. The statement
below (or its Corollary A.6) is utilized in the proof of Theorem 3.3.

Theorem A.4. Assume that (1.1) holds with T = [a, 00) and system (H) is nonosczllatory at 0.
Let Y and Y be two conjoined bases of (H) belonging to given genera G*® and G, respec-
tively. Let a € [a, o0) be such that d|a, 00) = dso and Y and Y have constant kernel on the
interval [a, 00). Moreover, let Ta,oo and PSaoo be the matrices in (1.7) and (2.33), which

correspond to Y. Denote by H™® the infimum of the genera G*® and G™ and let P, be the
projector in Proposition 2.8 defined through Y and H°. Then the following statements are equiv-
alent.

(1) The conjoined basis Y is an antiprincipal solution of (H) at oc.
(i1) The limit of X T(t) X (1) Py as t — o0 exists and satisfies

lim X" () X(@)P,=L with ImL" =Im Ty oo ®Im (P, — Ps ). (A.4)
t—00 ’ o 00

Proof. Let P, be the orthogonal projector in Proposition 2.8 defined through Y and 7 and let
Y, and Y, be the conjoined bases of (H) from the genus 7, which are contained in ¥ and Y on
[a, 00) with respect to P, and P*, respectively. Moreover, let R, (¢) and R* (1) be the matrices in
(2.31) associated with Y, and Y. By using the properties of genera of conjoined bases and the
relation “being contained” and (2.41) we have the equalities

R.()=R.(1), X.()=X)P.. X[ 0O)=X'R.(), tela,00). (A5

In particular, the identities in (A.5) together with R, (1) X, (1) = X, (t) on [, 00) yield

X'y X0 P, "2 XT (1) Xy () = xm) R (1) X4 (1)

X1 R(1) X (1) =) XT (1) X (1), 1 € [, 00). (A.6)

In this way we transfer the study of the limit in (A.4) into the genus H°°, where we can apply the
known result from [27, Theorem 6.3]. Let S, (¢), S’a (1), Sy (1), S'*a (t), and (suppressing the in-
dex 00) Ty := Ty, 0> fa = ~a, 00> Txa ' = Txa, 00> T*a = f*a, ~o be the corresponding S-matrices
and T -matrices defined in (1.7). According to Remark 2.7(i) we have the equalities



7520 P. Sepitka, R. Simon Hilscher / J. Differential Equations 266 (2019) 7481-7524

Se(t) = Suq (1), Sa(t) = Sua(t), 1€ [a,00), (A7)
PSy00=PSy00r P00 =Ps o0 To =T, Tu=Tu, (A-8)

where Pgs o, Ps,, 00, and PS* o are the orthogonal projectors in (2.33) associated with Y, Y,

and Y,, respectively. Moreover, based on the first equality in (A.5) the conjoined bases Y and Y,
are mutually representable on [«, 00) in the spirit of Proposition 2.5 with ¥} := Y, and Ys :=Y,.
More precisely, there exist constant matrices M*, N, € R™ " guch that M, is nonsingular, M TN*
is symmetric, and the identities

X (t) = Xo(t) [Py My + Seq (1) N, Xu(t) = Xo (1) [P M1 — Siq () NI (A.9)

hold on [«, 00), by (2.39). In particular, by using the second formula in (A.9) and the equalities
X*T (1) X«(t) = P, and P, S.q (1) = S« (?) on [a, 00) we obtain that

X0 Xu(t) = X () Xu () [P My = Suu ) NI 1= Pu M = Sou () NI, 1 € [, 00).
(A.10)

Next, let Yy and Yy, be the conjoined bases of (H), which are contained in Y, and Y. on [ar, 00)
with respect to the orthogonal projectors Ps,, and Pg _, respectively. Since both Y., and

Y. have constant kernel on [, o0) and 13y Remark 2.7(ii) they belong to the (unique) minimal
genus gg;gn, it then follows that Y, and Y, are mutually representable on [«, 00). In particular,

if in agreement with (2.37) in Proposition 2.5 with Y1 = f/** and Y := Y, the conjoined basis
Yis 18 expressed in terms of the conjoined basis Y** via matrices M** and N**, then M** is
nonsingular, M** Ny i8 symmetric, and according to [26, Lemma 6.9] we have the formulas

S*QOOM**’ P*M PS~ oO_PS*O(OOM;kl’ N**:PS*O[OON* Ps*aoo.

(A.11)

Moreover, denoting by Ty := Tyxa, 0o and T**a = T**O,, 00 the~ corresEonding T -matrices de-
fined in (1.7), we obtain by Remark 2.7(i) that Ty.q = Ty and Ty = Tyo. Hence, by (2.42) in
Remark 2.7(ii) we get

242) ~mp o~ ~ ~ ~
Tow = Torg "= MT. Tos My + ML Ny = ML Ty My + M7, N, (A.12)

Suppose now that statement (i) holds, i.e., Y is an antiprincipal solution of (H) at oo. Then
also Y is an antiprincipal solution at co by Remark 2.10, and according to [27, Theorem 6.3]
(with G :=H>, (X,U) :=Y,, and (X, U) :=Y,) we have that

lim X (1) X,(t)=L with ImL? =ImT,, ®Im (P, — Ps (A.13)
11— 00

00)"
In turn, with the aid of (A.6) and (A.8) the relation in (A.13) is equivalent with (A.4). This shows
the validity of statement (ii). 3

Conversely, assume (ii), i.e., (A.4) holds. Denote by Lo := P.M_ I'_ [, where L is given
in (A.4). Then by (A.6) and (A.8) we have that Y, and Y satisfy (A.13). Consequently, by (A.10)
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we get Syq (2) 1\~/*T — Lo as t — oo. Moreover, the definitions of the matrices Ps, o, and Ty in
(2.33) and (1.7) yield

Ps,,oo NI = lim ST (1) Sua() NI = lim ST() x lim S,(1) NI =T, Lo.  (A.14)

This implies that Ker Ly € Ker (Ps, o0 ]\7*T ). On the other hand, for any v € Ker (Pgs,, oo ]\7*T )
we have that v € Ker[Syy(?) 1\7*T ] for all sufficiently large ¢ € [, 00) and hence, v € Ker Ly.
Therefore, Ker Lo = Ker (Ps, o0 ]\~/*T ) holds, which is equivalent with Im Lg =Im (N* Ps,,00)-
By combining the latter identity with the last formula in (A.11) we get

(ALD)

Im(PS'*aoo Lg) :Im(PS*aoo ]\7* PS*aoo) Im ]\7** (A.15)

In addition, from the definition of L¢ and the second identity in (A.11) it follows that

D pg ML) — L Ps

Lo Ps 3,00

Sya 00

—P*M Ps

S*aoo

— L Px

Sia 0

(A.16)

Furthermore, since by (A.13) the inclusion ImLT CIm T*a @ Im (15* — PS* oo) holds, utilizing

the equalities PS*aooT*Of = T*a and PS 00(13* — Pg*aoo) = (0 we obtain that

Im (PS*aoo LT) CIm T*a, or equivalently Ker T*a C Ker (L PS*aoo)' (A.17)

Next, we will prove the inclusion KerTy, C Ker Ps, . Let v € KerT,y. The last identity
in (A.11), the symmetry of Ps_, , and Ty, and equality (A.14) then yield

5 (Al ~ (A14)
N** P~ N* PS*QOO

Ps o Lj Tuav=0. (A.18)
Consequently, by using (A 12) and (A.18) we get M T*a Myv = Tiq v M** Nyxv = 0.
And since the matrix M** is nonsingular, we have M**v e Ker T*a and hence, M**v €
Ker (L P~ )> by (A.17). On the other hand, formula (A.15) and the symmetry of M** N
imply that

Im(M/, Pg  Ly)=Im(N[ M), ie, Ker(LoPg_ . M) =Ker(M/ Ny

And since the equality ]\7** v = 0 holds, we have M** v € Ker (L PS* oo). Thus, the vector
M, v € Ker (L PS* ~) NKer (Lo PS* o)+ Moreover, from (A.16) it then follows that

o1 (A16)
Ps, 00V =Ps,,~ M**l M v

(Lo P oo T L PS*aoo) M,v=0.

Therefore, v € Ps, « and the inclusion Ker Ty, C Ker Pg, o is established. This means that
Im Ps, oo € Im T,y . On the other hand, the opposite inclusion Im 7%, € Im Pgs,_ o, always holds
by (2.34) and hence, we have Im Ty, = Im Ps_ o, and rank Ty = n — d[a, 00). Therefore, the
conjoined basis Y is an antiprincipal solution of (H) at co. In turn, by Remark 2.10 the conjoined
basis Y is also an antiprincipal solution of (H) at oo. The proof is complete. O
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Remark A.S. The proof of Theorem A.4 implies that the second condition in (A.4) can be equiv-
alently replaced by the inclusion

ImLT CIm7T, o ®Im(P; — Ps o) (A.19)

Indeed, in the proof of (i) = (ii) we showed that (A.13) holds, which by Ty = Tyy from (A.8)
implies (A.19). In the opposite direction (ii) = (i) we utilized just the inclusion (A.19).

In the last part of this section we present several special cases of Theorem A.4, which are
also new in a sense that they extend known statements in the literature. These special cases are
concerned with the situations when either G* is the maximal genus G, or one of the genera
H® of G is the minimal genus G . These considerations will also show that Theorem A.4 is
new even for the completely controllable system (H).

First we consider the situation when Y is a maximal conjoined basis of (H) near co. In this case
we obtain from Theorem A.4 the following characterization of maximal antiprincipal solutions

of (H) at oco.

Corollary A.6. Assume that (1.1) holds with 7 = [a, 00) and system (H) is nonoscillatory at oo.
Let Y be a maximal conjoined basis of (H) near oo and let Y be a conjoined basis of (H). Let
o € [a,00) be such that dla, 00) = doo, the matrix X () is invertible on [a, o0), and Y has

constant kernel on [, 00). Moreover, let Ty oo, P, and Ps _ be the matrices in (1.7), (2.31),

and (2.33), which correspond to Y. Then the following statements are equivalent.

(1) The conjoined basis Y is a maximal antiprincipal solution of (H) at co.
(1) The limit of X “L@) X(t) as t — oo exists and satisfies

lim X' X()=L with ImLT =ImTy oo ®Im(P — Ps ). (A.20)
11— 00 o

Proof. The result follows from Theorem A.4 for the choice of G*° := G7 .. In this case we have

H® =G2 AG® =G>, and hence P, = P and X(t) P, = X(t) P = X (¢) on [a, 00). O

The other special cases of Theorem A.4 are concerned with the situation when H™ is the
minimal genus G . The notation and context of the following remark refers to Theorem A.4.

Remark A.7. (i) If H® = GP°AG® = Goe » then P, = Ps _ and condition (A.4) reduces to
lim X"()X(t)Ps =L with ImL" =Im Ty, . (A.21)
t—00 o

In this case Theorem A.4 with (A.21) extends [28, Corollary 5.3] to the situation when Y is not
necessarily a principal solution of (H) at co. 5
(ii) If G*° := G , then part (i) of this remark applies with P = Ps and (A.21) reduces to

— “Ymin’

Jlim X')X()=L with ImLT =Im7, . (A.22)
—> 00
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In this case Theorem A.4 with (A.22) extends [28, Corollary 5.4] to the situation when Y is not

necessarily a principal solution of (H) at oo.
(iil) If G*° := and G := then part (ii) of this remark holds and (A.22) reduces to

max mm ’

lim X" ') X@)=L with ImLT =Im7, . (A.23)
1— o0

In this case Theorem A.4 with (A.23) extends [28, Corollary 5.5] to the situation when Y is not
necessarily a principal solution of (H) at co. Note that condition (A.23) is also a special case of
(A.20) in Corollary A.6 for the choice of G := G .

Finally, we comment separately the situation of a completely controllable system (H). Even
in this very special case the result in Theorem A.4 (or Remark A.7(iii) with G37 = G2 ) is new
and it reads as follows. We also note that the assumption of the eventual complete controllability
of (H) can be replaced by the weaker condition d, = 0 with the same conclusion. The latter
condition is a version of a weak controllability condition used in [15, Hypothesis 2.7] or in [17,
Condition D2, p. 260].

Corollary A.8. Assume that (1.1) holds with 1 = [a, 00) and system (H) is nonoscillatory at
oo and eventually completely controllable. Let Y and Y be two conjoined basis of (H). Let o €
[a, 00) be such that the matrices X (1) and X (t) are invertible on [a, 00) and let Ta o be the
matrix in (1.7), which corresponds to Y. Then the following statements are equivalent.

(1) The conjoined basis Y is an antiprincipal solution of (H) at co.
(i) The limit of X~ '(t) X(t) as t — oo exists and satisfies (A.23).

Remark A.9. Following the last parts of Subsections 2.5 and 2.7 we conclude that the results in
this section hold without any change for genera of conjoined bases of a nonoscillatory system
(H) at —oo, with the orthogonal projectors and limits considered for t — —oo.
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1. Introduction

We consider the linear Hamiltonian differential systems

y/ZJH(t))% ZEI, (H)
Y=JH®n 3, tel (A)

where Z C R is a fixed interval and 7, H : 7 — R are given piecewise continuous sym-
metric matrix-valued functions on Z satisfying the Sturmian majorant condition

H(t) > H(t) foralltel. (1.1)

In this setting we say that system (H) is a Sturmian majorant of (Fl), or that system (ﬁ) is a Stur-
mian minorant of (H). We assume that n € N is a given dimension and J € R2%21 is the
canonical skew-symmetric matrix (see equation (2.12) below). In addition to (1.1) we assume
that the minorant system (H) satisfies the Legendre condition

B(t)>0 forallteZ, (1.2)

where é(t) is the lower right n x n block of 7:[(t). Along with the basic systems (H) and (H) we
will also consider a certain transformed linear Hamiltonian system

V=JH®F, tel, (H)

which is related to (H) and (H) by a symplectic transformation (see Remark 1.4 below).

We are interested in the Sturmian comparison theorems, which provide a way for the estima-
tion of the number of focal points of conjoined bases of the majorant system (H) in terms of the
number of focal points of conjoined bases of the minorant system (F1), or vice versa. The novel
approach of this paper resides in four aspects: (i) we consider an unbounded interval Z and thus
derive the singular Sturmian comparison theorems, (ii) we remove the controllability assump-
tion on the involved systems, (iii) we obtain exact formulas for the numbers of focal points of
conjoined bases of these two systems, and (iv) as key tools we derive new results in the trans-
formation theory of principal and antiprincipal solutions at oo and new limit properties of the
comparative index involving these solutions.

Solutions of systems (H) or (I1) are piecewise continuously differentiable functions on Z. We
will consider 2n-vector-valued solutions denoted by small letters (typically y or y) or 2n X n-
matrix-valued solutions denoted by capital letters (typically ¥ or Y ). We will split the vector
solutions into their n-vector components y = (x”, u”)T or the matrix solutions into their n x n-
matrix components ¥ = (X T yTyT | see notation (2.14) below. In the theory of uncontrollable
linear Hamiltonian systems it is known that the conjoined bases may have the X-component
singular on a nondegenerate subinterval of Z. More precisely, the result of [23, Theorem 3] or
[18, Proof of Lemma 3.6(a)] shows that under the Legendre condition the kernel of X () is
piecewise constant on Z for any conjoined basis Y. This means that the kernel of X (#) changes
finitely many times in any compact subinterval of Z and we say that Y has a left proper focal
point at 19 € T if Ker X (;) & Ker X (fo) with the multiplicity
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mp (to) :=def X (t9) — def X (¢, ), (1.3)
and a right proper focal point at to € L if Ker X (t(;r ) ; Ker X (#p) with the multiplicity
mpg(tg) := def X (1p) — defX(taL). (1.4)

These notions were defined in [24,36]. For brevity, the adjective “proper” will be disregarded in
the subsequent terminology. The notations Ker X (tg—L), def X (tg:)’ and later rank X (tg:) represent
the one-sided limits at #( of the piecewise constant quantities Ker X (¢), def X (¢) := dim Ker X (¢),
and rank X (#). When counting the left and right focal points of conjoined bases Y of (H) in the
interval Z we will use the notation m (Z) and m g (Z), that is,

mi(D):=Y mp(to), mr(@):= Y mg(t). (1.5)

o el 1o el

In a similar way we will use the Ilotation mp (Z) and mg(Z) for a conjoined basis Y of (H). For
special conjoined bases Yy, and Yy, called the principal solutions of (H) and (H) at typ € 7 and
defined by the initial conditions

Y (t))=E, Y,(t0))=E, E:=(, DT, (1.6)

we will use the notation mp (Z), m gy (Z), Mirs,(Z), Mgy, (Z). The brackets around Z will be
dropped when considering an interval Z with specific endpoints. The focal points are always
counted including their multiplicities.

Oscillation theory of linear Hamiltonian systems represents a classical topic in the qualitative
theory of differential equations. Standard references include the monographs [4,9,19,22,25,26]
or more recently [2,21,27]. Regarding the compact interval Z = [a, b], the classical Sturmian
comparison theorem for the second order Sturm—Liouville differential equations is presented in
[19, Theorem XI.3.1] or [26, Theorem I1.3.2(a)]. An extension of this result to controllable linear
Hamiltonian systems (H) and (H) was derived in [8, Theorem 4] by Coppel, in [3, pg. 252] by
Arnold (also quoted in [27, Theorem 4.8]), and in [22, Section 7.3] by Kratz. In particular, the
results in [22, Corollary 7.3.2] use the principal solutions of (H) and (H) at the endpoints a
and b as the reference solutions for counting the focal points. We recall that system (H) is called
completely controllable (or identically normal) on the interval Z if the only solution y = (x7 (-) =
0,u’)T of (H)on a nondegenerate subinterval Zo C 7 is the trivial solution y(-) = 0. Note that
in this case the quantities in (1.3) and (1.4) coincide with the usual multiplicity of a focal point
at 79, which is defined by (see [22, Theorem 3.1.2])

m(ty) := def X (tp) = dim Ker X (¢p). (L.7)

Regarding an open or unbounded interval Z, a singular Sturmian comparison theorem for
the second order Sturm-Liouville differential equations was obtained in [1, Theorem 1(i)] by
Aharonov and Elias. Moreover, the following singular comparison theorem for controllable sys-
tems (H) and (H) on Z = [a, o) was derived in [12, Theorem 2] by Dosly and Kratz. The authors
of [1,12] replaced the principal solution at b by the principal solution at oo in their comparison
theorems. We recall, see e.g. [10], that the principal solution of (H) at oo is defined as its con-
joined basis Yy, with X (#) invertible on [«, 00) for some « € [a, 00) and
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t—00

t
-1
lim </Xgol(s)B(s)XoTo_1(s) ds) =0. (1.8)

o

Proposition 1.1. Assume that (1.1) and (1.2) hold on T = [a, 00) and that systems (H) and ()
are nonoscillatory and completely controllable. Then the number of focal points of any conjoined
basis Y of (H) in the interval [a, 00) is bounded from below by the number of focal points of the
principal solution of (H) at oo in this interval. This means, in the above notation,

mla, 00) > muola, 00). (1.9)

The first Sturmian comparison theorems for uncontrollable linear Hamiltonian systems were
derived in [34, Theorems 1.2 and 1.3] by the second author for a compact interval Z = [a, b]
and for the left focal points. These results are translated easily via [24, Remark 4.7] to the right
focal points. The comparison theorems in [22, Section 7.3] and [34] were derived by using the
oscillation theorems for self-adjoint eigenvalue problems and they are formulated as estimates
or inequalities (unless 7:[(t) = H(t) on Z). On the other hand, the following exact formula for
expressing the numbers of left and right focal points of conjoined bases Y and Y of (H) and (F)
on Z = [a, b] was derived in [15, Theorem 2.2]. This result is based on using the comparative
index w(-,-) and the dual comparative index u*(-,-) of Elyseeva [13,14], which we define in
Section 2.

Proposition 1.2. Assume that (1.1)and (1.2) hold on T = [a blandletY and Y be any conjoined
bases of (H) and (H) Let Z be a fundamental matrix of (H) satlsfymg Y(t) =7 (t) E on [a, b],

where the matrix E is given in (1.6), and consider the function Y(t) =7 Y)Y (@) on [a,b).

Then the comparative index (Y (1), Y (1)) is piecewise constant and right-continuous on [a, b]
and for every ty € (a, b] the multiplicities mp (ty), my (to), and my (ty) of left focal points of Y,
Y, and Y at tg defined through (1.3) satisfy the equality

my (to) — M (t0) = iy (to) + (Y (t0), ¥ (t0)) — lim w(Y (r), Y (1)). (1.10)

t—>ty
Moreover, the numbers of left focal points of Y and Y in (a, b] are connected by

mp(a,b] —mp(a, bl =fip(a,b]+ p(Y (b),Y (b)) — u(¥(a), ¥ (a)), (1.11)
where my (a, b] is the number of left focal points in (a, b] of the auxiliary function Y.

A corresponding result for the right focal points in [a, b) can be derived by an analogous
method to the proof of Proposition 1.2 in [15]. Alternatively, we may use the relationship
mp (a,b] +rank X (b) = mgla, b) + rank X (a) between the left and right focal points of Y.

Proposmon 1.3. Under the assumptions of Proposition 1.2, for any conjoined bases Y and Y of
(H) and (H) the dual comparative index * (Y (t), Y (1)) is piecewise constant and left-continuous
on [a, b] andfor every fo € la, b) the multiplicities mg(to), mg(ty), and mg(ty) of right focal
points of Y, Y,and Y :=Z7'Y at 1y defined through (1.4) satisfy the equality
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mp(to) — MR (io) = fiig(i0) + w*(¥ (1), ¥ (t0)) — lim u*(Y (@), ¥ (). (1.12)

t—)to
Moreover, the numbers of right focal points of Y and Y in[a, b) are connected by

mgla, b) — fgla, b) =figla.b) + u*(¥ (@), Y (@) — u*(Y (b). ¥ (b)), (1.13)
where mgla, b) is the number of right focal points in [a, b) of the auxiliary function Y.

Remark 1.4. We note that the symplectic fundamental matrix Z of (f) in Propositions 1.2
and 1.3 has the form Z = (*, Y ). Moreover, it is easy to verify (see [11]) that the function
Y:=ZlYisa conjoined basis of the transformed linear Hamiltonian system (F), whose coef-
ficient matrix

HE) = ZT ) [HE) — HO1Z(t), tel, (1.14)
satisfies 7 () > 0 on Z under (1.1).

The question regarding the validity of the singular Sturmian comparison theorem for two
nonoscillatory linear Hamiltonian systems (H) and (H) satisfying (1.1) on an unbounded inter-
val Z and no controllability condition is an open problem so far. In the present paper we solve
this problem and provide a generalization of Propositions 1.1, 1.2, and 1.3 to this setting (The-
orem 5.1). This extension is by no means straightforward. The investigation of this problem
revealed the necessity to extend first the transformation theory of linear Hamiltonian systems in-
volving the comparative index, known in [16,17], to unbounded intervals (Theorem 3.2). Along
this way we also obtained new results regarding the transformation of the principal and antiprin-
cipal solutions at co (Theorems 3.6, 3.8, and 4.4), which play a fundamental role in our new
singular Sturmian comparison theorems.

As we recently observed in [33], when considering an unbounded interval Z = [a, 00) it is
essential to include the multiplicities of focal points at co and to use the minimal principal so-
lutions of (H) and (H) at co as the reference solutions for counting the focal points. Following
[28], the minimal principal solution of (H) at co is defined as the conjoined basis Y, of (H) with
X () having constant kernel on [«, 00) for some « € [a, 00) and

t
;
lllrgo</xgo(s)3(s)xig(s)ds> =0, rankXoo(r)=n—ds, 1€ /[a,00). (1.15)

o

Here T denotes the Moore—Penrose pseudoinverse (see [5—7]), the number d, is the maximal
order of abnormality of (H), and the rank of X (#) is minimal possible on [¢, 00). One can see
that condition (1.15) directly generalizes (1.8) to the uncontrollable setting. As applications of
the main comparison theorem we derive additional exact formulas and estimates for the numbers
of focal points of the principal solutions Y, I?a and Yo, I?Oo (Theorem 5.5 and Corollaries 5.4
and 5.7). Finally, we note that all the results in this paper are new even for controllable linear
Hamiltonian systems, in particular they are also new for the even order Sturm—Liouville differ-
ential equations. We are thus convinced that this paper represents an important contribution to
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the qualitative theory of differential equations. Along the way to the above Sturmian compari-
son theorems we also discovered the necessity to complete some theoretical results from matrix
analysis (Theorem A.2 in the appendix), which were initiated in [22].

The paper is organized as follows. In Section 2 we present the definition and main properties
of the comparative index, as well as the needed theory for the known singular Sturmian sepa-
ration theorems on Z = [a, 00). In Section 3 we investigate the transformation theory and limit
properties of the comparative index with a general symplectic transformation matrix R(¢). In
Section 4 we apply these results to systems (H) and (F1) satisfying majorant condition (1.1) and
to the special transformation matrix R(t) := Zoo (1), being the symplectic fundamental matrix
of the minorant system (H) associated with the minimal principal solution YOO of (H) at oco. In
Section 5 we present the main results of this paper — singular Sturmian comparison theorems
on the unbounded interval Z = [a, c0), while in Section 6 we present analogous results for the
unbounded interval (—oo, b]. Finally, in Appendix A we derive a completion of some known
results from matrix analysis related to normalized conjoined bases.

2. Main tools and aucxiliary results
The main results of this paper are based on the notion of a comparative index of two conjoined

bases of (H) and (Fl). FoAllowing [13, Definition 2.1] or [14, Definition 2.1], for two real constant
2n x n matrices Y and Y such that

YTgy=0, Y'7Y=0, rankY=n=rank¥, W:=Y'JY 2.1
we define their comparative index u(Y, }A’) and the dual comparative index u* (Y, Y ) by
w(Y,Y) :=rank M +indP, p*(¥,Y):=rank M + ind (—P), (2.2)
where M and P are the n x n matrices
M=U-X"XOW, P=vWIXx'xv, v.=1-MM. (2.3)
The matrices Y and ¥ are partitioned into the n x n blocks according to the standard notation
Y =XT,UT)T and Y = (XT,UT)T. We note that the matrix V is the orthogonal projector
onto Ker M and the matrix P is symmetric, see [14, Theorem 2.1]. The quantity ind P denotes
the index of P, i.e., the number of its negative eigenvalues. Obviously, the relation ind (—P) =
rank P — ind P holds. The needed algebraic properties of the comparative index are summarized

as follows, see [14, Section 2].

Proposition 2.1. Let Y and Y be 2n x n matrices satisfying (2.1) and let E be given in (1.6).
Then the comparative index and the dual comparative index defined in (2.2) satisfy

w(¥,Y) + u*(¥,Y) =rank W — rank X + rank X, (2.4)
max {M(Y, IA/), w* (Y, I?)} < min{rank W, rank)A(} <n, (2.5)
w(¥,E)=0=pu*(Y,E), w(E,Y)=rankX = u*(E,Y), (2.6)

w(YM, YM)=u(Y,Y), w*¥YM,YM)=u*Y,Y), M,MeR™ invertible. (2.7)
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Proposition 2.2. Let V, Z1, Z, be real 2n x 2n symplectic matrices and let E be defined in (1.6).
Then the following transformation formulas hold:

w(VZIE,VE) — W(VZ2E,VE) = W(VZ\E, VZ2E) — w(Z1E, Z>E) (2.8)
=w(Z2E,VYE) = n(Z1E, V7 'E), (2.9)
w*(VZ\E,VE) — u*(VZyE,VE) = u*(VZ|E, VZ1E) — u*(Z\E, ZE)  (2.10)
=u(ZE,VYE) = u*(Z\E,V"'E). (2.11)

Next we review some background from the oscillation theory of linear Hamiltonian systems.
We split the coefficient matrices H.(t), H(¢), and J into n x n blocks as

’H(t)—( A(t)  B(t) ) ”H(t)—( Awy B ) J = (—1 0), (2.12)

where A(t) B(t), C(t) and A(t) B(t) C(t) are piecewise continuous on Z and B(t), C(t),
B(t) C (t) are symmetric for t € Z. From (1.1) and (1.2) it follows that the majorant system (H)
satisfies the corresponding Legendre condition

B(t)>0 forallteZ 2.13)

as well. By A > 0 we mean that the symmetric matrix A is positive semidefinite and for sym-
metric matrices A and B the notation A > B means that A — B > 0. Similarly to (2.12) we will
split the matrix solutions of (H) and (H) into their n x n-matrix components as

(X (X (0 s (X s (X,

We will be particularly interested in conjoined bases of (H) and (F1), i.e., the solutions Y satisfy-
ing YT (1) 7Y (t) =0 and rank Y () = n at some (and hence at all) points t € 7.

Next we recall several important results regarding the unbounded interval Z = [a, 0co) and the
corresponding Sturmian separation theorems from [33]. System (H) is defined to be nonoscilla-
tory at oo if for some conjoined basis Y of (H) (or for every conjoined basis Y of (H) by [35,
Theorem 2.2]) there are no left focal points of Y in (o, co) for some o € [a, 00). In this case the
number « can be chosen so that the kernel of X (¢) is constant on [«, 00). With a slight abuse in
the terminology we will say in this case that the conjoined basis Y itself has a constant kernel on
[, 00). Then by [23, Lemma 2] we also have

XOX'()B&)=Bt)=BO) X)X (1), t¢€la, 00). (2.15)

Note that we may equivalently define the nonoscillation of Y at oo in terms of the nonexistence
of the right focal points in [«, 00), since by [31, Theorem 5.1] we have the equality

my (o, Bl +rank X (B) = mpgla, B) + rank X (o), «, B € [a,00), a < B. (2.16)

In particular, if rank X (¢) is constant on [«, 00), then (2.16) yields m («, 00) = m [, 00).
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The maximal order of abnormality of (H) at oo is defined as the number

doo ;= lim d[t,00) = max d[f,o0), 0<dyx <n, 2.17)
—00 tela,o00)

where d[¢, 00) is the order of abnormality of system (H) on [¢, 00), i.e., d[t, 00) is the dimension
of the space of vector solutions (x = 0, u) of (H) on the interval [¢, c0). For a completely con-
trollable system (H) we have d[¢, 00) = dx, = 0 for all ¢ € [a, 00). The number d; is one of the
important parameters of system (H). For example, in [28,30,32] we showed that every conjoined
basis Y of (H) with constant kernel on [«, 00) with d[a, 00) = d, satisfies

n—de <rankX(t) <n, fte€la,0), (2.18)

t
.;.
T, 0 = lim (/X*(s) B(s) XTT(s)ds> , 0<rank Ty oo <1 —dso, (2.19)
— 00

o

where the limit exists due to (2.13) and the matrix 7y, o is symmetric and positive semidefinite.
Then, according to [29, Definition 7.1], a conjoined basis Y of (H) with constant kernel on [, 00)
with d[o, 00) = d is a principal solution at oo if the corresponding matrix in (2.19) satisfies
Ty, 0 =0, i.e., the rank of T}, ~ is minimal. And according to [30, Definition 5.1], a conjoined
basis Y of (H) with constant kernel on [«, 00) with d[a, 00) = do 1S an antiprincipal solution
at oo if the corresponding matrix in (2.19) satisfies rank 7y, oo =1 — dwo, 1.€., the rank of Ty o
is maximal. In addition, if rank X (#) = n — d holds, then the (anti)principal solution of (H)
at oo is called minimal (compare with (1.15)), while if eventually rank X (¢) = n holds, then
the (anti)principal solution of (H) at oo is called maximal. This terminology complies with the
estimates in (2.18) for the rank of X (¢), see [29,30,32] for more details. We note that the minimal
principal solution of (H) at oo is uniquely determined up to a nonsingular right multiple, see [28,
Theorem 7.6] and compare with [29, Theorem 7.6] and [30, Theorem 5.8].

For nonoscillatory systems (H) and (H) at co we will denote their (unique) minimal principal
solutions at co by Y5 and Yoo, respectively. This notation complies with the notation for the
principal solutions at a finite point #y in (2.14), since these principal solutions play an analogous
role in the Sturmian theory, see [32, Theorem 5.8].

In [33, Definition 3.1] we introduced the multiplicity of a (left) focal point at oo of a conjoined
basis Y of (H) with constant kernel on [¢, 00) with d[a, 00) = doo by

mp(00) :=n —dso —rank Ty, o0, (2.20)

where the matrix 7,  is defined in (2.19). Moreover, by [33, Theorem 3.3] the number m,(00)
is related to the minimal principal solution Y, of (H) at co by the formula

mp(o0) = tl_i)rgorankX(t) —rank W (Y, Y). (2.21)

By [32, Theorem 6.1], this property of m (00) corresponds to the multiplicity at a finite point 7
presented in (1.3). Expression (2.20) shows that for principal solutions of (H) at co (in particular,
for Y ) we have m (00) = n —d (i.€., the multiplicity at oo is maximal), while for antiprincipal
solutions of (H) at co we have m (00) = 0 (i.e., the multiplicity at oo is minimal). From (2.21)
we then obtain the following result.
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Proposition 2.3. Assume that (2.13) holds with T = [a, 00) and system (H) is nonoscillatory at
00. Then a conjoined basis Y of (H) is an antiprincipal solution at oo if and only if

lim rank X () =rank W (Y5, Y).
t—00

In particular, the conjoined basis Y is a maximal antiprincipal solution at oo if and only if the
Wronskian W (Yoo, Y) is invertible.

In [33, Section 5] we derived the singular Sturmian separation theorems on unbounded inter-
vals Z for conjoined bases of one linear Hamiltonian system (H). These results are based on the
representation of conjoined bases of (H) in terms of a suitable fundamental matrix. Specifically,
we consider the symplectic fundamental matrix Z,, of (H) associated with the minimal principal
solution Y5, of (H) at co through the equality Yo (#) = Z(¢) E on Z, that is,

Zoo) = (Yoo t) Yoot)), t€Z, W(¥oo,Yoo)=1 (2.22)

Here Y is a conjoined basis of (H) completing Y, to a pair of normalized conjoined bases, see
e.g. [22, Proposition 4.1.1]. Then every conjoined basis Y of (H) can be uniquely represented by
a constant 2n x n matrix C satisfying

(2.23)

Y(t)=Zoo(t) Coo, teT, coo=(_W(Y°°’Y)>.

W(Ye,Y)

Observe that the results below include the multiplicities of focal points at oo, according to the
notation introduced in (1.5).

Proposition 2.4 (Singular Sturmian separation theorem). Assume that (2.13) holds on the inter-
val T = [a, 00) and system (H) is nonoscillatory at co. Then for any conjoined bases Y and Y of
(H) we have the equalities

my(a,00] — i (a,00] = u(Coo, Coo) — u(¥ (), ¥ (a)), (2.24)
= u(¥ (a), Yoo (@)) — (Y (@), Yoo (a)), (2.25)
mgla, 00) — fiigla, 00) = u* (¥ (@), ¥ (a)) — 1*(Coo, Coo). (2.26)
= u* (Y (@), Yoo (@) — ¥ (¥ (a), Yoo (a)), (2.27)

where Coo and éoo are the constant matrices in (2.23) corresponding to Y and Y.

Proof. Formulas (2.24) and (2.26) were proven in [33, Theorem 5.1]. Next we use (2.24) for the
conjoined bases Y and Y (i.e., w1th the representation matrices C, and E), and then we use
(2.24) again for the conjoined bases Y and Yoo (i.e., with the representation matrices C o and E).
Subtracting the resulting equalities yields formula (2.25). Similarly, applying (2.26) once to Y
and Y5, and once to Y and Yoo and subtracting the outcome leads to formula (2.27). O
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Remark 2.5. We note that in [33] we used the alternative symplectic fundamental matrix
@ = (Yo, *) and the representation Y (¢) = CDOO(Z) Dy, on Z, which ylelds that Coo = —j Doo.
But since by property 2.7) w1th M = —1 = M we have U(JIDxo, jDoo) U(Coo, Coo) and
W (IDoo, jDoo) W (Coo, COO) all the formulas in [33] involving the comparative index (or
the dual comparative index) with JDs, can be replaced by the same formulas involving the
matrices Cog.

For the special choice of Y =Y, (being the principal solution at a) or Y=Yy (being the
minimal principal solution at oo) the results in Proposition 2.4 yield the following, see [33,
Corollary 5.3 and Theorems 5.5 and 5.7].

Proposition 2.6 (Singular Sturmian separation theorem). Assume that (2.13) holds on the inter-
val T = [a, 00) and system (H) is nonoscillatory at co. Then for any conjoined basis Y of (H) we
have the equalities

mpa(a, 0] + n(Coo, C3) =my(a, 00l =mpoc(a, o0l — u(¥ (@), Yoo(a)), (2.28)
mRosla, 00) + u* (Y (a), Yoo (@)) =mgla, 00) = mpgla, 00) — u*(Coo, C3),  (2.29)

where Coo and C&, are the constant matrices in (2.23) corresponding to Y and Y,. Moreover,

mL(l(av OO] S mL(a’ OO] S mLOO(a’ 00]7 (230)

mROO[aaOO) me[a,OO) SmRa[(l,OO), (231)
and the above lower and upper bounds are related by the equalities

Mpco(a, 00l =mpq(a, oo] +rank Xoo(a), mpggla, o0) =mpreola, 00) +rank X (a), (2.32)

mLa(a,OO] :mROO[a’OO)’ mLOO(avoO] :mRa[a’oo)- (2'33)

Finally, for completeness we present a formula relating the numbers of left and right focal
points of one conjoined basis of (H) in an unbounded interval, see [33, Theorems 5.4]. This
formula also involves the minimal principal solution Y5, at oo, as well as the principal solution
Y, at the left endpoint a, since X (a) = —W (Y,, Y).

Proposition 2.7. Assume that (2.13) holds with T = [a, 00) and system (H) is nonoscillatory at
0o. Then for any conjoined basis Y of (H) we have the equality

my(a,o0] +rank W (Y, Y) =mpgla, 00) 4+ rank X (a). (2.34)

Formula (2.34) will be used in the proof of the singular comparison theorem for the right
focal points, knowing the result for the left focal points. The results in Propositions 2.4-2.7
highlight the symmetric role of the (minimal) principal solutions Y, and Y in the Sturmian
separation theorems for one system (H) on the interval Z = [a, 00). Similar symmetry holds
also for other types of unbounded intervals Z = (—o00, b] or Z = (—00, 00) and the (minimal)
principal solutions at their endpoints, see [33, Remark 8.1].
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3. Transformation and limit results for comparative index
In this section we consider a nonoscillatory linear Hamiltonian system (H) on Z = [a, 00) and

a given piecewise continuously differentiable 2n x 2n symplectic transformation matrix R(z) on
the interval Z. Analogously to Remark 1.4, the transformation

ji=R ')y 3.1)

transforms system (H) into linear Hamiltonian system (H) with the coefficient matrix

H(t) := R (1) [H(t) — Hr(OIR(), Hr(@t):=TR IR ()T, tel. (3.2)

We will assume in this section that the transformed system (H) is nonoscillatory at oo and satisfies
the Legendre condition

B(t)>0 forallteZ, B@):=ETHQ)E, (3.3)

with the matrix E given in (1.6). Our aim is to establish for a given conjoined basis Y of (H)
limit results at oo for the comparative indices

pn (), R(E) and up*(Y (1), R()E), (3.4

and to find conditions under which the minimal principal solution of (H) at oo transforms to the
minimal principal solution of (H) at co.

Since the matrix R(¢) is piecewise continuously differentiable and symplectic on Z, the matrix
function R(¢)E appearing in (3.4) is a conjoined basis of the linear Hamiltonian system

Y =TJHr@)y, teT, (Hg)

with the symmetric coefficient matrix H (¢) defined in (3.2). When R(¢) is a fundamental matrix
of the original system (H), then of course Hg(#) = H(¢) and R(¢)E is a conjoined basis of (H).
In this case the limit results at oo for (3.4) are known in [33, Theorem 6.1].

Proposition 3.1. Assume that (2.13) holds with T = [a, 00) and system (H) is nonoscillatory at
00. Let Y be a conjoined basis of (H) and let R(t) be a symplectic fundamental matrix of (H).
Then for Y*(t) := R(t) E we have

Jim (Y (0), Y1) = 1(Coo, Cg) = m1.(00) 4 mi (00), (3.5)
Jim 5 (@), Y1) = 1 (Coo, €, (3.6)

where Coo and CZX, are the constant matrices in (2.23) corresponding to Y and Y*, and where
m7 (00) is the multiplicity of a focal point at 0o of the conjoined basis Y*.
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In the main result of this section (Theorem 3.2 below) we generalize Proposition 3.1 to an ar-
bitrary piecewise continuously differentiable symplectic matrix R(¢). For convenience and in
accordance with [17, Eq. (1.3)] we split the matrix R(¢) into the n x n blocks as

(L) M@ (M)
R(t)—(K(t) N(t))’ R(t)E_(N(t)), tel. (3.7)

We recall the notation Y, and Y, for the minimal principal solutions of (H) and (F1) at co.

Theorem 3.2. Assume that (2.13) holds with Z = [a, 00), system (H) is nonoscillatory at oo, and
Y is a conjoined basis of (H). Let R(t) be a piecewise continuously differentiable symplectic
matrix on L with the partition in (3.7) and assume that system (H) with (3.2) satisfies (3.3) and
it is nonoscillatory at co. Then the limits

lim w(Y (), ROE) and lim u*(Y (), R()E) (3.8)
11— 00 —00
both exist if and only if

rank M (t) is eventually constant, 3.9

i.e., the limit of rank M (t) exists for t — o0. In this case the limits
lim @* (R0 Yoot), RTIOE)  and  lim p*(R(t) Yoo (t), R(1E) (3.10)
—00 —00

also exist and we have the equalities

lim (Y (1), RE) = 11(Coc, Coo,r) —m1(00) + i1 (00)
+ lim p*(R™H(0) Yoo (1), R (DE), (3.11)

lim 1" (Y (1), RWE) = 1" (Cos, Coo, ) + lim p*(R() Too (), ROE).  (3.12)

Here Co, and Cso g are the constant matrices in (2.23) correspondilzg toY and R f’oo, and
11, (00) is the multiplicity of a focal point at 0o of the conjoined basis Y := R™'Y of the trans-
formed system (H).

The remaining part of this section (except of the last result presented in Corollary 3.11) will be
devoted to developing the necessary tools for the proof of Theorem 3.2. First we present several
comments and needed results, which turn to be important on their own independently of their
future applications in Sections 4 and 5.

Remark 3.3. (i) Condition (3.9) in Theorem 3.2 is independent of Y. Therefore, when the limits
in (3.8) exist for one conjoined basis Y of (H), then these limits exist for every conjoined basis
Y of (H). Moreover, condition (3.9) guarantees through [16, Theorem 2.2] that the oscillation
properties of systems (H) and (H) are preserved, that is, under (2.13) and (3.3) systems (H) and
(H) oscillate or do not oscillate at oo simultaneously.
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(i1) In [17, Theorem 2.5 and Remark 2.6(ii)], the existence of the limits in (3.8) at a finite
point ¢ty € Z is proven under the sufficient condition that the rank of M (¢) is constant in a left and
right deleted neighborhood of #y. The statement in Theorem 3.2 can be regarded as an analogue
of those results for 7o = oo, namely formula (3.11) corresponds to [17, Eq. (2.11)] and formula
(3.12) corresponds to the second part of [17, Eq. (2.17)]. At the same time, the proof of Theo-
rem 3.2 will show that the stated condition on the constant rank of M (¢) in [17, Theorem 2.5] is
not only sufficient, but also necessary.

(ii1) If in addition the system (Hp) satisfies the Legendre condition Bg(¢) := E THR(E >0
forall t € Z = [a, 00), then condition (3.9) is equivalent with Ker M (¢) being eventually constant,
and hence (3.9) is equivalent with the nonoscillation of system (Hp) at oco.

For a conjoined basis Y of (H) and a point r € Z we define the quantities

q(¥,1) = puY (1), ROE) — 1(Coo, Coo,g) + mp(00) — i (00), (3.13)
g (Y, 1) == p (Y (), ROE) — 1" (Cog, Coo,R), (3.14)

where mp, (00) and my (00) are the multiplicities of the focal point at oo of ¥ and Y:=Rly,
and where Cy, and Cs g are the constant matrices in (2.23) corresponding to ¥ and R 1700. By
using property (2.4) of the comparative index and formula (2.21) for the multiplicity of a focal
point at co we then obtain

tl_i)rgo{rankM(t) —q(¥, 1) —g*(Y, 1)} =rank W (Yoo, R Yoo). (3.15)

This formula represents an analogue of [17, Eq. (2.16)] for the case of 7o = oco. The quantities
q(Y,t) and g* (Y, t) allow to interpret Theorem 3.2 in a simpler form and to shorten its proof.

Remark 3.4. With the aid of the quantities ¢(Y, r) and ¢*(Y, t) defined in (3.13) and (3.14) we
may reformulate the result in Theorem 3.2 as follows. The limits

lim g(Y,r) and lim ¢*(Y,1) (3.16)
— o0 11— 00

both exist if and only if the rank of M (¢) is eventually constant, and in this case

lim g(¥,1) = lim p*(R™'(1) Yoo 1), R (1) E), (3.17)
tlirgoq*(y, 1) :Zl_iglou*(R(t) Yoo (1), R(DE). (3.18)

Formulas (3.17) and (3.18) confirm that the values of the limits in (3.16) do not depend on the
choice of the conjoined basis Y of (H).

Remark 3.5. When R(7) is a symplectic fundamental matrix of system (H), then the matrix
Hr(t) = H(t) in (3.2), and hence 7:[(t) = 0. In this case all solutions of system (F) are con-
stant on Z, in particular Yoo (t) = E and m (00) = 0 (compare with [28, Example 8.2] and [33,
Remark 3.2(ii)]). Then we have

tl_i)rgou*(R_l(t) Yoo (1), R™' (1) E) = m (00), tl_i)rgou*(R(t) Yoo (1), R)E) =0,  (3.19)
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where m7 (00) is the multiplicity of a focal point at co of the conjoined basis Y* := R E of (H).
This can be seen as follows. The second limit in (3.19) holds trivially. For the first limit we apply
property (2.11) (with V := R7Y1), Z1 :=Zs(t),and Zp :=1) to get

1w (R0 Yoo (1), RN E) =rank M (1) — 1* (Yoo (1), R(WE), t€T. (3.20)

Then by taking the limit for + — oo and using equality (3.6) in Proposition 3.1 (with Y := Y
and C, := E), we obtain

lim w*(R™'(1) Yoo (1), R™' (1) E) = lim rank M (1) — pu*(E, CL)
t—00 t—00

(2.6),(2.23) tlim rank M (t) —rank W (Yo, Y™) @21 m7 (00).
— 00

This shows that when R(?) is a symplectic fundamental matrix of system (H), then Theorem 3.2
reduces exactly to Proposition 3.1. Note also that in this case (3.17) and (3.18) have the form

lim q(Y, 1) =m%(c0), lim ¢*(¥,1) =0. (3.21)
=00 =00

In the proof of Theorem 3.2 we will utilize a similar representation of conjoined bases of the
transformed system (H) as in (2.22) and (2.23). That is, we consider the symplect1c fundamental
matrix ZOo of (H) associated with the minimal principal solution YOO of (H) at oo through the
equality Yoo(t) = Zoo(t) E on Z. Then every conjoined basis Y of (H) can be uniquely repre-
sented by a constant 2z X n matrix Coo satisfying

Y1) =Zoo(t) Coo, t€Z, (I, 0)Coo=—-W(¥s,7Y). (3.22)

In the next statement we consider the transformation of maximal antiprincipal solutions of
(H) at oo under (3.1). In particular, we describe when a maximal antiprincipal solution of (H) at
oo is transformed into a maximal antiprincipal solution of (H) at co.

Theorem 3.6. Assume that (2.13) holds with Z = [a, 00), system (H) is nonoscillatory at oo, and
Y is a conjoined basis of (H). Let R(t) be a piecewise continuously differentiable symplectic
matrix on L and assume that system (H) with (3.2) satisfies (3.3) and it is nonoscillatory at oc.
Moreover, let Coo and Coo R be the constant matrices in (2.23) corresponding to Y and R 1700,
and let Fs g and Do g be the matrices in (A.2) and (A.3) in Appendix A corresponding to the
constant 2n x n matrix Coo g. Then the following statements are equivalent.

(i) The conjoined bases Y and Y := R™Y are maximal antiprincipal solutions at oo of systems

(H) and (H), respectively.
(i1) The matrix Cxo has the form

Coo = (=T Coor F'g + Coog D) K, (3.23)
where D and K are constant n x n matrices such that K is invertible, D is symmetric,

m {W (Yo, R Yoo) (D — Do, g) [W (Yoo, R Yoo)1" } = Im W (Yoo, R Yio). (3.24)
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In this case K = W(YOO, 17), the matrix W (Y (t), R(t)E) is invertible for large t € I, and

ind {W (Yoo, R Yo0)(D = Do, ) [W (Yoo, R Yo0)1" }

-~ o~ ~ (3.25)
=ind {W (Yoo, ¥) [W (Yoo, V)] W (Yoo, R Yo0) }. }

Proof. The proof is based on the characterization of a maximal antiprincipal solution at co in
Proposition 2.3. More precisely, the conjoined bases Y and Y := R~'Y are maximal antiprincipal
solutions at oo of systems (H) and (H), respectively, if and only if the Wronskians W (Y5, Y)
and W(I?OO, Y ) are invertible. Since the matrices Z gol (t) and R(t) are symplectic on Z, we obtain
(suppressing the argument # € 7)

2.23) ~ _ _ ~ _
W (Cook Coo) = CL, g TCoo "2 VIR 217 72 Y = VI RT TRR™Y

=YTTRT'Y = W(¥eo, RT'Y) = W(¥a, V). (3.26)

Moreover, since by (2.23) we have (I, 0) Coo = =W (Yo, Y) and (I, 0) Coo. g = —W (Y0, R 1700),
the upper n x n block of Cw is invertible. Therefore, Coo g and Coo [W(f’oo, Y )]~ ! are constant
matrices satisfying the properties required in Theorem A.2 in the appendix (with ¥ := Cs, g and
Y = Coo [W(YOO, f’)]_l). Hence, Theorem A.2 yields that statement (i) is equivalent with the
fact that Co, has the form in (3.23) with K = W(f/oo, Y ) and D satisfying (3.24). Finally, in this
case (3.25) holds by (A.5) in Theorem A.2, and the matrix

WY @0, ROE)=WR™' O Y®),E)=W{FT ), E)=X"(1) (3.27)
is invertible for large ¢ € Z, since Y is a maximal conjoined basis of (H). O

Remark 3.7. Based on Remark A.3(ii) in the appendix we may conclude that for every trans-
formation matrix R(z) in Theorem 3.6 there always exists a maximal antiprincipal solution Y of
(H) at oo, which is transformed to the maximal antiprincipal solution Y :=R7'Y of (H) at oo.
For the associated representation matrices Co, and Coo g 0f ¥ and R 1700 in Theorem 3.6 we then
have, by the definition in (2.2),

14(Coo, Coo,g) =ind { =W (Yoo, ¥) [W (Yoo, Y)I7' W (Yoo, R Yoo) }, (3.28)
1 (Coo, Coo, ) = ind { W (Yoo, ¥) [W (Yoo, Y)] 7! W (Yoo, R ¥ao)}. (3.29)

In these calculations we used that W (Cwo, Coo,r) = —[ W(Yoo, Y )17 obtained from (3.26).

The statement in Theorem 3.6 yields the following result regarding the transformation of
maximal antiprincipal solutions of (H) and (H) at oo, as well as the transformation of minimal
principal solutions of (H) and (H) at oo.

Theorem 3.8. Assume that (2.13) holds with T = [a, 00), system (H) is nonoscillatory at co, and
Y is a conjoined basis of (H). Let R(t) be a piecewise continuously differentiable symplectic
matrix on T and assume that system (H) with (3.2) satisfies (3.3) and it is nonoscillatory at oo.
Then the following statements are equivalent.
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(1) Every maximal antiprincipal solution of (H) at oo is transformed into a maximal antiprin-
cipal solution of (H) at oo.
(i) Every maximal antiprincipal solution of (H) at 0o is a transformation of some maximal
antiprincipal solution of (H) at oco.
(ii1)) The minimal principal solution of (H) at oo is transformed into the minimal principal solu-
tion of(ﬁ) at 0.
(iv) The constant Wronskian matrices W (R ™Y, I?oo) and W (Y, R 1700) satisfy

W(R_1Y007 fvoo) =0=W(¥x, R ?oo)

Proof. Clearly, conditions (iii) and (iv) are equivalent. Next we show that (i) is equivalent with
condition W (Y, R 1700) = 01in (iv). Assume that (i) holds. Then by Theorem 3.6 condition (3.24)
is satisfied for every symmetric matrix D. In particular, for D := D, g in (3.24) we obtain that
W (Yoo, R Yso) = 0. Conversely, if (iv) holds, then condition (3.24) is trivially satisfied for every
symmetric matrix D, so that condition (i) follows from Theorem 3.6. Finally, in a similar way
we prove that (ii) is equivalent with condition W(R™ Yy, I?oo) =0 in (iv), since the system (H)
is transformed into system (H) by the symplectic transformation matrix R~!(¢). The proof is
complete. O

In the next result we examine the limit properties of the comparative index and the dual com-
parative index in (3.8), when Y is a maximal antiprincipal solution of (H) at oo satisfying the
properties in Theorem 3.6 and Remark 3.7.

Theorem 3.9. Assume that (2.13) holds with T = [a, 00), system (H) is nonoscillatory at co. Let
R(t) be a piecewise continuously differentiable symplectic matrix on L with partition (3.7) and
assume that system (H) with (3.2) satisfies (3.3) and it is nonoscillatory at co. Moreover, let Y be
a maximal antiprincipal solution of (H) at oo such that Y := R™'Y is a maximal antiprincipal
solution of (H) at oo. Then the two limits in (3.8) exist if and only if the limit of the rank of M (t)
fort — o0 exists, i.e., condition (3.9) holds. In this case we have the formulas

Jim (Y (1), R()E) = lim ind W @), ROEN"X ')y M)}, (3.30)
tl_iglou*(Y(t), R(H)E) = ll_i)n;oind{—[W(Y(t), ROE X N (yM®)}. (3.31)

Proof. Let Y and Y be as in the theorem. Choose « € [a, 00) such that X (¢) and X (t) are
invertible on [«, 00). Applying the definition of the (dual) comparative index in (2.2) with (2.3)
we obtain that

pY (), ROE) =indP(1), w*(Y (), R®)E) =ind[-P(1)],

P@):=[WX @), ROEN" X () M(1), t€la,00).  (3.32)

Since by Theorem 3.6 and (3.27) we know that the Wronskian W (Y (¢), R(t)E) is invertible on
[or, 00), it follows that

ind P (t) + ind [P (t)] = rank P(t) "= rank M(1), ¢ € [a, 00). (3.33)
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Due to the continuity of P(¢) and its eigenvalues, the equality in (3.33) implies that the quantities
ind P(¢) and ind [—P(¢)] are eventually constant (i.e., their limits for t — oo exist) if and only if
condition (3.9) holds. Consequently, by (3.32) the two limits in (3.8) exist if and only if condition
(3.9) is satisfied, and in this case (3.30) and (3.31) hold. O

In the following auxiliary result we study the behavior of the (dual) comparative index in
(3.4) for two conjoined bases Y1 and Y> of (H) for large ¢t € Z. We derive an analogue of [16,
Lemma 3.2] for the case of ty = oo

Lemma 3.10. Assume that (2.13) holds with T = [a, 00), system (H) is nonoscillatory at co. Let
R(t) be a piecewise continuously differentiable symplectic matrix on T and assume that system
(H) with (3.2) satisfies (3.3) and it is nonoscillatory at co. Let Y1 and Y, be conjoined bases of
(H) and let Ci00, Co00, and Coo g be the constant representation matrices in (2.23) associated
with Y1, Yo, and R 1700. Then there exists o € [a, o0) such that for all t € [a, 00)

(Y1 (#), ROE) — j1(Cioos Coo,R) +m11(00) — i1 (00)
= pu(Y2(t), R()E) — 1(Ca00, Coo,R) + M2 (00) — ilizp (00), (3.34)
p* (Y1), R E) — u*(Cioos Coo,r) = 1 (Y2(1), R E) — £*(Caos, Coo,r),  (3.35)

where m1(00), moy (00) and m mjr(00), m2L (00) are the multiplicities of the focal point at co of
the conjoined bases Y1, Y» and Y =Ry, Y2 =R lY,. Equivalently,

q(Y1,t)=q(Ya,t) and q*(Y1,t)=q*(Ya,t) forallt € [a,o0). (3.36)

Proof. We proceed in a similar way to the proof of [16, Lemma 3.2]. Let Y7 and Y; be given
conjoined bases of (H). Denote by Y} := R~'Y; and Y» := R~'Y> the corresponding conjoined
bases of system (H), and consider the symplectic fundamental matrices Z, and Z; of (H) satis-
fying Z|E = Y} and ZzE Y. Fix now ¢ € Z. By formulas (2.8) and (2.10) in Proposition 2.2
(with V:=R®), Z| .= Zl(t) Zy = Zz(t)) we obtain the identities

u(Y1(), R E) — n(Y2(1), RO E) = p(Y1 (1), Yo (1)) — (Y1 (1), Y2(0)), (3.37)
P (Y1), ROE) — p* (Y2 (1), ROE) = p* (Y1(1), Yo (1)) — p* (V1 (1), V2 (1)).  (3.38)

By Proposition 3.1 we know that the limits of the comparative indices on the right-hand side of
(3.37) and (3.38) exist with

Jim p(Y1(1), Y2(1)) = 1(Cioo. Cooc) = m11(00) +m2(20), (3.39)
Jim (Y1 (1), ¥2(1)) = j1(Cioo. Caoo) — 11L(00) + i1 (00), (3.40)
Jim 1 (Y1(1). Y2(1)) = 1 (Croo. Coco). (341)

Jim 1 (V1(0). V2()) = 1" (Croo. Coco). (3.42)
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where @100 and 6200 are the constant matrices in (3.22) associated with f’l and 172. This implies
that there exists o € Z such that the (dual) comparative indices in (3.39)—(3.42) are constant on
[, 0), and hence on this interval we have

pw(Y1(t), R()E) — ju(Ya(t), R(t)E) = 11(Cioo, C200) — 1(Cioos Caco)

—my(00) +map (00) + My, (00) — iz, (00),
(3.43)

P (0), ROE) — p* (Y2 (1), RE) = 11* (Croo, Caoo) — 14 (C oo, Caco)- (3.44)

Fix now ¢ € [a, 00). Applymg formulas (2. 8) and (2.10) in Propos1t10n 2.2 again (this time
with V := Z 1 (t) R(t) zoo(z) Zy =27 1(r) Z1(1), Zr =7 1(:) Z>(1)) and using the equali-
ties Zo' Y1 = Cloo, Zod Y2 = Canor Z' Y1 = Cloo, Z3' Vs = Cooo, and ZZ R Yy = Coo g We
get

M(Cioos Caco) — M(élom 6200) = (Cloo, Coo,R) — n(Caro, Coo,R)’ (3.45)
¥ (Cloos Caoo) — 1 (Cloo, C200) = ¥ (Cloos Coo.R) — W (Ca00s Coo.R).  (3.46)

Upon inserting (3.45) into (3.43) we obtain the equality in (3.34) for all ¢ € [«, 00), while using
(3.46) in (3.44) yields the equality in (3.35) for all ¢ € [«, 00). Finally, the proof of (3.36) follows
from the definition of ¢ (Y, t) and ¢*(Y,t) in (3.13) and (3.14). O

We are now ready to present the proof of Theorem 3.2.

Proof of Theorem 3.2. Let Y be a conjoined basis of (H) and let R be a symplectic matrix
satisfying the assumptions of the theorem. From Remark 3.7 we know that there exists a maximal
antiprincipal solution Y of (H) at oo such that R~'Y is a maximal antiprincipal solution of system
(H) at co. By equations (3.34) and (3.35) in Lemma 3.10 (with Y; := Y and Y> := Y), the limits
in (3.8) exist if and only if the limits

tl_i)rgoM(Y(t),R(t)E) and tl_i)rgou*(f(t),R(t)E)

both exist. In turn, this is equivalent by Theorem 3.9 (with Y := Y) to rank M (1) being eventually
constant. This proves the first part of Theorem 3.2. Next, under condition (3.9), we will prove
(3.11) and (3.12) by deriving their equivalent form (3.17) and (3.18). We know by (3.36) in
Lemma 3.10 that the limits of the quantities g (Y1, ) and ¢*(Yy,t) for t — oo exist and their
values do not depend on the choice of the conjoined basis Y;. For the proof of (3.18) we take two
choicesof Y ;=Y and Y| :=R f’oo. In the latter case Cjoo = Coo, g and hence ;t*(Cioo, Coo,R) =
0. Therefore, we calculate
. % . S (3.14) N ~

lim ¢*(Y, 1) = lim ¢*(RYso, 1) =" lim u*(R(1) Yoo (1), R(1)E).

t—>00 t— 00 —>00
This proves formula (3.18), and hence also formula (3.12). For the proof of formula (3.17) we
take two choices of Y] :=Y and Y] := Y. In the latter case C1o, = E and from properties (2.6)
and (2.23) we obtain ((Cioo, Coo,r) =rank W (Yso, R Yoo) and
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) " (3.14) .. " ~
lim ¢" (Yo, t) =" lim u*(Yoo(?), R(t)E) —rank W (Yoo, R Yoo). (3.47)
— 00 1—00
Therefore, we conclude that

hm q(Y 1) = hm q (Yo, t) hm rank M (t) — hm n g *(Yao,t) —rank W (Yoo, RYOO)

C2) lim rank M(t) — lim p*(Yao(t), R(H)E)
t—00 11— 00

C2) lim p* (R (1) Yoo 1), R™ () E).
11— 00

This proves formula (3.17), and hence also formula (3.11). The proof is complete. O

In the final result of this section we apply Theorem 3.2 to the maximal antiprincipal solution
of (H) at oo used in the statement of Theorem 3.9. In this case we obtain the following explicit
formulas for the limits in (3.10). They will be needed in the proof of the main transformation
result for the minimal principal solutions at co in Theorem 4.4.

Corollary 3.11. Assume that (2.13) holds with T = [a, 00), system (H) is nonoscillatory at oo.
Let R(t) be a piecewise continuously differentiable symplectic matrix on T with partition (3.7)
such that condition (3.9) holds. In addition, assume that system (F) with (3.2) satisfies (3.3) and
it is nonoscillatory at 00. Moreover, let Y be a maximal antlprmczpal solution of (H) at oo such
that Y := R™Y is a maximal antiprincipal solution of (H) at oo. Then the limits in (3.10) exist
with

tgrgou*(R‘l (1) Yoo(t), RTIE)
- ll_i)r(r)loind{[W(Y(t), ROEN" X'y M)} (3.48)
—ind{ = W(¥e, ¥) [W (Yoo, Y)I7! W(¥ao, R Yoo}

Jim p*(R(1) Yoo (1), R(1) E)
= lim ind {—[W(Y @), ROE)" X (1) M(1)} (3.49)
—ind {W (Yoo, ¥) [W (Yoo, Y)I7! W (Yoo, R Yoo}

Proof. Formula (3.48) follows from equation (3.11) by using (3.30), (3.28), m(c0) =0, and
my (00) = 0. Formula (3.49) follows from the combination of (3.12) with (3.31) and (3.29). O

4. Transformation results under majorant condition

In this section we apply the results from Section 3 to linear Hamiltonian systems (H) and (H)
satisfying the majorant condition (1.1). The transformed system (F) is now obtained by the spe-
cial choice of the transformation matrix R(¢) := Z (1), being the symplectic fundamental matrix
of the minorant system () (as in Propositions 1.2 and 1.3 and in Remark 1. 4) In particular,
in some results it will be convenient to take the transformation matrlx R(t) = Zoo (1), which is
associated with the minimal principal solution Yoo Of (F1) at 0o by Yoo = Zoo E.
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First we recall a comparison result for nonoscillatory systems (H) and (Fl) at oo under the
majorant condition (1.1), as well as the invariance of the nonoscillation at oo for system (H) and
the transformed system (H). The latter result is based on the generalized reciprocity principle in
[16, Theorem 2.2], see also Remark 3.3(1).

Proposition 4.1. Assume that (1.1) and (1.2) hold on T = [a, 00) and that system (H) is nonoscil-
latory at co. Then

() system (H) is nonoscillatory at 0o, and A
(i) for every symplectic fundamental matrix Z of (H) the transformed system (H) with the coef-
ficient matrix H(t) given in (1.14) is nonoscillatory at oco.

Proof. Recall that assumption (1.2) implies under (1.1) the Legendre condition (2.13), and
that (1.1) itself implies the Legendre condition (3.3) for the transformed system (H). The
nonoscillation of system (H) at oo follows from the nonoscillation of (H) at co by [35, Theo-
rem 2.6]. Let Z be a symplectic fundamental matrix of system (F1). Then the right upper block
M(t):=(, 0) 7 (1) E of the transformation matrix A (¢) has eventually constant kernel (as sys-
tem (H) is nonoscillatory at co), and hence M (¢) has also eventually constant rank. Then by
Remark 3.3(i) it follows that systems (H) and (H) are simultaneously oscillatory or nonoscilla-
tory at co. But since the nonoscillation of (H) at co is a standing assumption of the proposition,
it follows that the transformed system (FI) is nonoscillatory at oo as well. O

Next we present the following auxiliary result.

Lemma 4.2. Assume that (1.1) and (1.2) hold on I = |a, oo) and that system (H) is nonoscilla-
tory at co. Let Z be a symplectic fundamental matrix of (H). Let Y be a maximal antiprincipal
solution of (H) at oo such that Y := Z7Y is a maximal antiprincipal solution at oo of the trans-
formed system (H) from Remark 1.4. Assume that « € [a, 00) is such that X (t) is invertible on
[a, 00), the conjoined basis Y:=ZE of (H) has constant kernel on [, 00), and the Wronskian
matrix WY (1), I?(t)) is invertible on [a, 00). If we set for t € [a, 00)

t
P@):=[WX@®,Ye)1"X ') X @), S(r):=/}2T(s)é(s))?”(s)ds, 4.1

o

then the matrix P(t) is nondecreasing on o, 00) and the matrix Pr@t) + S (t) is nonincreasing
on [o, 00).

Proof. The assumptions of the lemma imply that the Legendre conditions (2.13) and (3.3) hold
and that systems (H) and (F) are nonoscillatory at co, by Proposition 4.1. Then there exists
a € [a, 00) such that X (#) is invertible on [«, 00) and the conjoined basis Y has constant kernel
on [«, 00). Moreover, by Theorem 3.6 (with R(¢) := 7 (1)) the point @ can be chosen so that the
Wronskian matrix W (Y (¢), Y (1)) is invertible on [«, o0). Then we also have

ImP(t) =Im X" (¢) = [Ker X(¢)]* is constant on [a, c0), (4.2)
XOXTO)Be)=B@t)=B0t) X)) X'(), tela, 00), 4.3)



2940 P. Sepitka, R. Simon Hilscher / J. Differential Equations 269 (2020) 2920-2955

where (4.3) follows from (2.15) for system (Fl). Observe that ind P () = u(Y (¢), I?(t)) by (3.32).
Equation (4.2) yields that ImP(¢) = Im P is constant on [&, 00), where

P=X"T0)Xt)=PoO)PT&) =P &) P(t), tela,o0),

is the orthogonal projector onto the constant subsHace ImX7T (t) =[Ker X (1)]* on [a, 00). Thus,
by [28, Theorem 4.2(iii)], we have Im S(¢#) € Im P on [«, 00), which is equivalent to

PIOYPOSt)=PSt)=8St)=80) P=SO)PO)P (), tela,00). (4.4
According to [22, Proposition 1.1.3] and (4.3), the derivative of P(¢) satisfies

P'(t)=P@) X (t) Bat) XTT(0) P(t) + VI (1) [H(t) — H ()] Va(r)

Lp1)§' (1) Py + VI (0) [H(t) — HD] V2 () (4.5)

for t € [a, 00), where V(1) := (I, Q(t))TX(t) and Q(t) :=U (1) X~1(r). Therefore, P'(t) > 0
on [«, 00) and hence the matrix P(¢) is nondecreasing on the interval [o, 00). From (4.2) and
[20, Theorem 20.8.2] it follows that the matrix P7(¢) is differentiable on [«, 00) with

(4.5), (4.4)

[PT)] =P )P ()P (1) —8"(t) = P (0) VL (1) [H(t) — H(D)] Vat) PT (1)

on [a, 00), see also [28, Remark 2.3]. This yields by assumption (1.1) that
[PT(6)+ 5] = =P () Vi () [H@®) — HOIV2) PT(1) <0, 1t €[, 00),
so that the matrix P (¢) + S () is nonincreasing on [«, 00). The proof is complete. O

For the special choice of Y := Yo in Lemma 4.2 we obtain the following important property
of the matrix P(¢) in (4.1).

Proposition 4.3. Assume that (1.1) and (1.2) hold on T = [a, o0) and that system (H) is nonoscil-
latory at co. Let Zoo be the symplectic fundamental matrix of (H) such that Yoo = ZooE. Let Y
be a maximal antiprincipal solution of (H) at oo such that Y =22 1Y is a maximal antiprincipal
solution at oo of the transformed system (H) from Remark 1.4. Then there exists o € [a, 00) such
that the matrix

Poo(t) == [W(Y (1), Yoo 1)) 1" X1 (t) Xoo (1), 1 € [, 00), (4.6)

satisfies
Px(t) <0, tela,o00), tl_l)rgo Pso(t) =0, 4.7
Jlim indPoo (1) = lim rank Xoo(t) =1 — doo, (4.8)

where dw is the maximal order of abnormality of system (H) according to (2.17).
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Proof. Let o € [a, 00) be a point satisfying the assumptions of Lemma 4.2 (with Y = I?OO)
In particular, the Wronskian matrix W (Y (¢), Yoo(t)) is 1nvert1ble on [a, 00). For ¢ € [a, 00), let

Oo(t) be the matrix defined in (4.1), which corresponds to YOo We denote by A;(7), v;(z), and
kj(t)for je{l,...,n}andt € [a, c0) the eigenvalues of the symmetric and contmuous matrices

PL (1), —Soo(t), and PL (1) + Seo (¢), respectively, which are ordered as
M) < Zha(0), vi(t) < =Zup(8), k1) < - < k().

Then these eigenvalues are continuous on [«, 00) as well. By Lemma 4.2 and its proof we know
that the matrix Py (¢) has constant rank

ri=rank P (7) =rank Xoo (t) =1 — dso, 1 € [, 00), (4.9)

and that Py, (¢) is nondecreasing on this interval. Therefore, the matrix 73;0 (t) is nonincreasing on
[, 00). Then its eigenvalues A ;(¢) are nonincreasing on [«, 00) and they do not change their sign

in this interval. Next, S Lo(®) >0 on [, 00) under (1.2), so that the matrix —SOO (t) <0aswell as
its eigenvalues v;(f) < 0 are nonincreasing on [c, 00). Moreover, by [28, Theorem 4.2(iii) and

Remark 5.3] the set Im [—Soo (#)] is eventually constant with

O

rank [—Suo ()] =1 — dos ‘=) r o [B, 00) for some B € [, 00).

Then the eigenvalues v;(¢) satisfy

Vi) <---<v(t) <0, vy (®)=---=v,(t)=0, te[B,00),
i (4.10)
tl_l)rgov](t)——oo jel{l,...,r},

where the last property follows from the fact that Yoo is a principal solution of (H) at oo,
i.e., from lim;_, o Sgo(t) = 0. Next, by Lemma 4.2 the matrix PI(t) + Soo(t) as well as its

eigenvalues «;(7) are nonincreasing on [«, 00). Therefore, « (1) < «;(a) for all ¢ € [, 00) and
J €{l,...,n}. By applying the result about the eigenvalues of a difference of two symmet-
ric matrices in [22, Proposition 3.2.2] (with Qg := POTO (1) and Q9 := —S,(t)) we obtain that
Aj(t) —v(t) <k,(t) forevery t € [8,00) and j € {1,...,n}. Hence, we get the inequalities
Aj@) =vi(®) +i,(t) <vi(t) +kp(), te[B,00), je(l, ... ,n}. 4.11)
By taking the limit in (4.11) and using (4.10) we obtain
lim A;(t)=—o0, je{l,...,r}, 4.12)
11— 00
and consequently by (4.9) it follows that

M) < =A () <0, A1 () =---=4,(1) =0, 1€]a, 00). (4.13)

This shows that POTO (r) <0 on [&, o0), and hence also P (t) < 0 on [, o0). Moreover, con-
ditions (4.12) and (4.13) yield that lim;_, o Pxo (t) = lim,_,c,o[’PJO (t)]" = 0. This completes the
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proof of (4.7). Finally, by (4.13) we know that ind P (¢) = ind POTO(t) =r on [¢, o0), so that
lim;_, o ind Pxo (t) = r. Taking (4.9) into account then completes the proof of (4.8). O

The following result shows that under natural assumptions the minimal principal solution Y5,
of (H) at oo is transformed into the minimal principal solution Yoo Of (H) at co and vice versa.
We again utilize the transformation matrix R(¢) := Z o (t) associated with the minimal principal
solution I?oo at oo of the minorant system (H).

Theorem 4.4. Assume that (1.1) and (1.2) hold on T = [a, 00) and that system (H) is nonoscil-
latory at oco. Let Zoo be the symplectic fundamental matrix of (F) such that Yoo = ZooE. Then
the conjomed basis Z IYOo is the minimal principal solution of (H) at oo and the conjomed

basis ZOOYOo is the minimal principal solution of (H) at oo. That is, W(ZOo Y, Yoo) =0,
W (Yo, Zoo Yoo) = 0, and Z(;ol Yoo = Yoo K and ZooYso = Yoo K~ for some constant invertible
n x n matrix K. Moreover, we have

Jim ¥ (Zoo () Yoo 1) Yoo 1) =0, lim ¥ (2 (1) Yoo 1), 25 (DE) =1 — doo. (4.14)

Proof. By Remark 3.7, for the given transformation matrix R(t) := Zoo (t) there exists an an-
tiprincipal solutlon Y of (H) at oo, which is transformed into a maximal antiprincipal solu-
tion ¥ := Z 1Y of (H) at co. Then the constant Wronskian W(Yoo, Y ) is invertible, so that
by (3.26) the Wronskian W (C 0.2 , Cxo) 1s invertible as well. Hence, without loss of gen-
erality (upon multiplying Y by a constant invertible multiple) we can choose Y such that
W (Yoo, ¥) = W(C, 5, Coo) = I. Then by Proposition 4.3 the matrix P (¢) defined in (4.6),
which is associated with any such a conjoined basis Y, satisfies lim;_, 5 ind [ —Pso ()] = 0. More-
over, by (3.49) in Corollary 3.11 (with R := Zoo) we get

lim 1 (Zoo () Yoo 1), Yoo (1)) = lim ind [ =Poo(1)] — ind {[ W (Yo, Y)I™" W (Yoo, Zox ¥oc)}
= —ind {[ W (Yao. V)]~ W (Yoo, Zoo Tao)}.

Since the left-hand side above is nonnegative and the right-hand side is nonpositive, it follows
that both sides are zero, that is,

B (1 (Zoo () Yoo (1), Yoo(1)) = 0 = ind {[ W (Yoo, )] ™! W (Yoo, Zoo Yoo)}. (4.15)

This shows that the first equality in (4.14) holds. Applying equality (3.25) in Theorem 3.6 (with
R := Z,) together with (4.15) we obtain that

ind {W (Yoo, Zoo Yoo) (D = D 5 ) [W (Yoo, Zoo Yoc)"} =0 (4.16)
holds for every symmetric matrix D satisfying
m W (Yoo, Zoo Yoo) (D = Dy 5 VW (Yoo, Zoo Yoo)1' } =ImW (Yoo, Zoo ¥oo).  (417)

Then the symmetric matrix D := D__ . [ satisfies (4.17), and hence by (4.16) we have
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0= ind { =W (Yoo, Zoo Yoo) [ W (Yoo, Zoo Yoo)1" } = rank W (Yoo, Zoo Yoo).-

This implies that W(Zgol Yo, f’oo) = WY, Zoo 1700) = 0. Hence, Theorem 3.8 yields that
2;01 Yso is the minimal principal solution of (H) at oo and Zoo 1700 is the minimal principal solu-
tion of (H) at co. Finally, we prove the second equality in (4.14) by applying Remark 3.4 with
R(t) := Zso (). The limit in (3.18) is equal to zero. Then by (3.15) with W (¥Yao, Zoo Yao) = 0 and
M(t) = X oo () in combination with (3.17) it follows that

lim W (ZH (1) Yoo 1), ZZ (1) E) = lim rank Xoo(t) =n — dog
— 00 — 00
The proof is complete. O

Remark 4.5. The result in Theorem 3.6 (respectively in Theorem 3.8) describes the situation
when maximal antiprincipal solutions of (H) at oo are transformed into maximal antiprinci-
pal solutions of (F) at co under a general symplectic transformation matrix R(#). On the other
hand, the result in Theorem 4.4 shows that the minimal principal solution of (H) at oo is trans-
formed into the minimal principal solution of (F) at co under the special transformation matrix
R(t) := Zoo(t) and when (1.1) holds. This poses an interesting open problem regarding the gen-
eral situation, when principal (antiprincipal) solutions of (H) at oo would be transformed into
some principal (antiprincipal) solutions of (F) at oo. In the controllable case these results are
known in [10, Theorems 1 and 2].

As the ﬁna} result of this section we derive limit results for the comparative indices in (3.4)
with R(?) := Z(t) by applying Theorem 3.2 to this case.

Theorem 4.6. Assume that (1.1) and (1.2) hold on I = [a, 00) and that system (H) lS nonoscil-
latory at oo. Let Zso be the symplectic fundamental matrix of (F) such that Yoo = Zoo E. Then
for every conjoined basis Y of (H) the limits

Jim 1 (Y (D). Yoo () and  lim p*(Y (1), Yoo (1)) (4.18)

exist and satisfy
Jim (Y (1), Yoo (1)) = fiiL (00) —m1.(00) + il L00(00), (4.19)
Jim (Y (1), Yoo (1)) = 0, (4.20)

where niy (00) is the multiplicity of a focal point at oo of the conjoined basis Y = 20_01 Y of the
transformed system (H).

Proof. By Proposition 4.1 we know that systems (H) and (H) are nonoscillatory at co. Then
the matrix M (¢) := Xoo (t) has eventually constant kernel, and hence condition (3.9) is satisfied
in this case. Therefore, by Theorem 3.2 (with R(¢) := 200 (¢)) the limits in (4.18) exist. By
Theorem 4.4 we have W (Y, 2 1700) 0, so that by (2.23) the representation matrix C_

has its first component zero. Then we have u(Cy, C 0. )=0=pu"(Coo,C, R ) by (2. 6) and
(2.7). Therefore, by using (3.11) and the second equahty in (4.14) we get
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Jim 1 (Y (1), Yoo (1)) = 11 (00) = m1(00) + 1 — doo = i 1(00) = m1(00) + il L00(00),

where we used that m .0 (00) =n — dso, see Section 2. This proves (4.19). Similarly, by using
(3.12) and the first equality in (4.14) we get (4.20). The proof is complete. O

Remark 4.7. Equation (4.19) is an extension of formula (1.10) in Proposition 1.2 with Y = I?to
to the case 7yp = co. At the same time it is a generalization of formula (3.5) in Proposition 3.1
with Y* := Y, to two systems (H) and (131) satisfying (1.1). Note that equation (4.20) represents
an extension to 7o = oo of the left continuity of the dual comparative index w*(Y (¢), )A’,O (¢)) at
the point ¢y in Proposition 1.3.

5. Singular Sturmian comparison theorems

In this section we present the Sturmian comparison theorems for two linear Hamiltonian
systems (H) and (H) on Z = [a, 00) satisfying the majorant condition (1.1). In particular, we
generalize the comparison theorems in Propositions 1.1, 1.2, and 1.3, as well as the separation
theorems in Propositions 2.4 and 2.6 to this case. At the same time we do not assume any con-
trollability condition on systems (H) and (H). The above assumptions imply (by Proposition 4.1)
that the systems (H), (), and (H) (with R(¢) := Z (1) being a symplectic fundamental matrix of
system (F1)) are nonoscillatory at co. Therefore, their conjoined bases have finitely many left and
right focal points in [a, 00), and hence counting and comparing these numbers over unbounded
intervals makes sense. Specifically, we will use the special transformation matrix R(¢) := 200 (1),
as in Section 4.

The main results are formulated by using the notation in (1.5) for the numbers of left and right
focal points of conjoined bases of (H), (H), (f) in the interval Z including the multiplicities of
focal points at co. The most general result in this section reads as follows.

Theorem 5.1 (Singular Sturmian comparison theorem). Assume that (1.1) and (1.2) hold on

= [a, 00) and that system (H) is nonoscillatory at co. Let Zoo be the symplectic fundamental
matrix of (F) such that Yoo = Zoo E. Then for every conjoined basis Y of (H) and for every
conjoined basis Y of (F) we have

mp(a,o0] — g (a, 00l =g (a, 0] + u(¥ (@), Yoo (@) — u(¥ (@), Yoo(a)), (5.1)
mgla, 00) — figla, 00) = fig[a, 00) + w* (Y (a), Yoo (@) — n*(Y (@), Yoo(@)),  (5.2)

where my, (a, oo] and mg[a, o0) are the numbers of left and right focal points of the conjoined
basis Y := Z LY of (H) in the indicated intervals.

Remark 5.2. (1) When systems (H) and (F) coincide (see also Remark 3.5), then for every con-
joined basis Y of (F) we have i1 (a, 00] = 0 = mig[a, 00). In this case Theorem 5.1 reduces to
Proposition 2.4.

(ii) In order to derive a suitable generalization of Proposition 2.4 to two systems (H) and (F1), it
is essential to understand that the differences m (a, oo] — i (a, oo] and mg[a, 00) —mgla, o0)
in Proposition 2.4 are expressed as (2.25) and (2.27).

(111) In Proposmons 1.2 and 1.3 the transformed system (H) changes with the chosen conjoined
basis ¥ of (F). The formulation in Theorem 5.1 has the advantage that the transformed system
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(H) is theA same for all conjoined bases Y ofA (ﬁ), since we use the special transformation matrix
R(t) := Z(t), which does not depend on Y.

The proof of Theorem 5.1 is presented below after the following special result regarding the
case of ¥ := Yoo It is a generalization of the second equality in (2.28) and of the first equality in
(2.29) in Proposition 2.6 to two systems (H) and (H). At the same time it is extensions of (1.11)
and (1.13) to the case of b = oo with the fundamental matrix 2(t) = ZOO (7).

Theorem 5.3 (Singular Sturmian comparison theorem). Assume that (1.1) and (1.2) hold on
= [a, oo) and that system (H) is nonoscillatory at co. Let Zoso be the symplectic fundamental
matrix of (H) such that Yoo = Zoo E. Then for every conjoined basis Y of (H) we have

mp(a, 0] = M poo(a, 00 + it (a, 00] — (Y (a), Yoo (a)), (5.3)
mgla, 00) = M geola, 00) + Aigla, 00) + 1* (Y (@), Yoo (@), (5.4)

where m L(a oo] and mgla, o0) are the numbers of left and right focal points of the conjoined
basis Y := Z LY of (H) in the indicated intervals.

Proof. The proof of Theorem 5.3 is based on a combination of Propositions 1.2 and 1.3 (with
the special choice Y := Y,) and Theorem 4.6. By taking the limit for » — oo in formula (1.11)
in Proposition 1.2 we obtain

Mm@, 00) =M Loo(a, 00) + i1 (a, 00) + lim (Y (b), Yoo (b)) — (Y (@), Yoo(@))

(4:19);’7'1‘Loo(a ool +myp(a, 0] — mL(OO)_M(Y(a)’?OO(a))‘

Hence, equality (5.3) follows. Similarly, by taking the limit for » — oo in formula (1.13) in
Proposition 1.3 we get

mgla, 00) = Mreola, 00) + Migla, 00) + u* (¥ (@), Yoo (a)) — Jim (Y (), Yoo (b))

“= i pocla, 00) + figla, 00) + 1 (Y (@), T (@),

which proves equality (5.4). O
The results in Theorem 5.1 now follow from Theorem 5.3 and Proposition 2.6.

Proof of Theorem 5.1. Let Y and ¥ be conjoined bases of (H) and (1), respectively. By the
second equality in (2.28) in Proposition 2.6 applied to Y and Yo, being conjoined based of
system (F), we obtain that iy (a, 00] = M 100 (@, 0] — (¥ (a), Yao(a)). Using this equality in
(5.3) yields equation (5.1). Similarly, the first equality in (2.29) in Proposition 2.6 applied to Y
and Yo implies that mig[a, 00) = M geola, 0) + w*(¥ (@), Yoo (a)), which together with (5.4)
yields equation (5.2). The proof is complete. O

The results in Theorem 5.1 (or Theorem 5.3) allow to derive various estimates for the numbers
of left and right focal points of conjoined bases of (H) and (H). Our first result shows the exact
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relationship between the numbers of focal points of the (minimal) principal solutions Y, Yoo,
YOO and Y, Y,, Y of systems (H), (H), (F).

Corollary 5.4. Assume that (1.1) and (1.2) hold on T = [a, 0c0) and that system (H) is nonoscil-
latory at co. Then we have

M oo (@, 00] = il oo (@, 00] + i oo (@, 00] — (Yoo (@), Yoo (@), (5.5)
M Roola, 00) = M oold, 00) + M roola, 00) + w* (Yao (@), Yoo (a)), (5.6)
mLa(a, o0l =iirq(a, 00] + fiiLa(a, 0] + 1* (Yoo (@), Yoo (a)), (5.7)
M Rala, 00) = M gala, 00) + fiigala, 00) — (Yo (a), Yoo (a)), (5.8)

Proof. Equalities (5 5) and (5.6) follow from Theorem 5 3 with Y := Y. Indeed, in this case
the conjoined basis ¥ from Theorem 5.3 satisfies ¥ = Z ! Yoo = Yoo, by Theorem 4.4. Equalities
(5.7) and (5.8) then follow directly from (5.6) and (5. 5) with the aid of (2.33) for systems (H),
(H), and (F). O

The following result confirms the intuitively expected fact that, given the same initial con-
ditions, conjoined bases of the majorant system (H) have in general more focal points than
conjoined bases of the minorant system (H). It is a generalization of the first part of [22, Corol-
lary 7.3.2, pg. 196].

Theorem 5.5 (Singular Sturmian comparison theorem). Assume that (1.1) and (1.2) hold on
T = [a, 00) and that system (H) is nonoscillatory at co. Let Zoo be the symplectic fundamental
matrix of (H) such that I?oo = 200 E.LetY and Y be conjoined bases of (H) and (H), respectively,
such that Y (a) = )A’(a) K for some invertible matrix K. Then

mp(a,o00] —my(a, ool =my(a,oo] >0, (5.9

mgla, 00) — mgla, 00) =mgla, 00) >0, (5.10)

where m L(a oo] and mg[a, o0) are the numbers of left and right focal points of the conjoined
basis Y := Z LY of (H) in the indicated intervals.

Proof. This result follows directly from Theorem 5.1, in which we realize that the equalities
p(Y(a), Yo (a)) = u(Y(a), Yoo(a)) and u*(Y(a), Yoo(a)) = u*(¥ (a), Yoo (a)) hold due to the
assumption Y (a) = Y (a) K and property (2.7) of the comparative index. O

Remark 5.6. The equalities in (5.9) and (5.10) also provide the ir}formAation about the relation
between the numbers of focal points of the conjoined bases ¥ and Y := Z_!Y. Namely, we have
mp(a,o0] > mp(a,oo] and mgla, o0) > ngla, 00).

Next we compare the numbers of focal points of the (minimal) principal solutions Y, Yo, Ya
and Yo, Yoo, Yoo. We also provide universal lower and upper bounds for the numbers of focal
points of conjoined bases of (H) and (H).
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Corollary 5.7. Assume that (1.1) and (1.2) hold on I = [a, o0) and that system (H) is nonoscil-
latory at co. Then for every conjoined basis Y of (H) the estimates in (2.30) and (2.31) hold,
where the lower and upper bounds satisfy

Mmrq(a, o0l +mpq(a, o0l <mpg(a,ool, mreo(a,00] <mpoo(a,oo] +nroo(a, o], (5.11)

n?ROO[aa OO) + %ROO[CL OO) S mROO[a’ OO), mRa[av OO) S ”ﬁRa[a, OO) + ﬁiRa[a, OO) (512)
Moreover, for every conjoined basis Y of (H) we have the estimates

n//ILa(a,OO] S’%\L(avoo] Sn?LOO(a’OO]SmLOO(avOOL (5'13)

MRoola, 00) < mgla, 00) < mpqla,00) <mpqla, 00). (5.14)

Proof. Let Y be a conjoined basis of (H). Then (2.30) and (2.31) are guaranteed by Proposi-
tion 2.6. The inequalities in (5.11) follow from (5.7) and (5.5), and similarly the inequalities in
(5.12) follow from (5.6) and (5.8). Next, the first two inequalities in (5.13)—(5.14) are guaranteed
by (2.30)—(2.31) in Proposition 2.6 applied to system (H). For the third inequality in (5.13) we
consider equation (5.9) with Y= I?oo and with Y to be the conjoined basis of (H) satisfying the
initial condition Y (a) = I?oo(a). Then my (a, 00] > Mpoo(a, o0] by Theorem 5.5. At the same
time, for the conjoined bases Y and Y5, of (H) we have the inequality m (a, o0] < mp~o(a, 00],
by (2.30). Therefore, mqo(a, o0] < mpoo(a, o] holds, which completes the proof of (5.13).
Finally, since Y,(a) = E = )?a (a) holds, then the third inequality in (5.14) follows from Theo-
rem 5.5 (with Y :=Y, and Y = )A’a). The proof is complete. O

The estimates in Corollary 5.7 show that the proper generalization of Proposition 1.1 to uncon-
trollable systems should be done through the right focal points. At the same time Corollary 5.7
provides an extension of Proposition 1.1 to the left focal points.

Remark 5.8. The results of this paper show the importance of the transformed system (H) for
comparing the numbers of focal points of conjoined bases of systems (H) and (H). Therefore, the
transformed system (H) can be considered as a quantitative measure of the majorant condition
(1.1). For example, the optimal upper bounds mo(a, o0] = mpyla, o) and myso(a, oo] =
Mmpgala, 0o) for the numbers of left and right focal points of conjoined bases Y and Y of (H) and
(H) satisfy the estimates

0 S mLOO(a7 OO] - ﬁL()O(aa OO] E %Loo(a, OO],

0 S mRa[a» OO) - n/iRa[a’ OO) S %Ra[a’ OO)'

We believe that further investigation of the properties of the transformed system (H) will lead to
better explanation of the role of condition (1.1) in the Sturmian theory of these systems. Another
open problem is to understand how the maximal orders of abnormality do, dso, dso Of systems
(H), (F), (H) affect the transformation rules for principal and antiprincipal solutions of (H) at co.
We will address these issues in our subsequent work.
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6. Further Sturmian comparison theorems on unbounded intervals

The results of this paper extend in analogous way to the unbounded intervals of the form
(—00, b], where for measuring the numbers of focal points we use the corresponding (minimal)
principal solutions Y_ g, Y_oo, Y. oo and Yy, Yb, Yb For the definition of a principal solution of
(H) at —oo we refer to [33, Section 2]. The corresponding Sturmian separation theorems on the
intervals of the form (—oo, b] and the limit results for the comparative index at —oo for conjoined
bases of one system (H) are discussed in [33, Remarks 5.16 and 6.5]. For completeness and future
reference we provide the statements for two systems (H) and (131) below.

Consider the linear Hamiltonian systems (H) and (ﬂ), as well as the transformed system (),
on the unbounded interval Z = (—o00, b]. We assume that they satisfy majorant condition (1.1)
and the Legendre condition (1.2) on this interval, which in turn implies the validity of the Legen-
dre conditions (2.13) and (3.3) on (—oo, b]. If Y is a conjoined basis of (H) with constant kernel
on (—oo, B] for some B € (—oo, b] with d(—o00, B] = d_~, then analogously to (2.19) we define
the symmetric matrix

t :
T
Tp—co:= lim_ (/xf(s) B(s) X”(s)ds> , O0<rankTp oo <n —d_oo, 6.1)

compare with [32, Section 5]. Note that T _~, < 0. Following [33, Remark 3.6] we then define
the multiplicity of the (right) proper focal point of Y at —oo by

mgr(—00) :=n—d_o —1ankTg oo, 0=<mpg(—00)<n-—d_«. (6.2)

In this case mgr(—o0) = 0 if and only if Y is an antiprincipal solution of (H) at —oo (i.e.,
rank Tg _ oo =n — d_), While mg(—00) =n — d_o if and only if Y is a principal solution
of (H) at —oo (i.e., Tg, o0 = 0). Furthermore, as in (2.21) we have the formula

mp(—00) =t_l)i£noorankX(t) —rank W(Y_o, Y), (6.3)

where Y_o, is the minimal principal solution of (H) at —oo. We begin with an analogue of
Proposition 4.1.

Proposition 6.1. Assume that (1.1) and (1.2) hold on 7T = (—o0, b] and that system (H) is
nonoscillatory at —oo. Then

(i) system () is nonoscillatory at —oo, and A .
(ii) for every symplectic fundamental matrix Z of (H) the transformed system (H) with the coef-
ficient matrix H(t) given in (1.14) is nonoscillatory at —

Next we present an analogue of Theorem 4.6. Observe that formula (6.5) below is an extension
of (1.12) to the case of 1o = —00.

Theorem 6.2. Assume that (1.1) and (1.2) hold on the interval T = (—o0, b] and that system
(H) is nonoscillatory at —oo. Let Z_oo be the symplectic fundamental matrix of (H) such that
Y_oo = Z_x E. Then for every conjoined basis Y of (H) the limits
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lim p(Y(@),Y-co() and  lim p*(Y (1), V-oo(t))
t—>—00 t——00

exist and satisfy

Jim (Y (1), V-oo(1) = 0, (6:4)
it (Y (1), Yooo(1)) = iR (—00) — mp(—00) + il o0 (—00), (6.5)

where m g (—00) is the multiplicity of a focal point at —oo of the conjoined basis Y = 2:&) Y of
the transformed system (H).

Next we present a transformation result for the minimal principal solutions at —oo and for the
maximal antiprincipal solutions at —oo. It is an analogue of Theorems 3.8 and 4.4.

Theorem 6.3. Assume that (1.1) and (1.2) hold on the interval T = (—o0, b] and that system
(H) is nqnosczllatory at —oco. Let Z_o be the symplectic fundamental matrix of (H) such that
Y_co = Z_ E. Then the following statements hold.

(1) The conjoined basis Z:éo Y_oo is the minimal principal solution of (ﬁ) at —oo and the
conjoined basis Z—oo Yoo is the minimal principal solution of (H) at —
(i) Every maximal antzprmczpal solution of (H) at —oo is transformed into a maxlmal antiprin-
cipal solution of (H) at —oo under the transformatlon Y=2" oo(t) Y.
(iii) Every maximal antiprincipal solution of (H) at —oo is a transformation of some maximal
antiprincipal solution of (H) at —oo under Y =2~ Oo(t) Y.

The results in Theorems 5.1 and 5.3 have the following counterpart. Observe that formulas
(6.8) and (6.9) pelow are extensions of (1.11) and (1.13) to the case of a = —oo with the funda-
mental matrix Z(t) := Z_oo(2).

Theorem 6.4 (Singular Sturmian comparison theorem). Assume that (1.1) and (1.2) hold on T =
(—o0, b] and that system (H) is nonosczllatory at —oo. Let Z_OO be the symplectic fundamental
matrix of (F) such that Yoo = Z_oo E. Then for every conjoined basis Y of (H) and for every
conjoined basis Y of () we have

mp (—00, b] — i (—00, b] =iy (=00, b] + (Y (b), Y_so (b)) — u(Y (b), Y_oo (b)),  (6.6)
mr[—00, b) — iMg[—00, b) = Mg[—00, b) + 1" (¥ (b), Y_oo (b)) — n* (Y (b), Y_oo (b)),
(6.7)

where ﬁiL (=00, b] and m g[—00, b) are the numbers of left and right focal points of the conjoined
basis Y = Z:Cl)o Y of (H) in the indicated intervals. In particular,

mp (=00, bl =i _oo(—00, b] 4 Al g (—00, b] + (Y (b), Y_oo (b)), (6.8)
mMR[—00, b) = M g_o0o[—00, b) + M [—00, b) — * (Y (b), Y_oo(b)). (6.9)
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Finally, the numbers of focal points of the (minimal) principal solutions ¥_, Y oo, Yoo and
Yy, Yb, Yb are related as follows. It is a counterpart of Corollaries 5.4 and 5.7.

Corollary 6.5. Assume that (1.1) and (1.2) hold on T = (—o0, b] and that system (H) is nonoscil-
latory at —oo. Then we have the equalities

ML —o0(—00, b] = M —oo(—00, bl + Al —0o(—00, b] + U (Y_os (b), Y_so(b)),  (6.10)

M R—00[—00, b) = MR —0o[—00, b) + i R—00[—00, b) — 11* (Y_0s (b), Y_so (D)), (6.11)

mpp(—00, b] = it Lp(—00, b] + i 1(—00, b] — ¥ (Y—s0 (D), Y—oo (b)), (6.12)

m gp[—00, b) = il gp[—00, b) + i1 gy [ —00, b) + (Y —00 (B), Yoo (b)). (6.13)

Moreover, we have the estimates

M o0o(—00,b] + ML _oo(—00,b] <mp_oo(—00, b], (6.14)
mpp(—00,b] <mpp(—00,b] <mipp(—00,b] +iipp(—00, b, (6.15)
MR_o0o[—00,b) SMR_co[—00, b) < MR_0o[—00, b) + M g_co[—00, b), (6.16)
M gp[—00, b) + m gp[—00, b) < mpp[—00, b). (6.17)

Remark 6.6. If assumptions (1.1) and (1.2) hold on Z = (—o00, 00) and system (H) is nonoscil-
latory at +00, then for every conjoined basis Y of (H) we have the estimates

mp (—00, 00) > M _oo(—00,00) > M _oo(—00, 00) + M —co(—00, 00), (6.18)

MR (—00, 00) > M Roo(—00, 00) > M Roo(—00, 00) + M Roo (— 00, 00). (6.19)

The inequalities in (6.18) follow from (6.10) with b — oo by dropping the last term with the
comparative index, while the inequalities in (6.19) follow from (5.6) with @ — —oo by dropping
the last term with the dual comparative index. These lower bounds for the numbers of left and
right focal points of ¥ in (—o00, 00) improve the lower bound 71+, (—00, 00) obtained in (1.9) of
Proposition 1.1 for a — —oo.

Remark 6.7. Unlike in [33, Remark 8.1] for the Sturmian separation theorems, the results in
Section 5 on Z = [a, co) together with the results in this section on Z = (—o0, b] do not combine
in general to Sturmian comparison theorems on the entire interval Z = (—o0, 00). The main
reason is that we employ two different transformation matrices R(t) = iioo (t) in neighborhoods
of 400, which yield two different transformation systems (H). Therefore, the question of the
Vahdlty of the Sturmian comparison theorems for systems (H) and (PI) on the unbounded 1nterva1

= (—00, 00) remains an open problem when the minimal principal solutions Y o and Y oo of
(H) at oo differ, meaning that Y_oo is not a constant nonsingular multiple of Yoo In other
words, the results presented in Sections 4 and 5 (with a = —o0) and in Section 6 (with b = 00)
remain valid under the additional assumption that f/oo = I?_oo (.e., Zoo =7 —oo)-

Following the discussion in Remark 6.7 we present below the extensions of Theorem 6.4 and
Corollary 6.5 to the case of Z = (—o0, 0o) under the additional assumption Yoo =Yoo
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Theorem 6.8 (Singular Sturmian comparison theorem). Assume that (1.1) and (1.2) hold on T =
(—o0, 00), system (H) is nonosczllatory at £00, and that Yoo = Yoo. Let Zo be the symplectic
fundamental matrix of (H) such that YOO = ZOO E. Then for every conjoined basis Y of (H) and
for every conjoined basis Y of (H) we have

mp (—o00, 00] —mp (—o00, 00] =mp(—00, 00], (6.20)

mp[—00, 00) — mp[—00, 00) =M gr[—00, 00), (6.21)

where mp (—oo, o] and mpg[—00, 00) are the numbers of left and right focal points of the con-
joined basis Y = Z VY of (H) in the indicated intervals. In particular,

M —o0(—00, 00] = M —c0(—00, 00] + N [, —o0(—00, 0], (6.22)
M R—o0o[—00, 00) = M R—oe[—00, 00) + /M g—oo[—00, 00), (6.23)
M oo (—00, 00] = M 100 (—00, 00] + 7l 100 (—00, 0], (6.24)
M Roo[—00, 00) = M Roo[—00, 00) + M Roo[—00, 00), (6.25)
and
ML —00(—00,00] > M _0o(—00,00], M Roo[—00, 00) > M Rec[—00, 00). (6.26)

Proof. Let Y and ¥ be conjoined bases of (H) and (F1), respectively. Under the given assumptions
we fix an arbitrary point a € R. Then Theorem 5.1 yields that (5.1) and (5.2) hold, where ¥ :=
Zo_ol Y. Next, from Theorem 6.4 (with b := a) we obtain

mp(—00,al — iy (—00,al =iy (—00, al + (Y (a), Y—co(@)) — n(¥ (a), Y—oo(a)), (6.27)

mr[—00, a) — Mg[—00, a) = M g[—00,a) + n*(Y (@), Y_so(a)) — * (Y (@), Yoo (@),
(6.28)

where Y := Zjéo Y. Since we now assume that IA/_OO = )A’oo, then we may take 2—00 = Zoo, SO
that the conjoined basis Y in (5.1) and (5.2) coincides with the conjoined basis Y in (6.27) and
(6 28). Upon adding equation (5.1) with (6.27), and equation (5.2) with (6.28), and using that
Y_OO = YOO holds, we obtam the equahtles in (6.20) and (6.21). In particular, for Y := Y_, and
Y:=Y_ o wehave Y = Z~! 00 Y—00 = Y oo by Theorem 6.3, so that equality (6.22) follows from
(6.20), and equality (6.23) follows from (6. 21) Similarly, equahtles (6 24) and (6.25) follow from
(6.20) and (6.21) with Y := Y, and Y= Yoo (noting that ¥ = Z 1Yo = Yoo by Theorem 4.4).
Finally, the estimates in (6.26) are obtained from (6.22) and (6. 25) by dropping the last term in
the sum on the right-hand side. O

Remark 6.9. As we mentioned in Section 1, the results of this paper are new even for the case
of “weakly disconjugate” linear Hamiltonian systems (H) and (H) at oo, resp. at —oo, i.e., for
systems with

A

doo =0=dso, r1eSp. d_oo=0=d_oo. (6.29)
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In particular, the results are new for completely controllable systems (H) and (F1), which auto-
matically satisfy condition (6.29). Among the latter ones we mention the second order Sturm—
Liouville differential equations. We will present consequences of our new theory for this special
case in a separate study.

Appendix A. Auxiliary results about normalized conjoined bases

In this section we present a completion of some known results from matrix analysis related to
normalized conjoined bases. The basic problem is to find for a given constant 2n x n matrix Y sat-
isfying YT 7Y =0 and rank Y = n (called for simplicity also a conjoined basis) another constant
2n x n matrix ¥ satisfying the same propertles such that their Wronskian matrix W (Y, Y) =1/.In
this case we say that the matrices ¥ and Y are normalized. A classification of all such conjoined
bases ¥ with W(Y Y) = [ is derived in [22, Corollary 3.3. 9] where it 1s also stated that the
conjoined basis Y may be chosen so that the first component X:= (1, 0) Y is invertible, see also
[22, Proposition 4.1.1]. In this section we complete this result by deriving a classification of all
such conjoined bases Y with X invertible. This result is then used in the proof of Theorem 3.6,
which is the main tool for the transformation theory of principal and antiprincipal solutions at 0o
(Theorems 3.8 and 4.4).

In accordance with (2.14) we split Y and Y into their n x n components ¥ = (X7, UT)T and

= (XT UT)T Then W (Y, Y) = [ if and only if yyT —yvyT = J, that is,

X[A]T—)A(UT:I, XXT andUUT are symmetric, (A.1)
see [22, Proposition 1.1.5]. Moreover, we define the n x n matrices

F=YTy>0, G:=FY?>0, H:=G6xT(Gx"T, (A.2)
Dy :=GHGUT(GXT)TG. (A.3)

We note that the matrix H is the orthogonal projector onto the subspace Im (GXT).

Lemma A.1. Let Y be a conjoined basis with F, G, H, and Dy defined in (A.2) and (A.3). Then
the matrix Dy is symmetric and satisfies XDyXT = UF ' XT.

Proof. First we note that the matrix ¥ := —JYFlisa conjoined basis satisfying W (Y, Y)=1.

Then by (A.1) the matrix X F~1UT = —X XTis symmetric. The symmetry of the matrix Dy then
follows by

y=GXDHTG1"xF'uT(GxT) G1.
Moreover, since XGH = XG and G? = F~1, it follows that
xDyXT=xrF'vTGx"H'ex" =vucexTGx"y 6xT =ucex" =uFr~'x7,
which completes the proof. O

Next we present the main result of this section.
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Theorem A.2. Let Y be a conjoined baszs with F and Dy defined m (A.2) and (A.3). Then
a matrix Y is a conjoined basis with W (Y, Y ) = I and with the matrix X invertible if and only if
Y=—JYF '+ YD, where D isa symmetric n X n matrix satisfying

Im[X(D—Dy) X' ]=ImX. (A4)
In this case we have
ind[X(D — Dy) XT]=ind (X~ X). (A.5)

Remark A.3. (i) Condition (A.4) is equivalent with the inclusion ImX C Im[X (D — Dy) X n,
or with Ker [X (D — Dy) XT] € Ker X7, since the opposite inclusions hold trivially.

(i1) We note that for a given conjoined basis Y there always exists a symmetric matrix D sat-
isfying equality (A.4), e.g. D := Dy + XTX'T compare also with [22, Corollary 3.3.9]. Hence,
there always exists a conjoined basis Y with W(Y, Y) = I and X invertible.

Proof of Theorem A.2. By [22, Corollary 3.3.9], every conjoined basis Y with W (Y, )A’) =11s
of the form ¥ = —JYF~ Ly YD with a symmetrlc n x n matrix D. In particular, the corre-
sponding matrix X has the form X = —UF~! 4+ XD.Fora given D we will show that

Ker X = XT Ker[ X (D — Dy) XT]. (A.6)

Let v € Ker X. Since W, Y) =1, we have the formula X7U — UTX = I and hence v =
(XTU UTX)v = XTw with w := Uv. Moreover, by Lemma A.1,

X(D-Dy)X"w=XDXT —UF 'X"Yw=XX"Tw=Xv=0.

Therefore, we have w € Ker [X (D — Dy) XTlandv=XTw e XT Ker[X(D— Dy) XT]. Hence,
the inclusion Ker X € X7 Ker[X (D — Dy) XT] holds. Conversely, assume that v = X7 w with
w € Ker[X (D — Dy) XT]. With the aid of Lemma A.1 we then get

Xv=XD-UF YXTw=XDXT —XDyX")w=X(D - Dy) XTw=0,

i.e., the vector v € Ker X. Thus, also the inclusion X7 Ker[X (D — Dy)X rc Ker X holds
and (A.0) is proven. Finally, it is easy to see from (A.6) that the matrix X is nonsingular, i.e.,
the subspace Ker X = {0}, if and only if Ker[X(D — Dy) X Tl c KerxT . According to Re-
mark A.3(1), the last inclusion is equivalent with equality (A.4). Finally, by the above expression
of X = —UF '4 XD and by Lemma A.l we obtain XxT = X(D — Dy) XT which implies
(A.5), since X is invertible. The proof is complete. O
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